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4.7.1 Hölder Bounds for the Beurling Transform . . . . . . . . . 147

4.7.2 The Inhomogeneous Cauchy-Riemann Equation . . . . . . 149


4.8 Beurling Transforms for Boundary Value Problems . . . . . . . . 150

4.8.1 The Beurling Transform on Domains . . . . . . . . . . . . 151

4.8.2 Lp-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.8.3 Complex Potentials for the Dirichlet Problem . . . . . . . 155


4.9 Complex Potentials in Multiply Connected Domains . . . . . . . 158




CONTENTS	 ix


5	 The Measurable Riemann Mapping Theorem: The Existence

Theory of Quasiconformal Mappings 161

5.1 The Basic Beltrami Equation . . . . . . . . . . . . . . . . . . . . 163

5.2 Quasiconformal Mappings with Smooth Beltrami Coefficient . . . 165

5.3 The Measurable Riemann Mapping Theorem . . . . . . . . . . . 168

5.4 Lp-Estimates and the Critical Interval . . . . . . . . . . . . . . . 172


5.4.1 The Caccioppoli Inequalities . . . . . . . . . . . . . . . . 174

5.4.2 Weakly Quasiregular Mappings . . . . . . . . . . . . . . 178


5.5 Stoilow Factorization . . . . . . . . . . . . . . . . . . . . . . . . . 178

5.6 Factoring with Small Distortion . . . . . . . . . . . . . . . . . . . 184

5.7 Analytic Dependence on Parameters . . . . . . . . . . . . . . . . 185

5.8 Extension of Quasisymmetric Mappings of the Real Line . . . . . 189


5.8.1 The Douady-Earle Extension . . . . . . . . . . . . . . . . 191

5.8.2 The Beurling-Ahlfors Extension . . . . . . . . . . . . . . . 192


5.9 Reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

5.10 Conformal Welding . . . . . . . . . . . . . . . . . . . . . . . . . . 193


6 Parameterizing General Linear Elliptic Systems 195

6.1 Stoilow Factorization for General Elliptic Systems . . . . . . . . 196

6.2 Linear Families of Quasiconformal Mappings . . . . . . . . . . . 198

6.3 The Reduced Beltrami Equation . . . . . . . . . . . . . . . . . . 202

6.4 Homeomorphic Solutions to Reduced Equations . . . . . . . . . . 204


6.4.1 Fabes-Stroock Theorem . . . . . . . . . . . . . . . . . . . 206


7	 The Concept of Ellipticity 210

7.1 The Algebraic Concept of Ellipticity . . . . . . . . . . . . . . . . 211

7.2 Some Examples of First-Order Equations . . . . . . . . . . . . . 213

7.3 General Elliptic First-Order Operators in Two Variables . . . . . 214


7.3.1 Complexification . . . . . . . . . . . . . . . . . . . . . . . 215

7.3.2 Homotopy Classification . . . . . . . . . . . . . . . . . . . 217

7.3.3 Classification; n = 1 . . . . . . . . . . . . . . . . . . . . . 217


7.4 Partial Differential Operators with Measurable Coefficients . . . 221

7.5 Quasilinear Operators . . . . . . . . . . . . . . . . . . . . . . . . 222

7.6 Lusin Measurability . . . . . . . . . . . . . . . . . . . . . . . . . 223

7.7 Fully Nonlinear Equations . . . . . . . . . . . . . . . . . . . . . . 226

7.8 Second-Order Elliptic Systems . . . . . . . . . . . . . . . . . . . 231


7.8.1 Measurable Coefficients . . . . . . . . . . . . . . . . . . . 233


8	 Solving General Nonlinear First-Order Elliptic Systems 235

8.1 Equations Without Principal Solutions . . . . . . . . . . . . . . . 236

8.2 Existence of Solutions . . . . . . . . . . . . . . . . . . . . . . . . 237

8.3 Proof of Theorem 8.2.1 . . . . . . . . . . . . . . . . . . . . . . . . 239


8.3.1 Step 1: H Continuous, Supported on an Annulus . . . . . 239

8.3.2 Step 2: Good Smoothing of H . . . . . . . . . . . . . . . . 242

8.3.3 Step 3: Lusin-Egoroff Convergence . . . . . . . . . . . . . 244

8.3.4 Step 4: Passing to the Limit . . . . . . . . . . . . . . . . . 246




x CONTENTS 

