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Introduction
FRANK WILCZEK

I
Hermann Weyl (1885–1955) was, according to Fields medalist Sir
Michael Atiyah, “one of the greatest mathematicians of the ﬁrst half of
the twentieth century.” Every great mathematician is great in his or her
own way, but Weyl’s way was special. Most modern scientists choose one
or a few narrow areas to explore, and look neither sideways nor back.
Weyl was different; he surveyed the whole world.
A few words of biography: Weyl was a student of David Hilbert at
Göttingen, and thus stood in the line of intellectual descent from Gauss,
Riemann, and Dirichlet. Upon Hilbert’s retirement, Weyl was invited to
take up his chair, but conditions in 1930s Germany plus an attractive of
fer from the new Institute for Advanced Study combined to bring him to
Princeton, where he stayed.
Together with Albert Einstein and John von Neumann, Weyl made
the trinity of refugee stars who brought the new Institute matchless
scientiﬁc luster. More than the rebellious Einstein or the protean von
Neumann, who both grew up in it, Weyl embodied the grand German
literary and pan-European cultural tradition that was rocked and then
shattered by the two World Wars.
Weyl’s most characteristic work is Philosophy of Mathematics and Nat
ural Science. No other book I know is like it. No one else could have writ
ten it. The main body of text was written in German in 1926, as an arti
cle for R. Oldenburg’s Handbuch der Philosophie. In 1947, for the English
translation, Weyl altered many details and added six appendices, com
prising almost a hundred pages, which center on relevant scientiﬁc
events in the intervening years (the ﬁrst of these, on Gödel’s theorem,
and the third, on quantum physics and causality, are especially bril
liant); but the core had its genesis in the vanished Handbuch tradition
of magisterial reviews in natural philosophy.
In his preface Weyl says, “I was also bound, though less consciously, by
the German literary and philosophical tradition in which I had grown
up” (xv). It was in fact a cosmopolitan tradition, of which Philosophy of
Mathematics and Natural Science might be the last great expression.
Descartes, Leibniz, Hume, and Kant are taken as familiar friends and in
terlocutors. Weyl’s erudition is, implicitly, a touching afﬁrmation of a
community of mind and inquiry stretching across time and space, and
progressing through experience, reﬂection, and open dialogue. Between
vii
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1926 and 1947, of course, the speciﬁcally German literary-philosophical
tradition experienced a traumatic discontinuity. In his reﬂective conclu
sion, however, Weyl reafﬁrms the universal:
The more I look into the philosophical literature the more I am
impressed with the general agreement regarding the most essen
tial insights of natural philosophy as it is found among all those
who approach the problems seriously and with a free and inde
pendent mind. (216)
Apart from its lasting historical, philosophic, and scientiﬁc value, Philos
ophy of Mathematics and Natural Science contains passages of poetic elo
quence. This, I think, ranks among the most beautiful and profound
passages in all of literature:
The objective world simply is, it does not happen. Only to the gaze
of my consciousness, crawling upward along the life line of my
body, does a section of this world come to life as a ﬂeeting image
in space which continuously changes in time. (116)
As does this:
Leibniz . . . believed that he had resolved the conﬂict of human
freedom and divine predestination by letting God (for sufﬁcient
reasons) assign existence to certain of the inﬁnitely many possi
bilities, for instance to the beings Judas and Peter, whose substan
tial nature determines their entire fate. This solution may objec
tively be sufﬁcient, but it is shattered by the desperate outcry of
Judas, “Why did I have to be Judas?” (124–125)
I’ve consulted Philosophy of Mathematics and Natural Science many times,
and each time I’ve come away enriched. By now, of course, many of the
topics Weyl addressed there look quite different. Some of his questions
have been answered; some of his assumptions have even been dis
proved. (In the following section, I mention several important exam
ples.) Even in these cases, Philosophy of Mathematics and Natural Science in
structs and inspires. For by showing us how a great thinker in command
of the best thought of his era could see the world quite differently, it
both invites us to stretch our minds in empathy and reminds us how far
we’ve come. But many of Philosophy of Mathematics and Natural Science’s
questions are still with us, very much alive. Near the end, for example,
after a penetrating critique of the concept of causality, Weyl turns