8.4 Equations with Infinitely Many Principal Solutions . . . . . . . . 248

8.5 Liouville Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 249

8.6 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253


8.6.1 Uniqueness for Normalized Solutions . . . . . . . . . . . . 255

8.7 Lipschitz H(z, w, ζ) . . . . . . . . . . . . . . . . . . . . . . . . . . 256


9 Nonlinear Riemann Mapping Theorems 259

9.1 Ellipticity and Change of Variables . . . . . . . . . . . . . . . . . 261

9.2 The Nonlinear Mapping Theorem: Simply Connected Domains . 263


9.2.1 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

9.2.2 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . 267


9.3 Mappings onto Multiply Connected Schottky Domains . . . . . . 269

9.3.1 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . 271

9.3.2 Proof of the Mapping Theorem 9.3.4 . . . . . . . . . . . . 273


10 Conformal Deformations and Beltrami Systems 275

10.1 Quasilinearity of the Beltrami System . . . . . . . . . . . . . . . 275


10.1.1 The Complex Equation . . . . . . . . . . . . . . . . . . . 276

10.2 Conformal Equivalence of Riemannian Structures . . . . . . . . . 279

10.3 Group Properties of Solutions . . . . . . . . . . . . . . . . . . . . 280


10.3.1 Semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . 283

10.3.2 Sullivan-Tukia Theorem . . . . . . . . . . . . . . . . . . . 285

10.3.3 Ellipticity Constants . . . . . . . . . . . . . . . . . . . . . 287


11 A Quasilinear Cauchy Problem 289

11.1 The Nonlinear ∂-Equation . . . . . . . . . . . . . . . . . . . . . . 289

11.2 A Fixed-Point Theorem . . . . . . . . . . . . . . . . . . . . . . . 290

11.3 Existence and Uniqueness . . . . . . . . . . . . . . . . . . . . . . 291


12 Holomorphic Motions 293

12.1 The λ-Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294

12.2 Two Compelling Examples . . . . . . . . . . . . . . . . . . . . . 296


12.2.1 Limit Sets of Kleinian Groups . . . . . . . . . . . . . . . . 296

12.2.2 Julia Sets of Rational Maps . . . . . . . . . . . . . . . . . 297


12.3 The Extended λ-Lemma . . . . . . . . . . . . . . . . . . . . . . . 298

12.3.1 Holomorphic Motions and the Cauchy Problem . . . . . . 299

12.3.2 Holomorphic Axiom of Choice . . . . . . . . . . . . . . . 300


12.4 Distortion of Dimension in Holomorphic Motions . . . . . . . . . 306

12.5 Embedding Quasiconformal Mappings in Holomorphic Flows . . 309

12.6 Distortion Theorems . . . . . . . . . . . . . . . . . . . . . . . . . 310

12.7 Deformations of Quasiconformal Mappings . . . . . . . . . . . . . 313


13 Higher Integrability 316

13.1 Distortion of Area . . . . . . . . . . . . . . . . . . . . . . . . . . 317


13.1.1 Initial Bounds for Distortion of Area . . . . . . . . . . . . 318

13.1.2 Weighted Area Distortion . . . . . . . . . . . . . . . . . . 319




CONTENTS	 xi


13.1.3	 An Example . . . . . . . . . . . . . . . . . . . . . . . . . 323

13.1.4	 General Area Estimates . . . . . . . . . . . . . . . . . . . 324


13.2 Higher Integrability . . . . . . . . . . . . . . . . . . . . . . . . . 327

13.2.1	 Integrability at the Borderline . . . . . . . . . . . . . . . . 330

13.2.2	 Distortion of Hausdorff Dimension . . . . . . . . . . . . . 332


13.3 The Dimension of Quasicircles . . . . . . . . . . . . . . . . . . . 333

13.3.1	 Symmetrization of Beltrami Coefficients . . . . . . . . . . 336

13.3.2	 Distortion of Dimension . . . . . . . . . . . . . . . . . . . 338


13.4 Quasiconformal Mappings and BMO . . . . . . . . . . . . . . . . 343

13.4.1	 Quasiconformal Jacobians and Ap-Weights . . . . . . . . 345
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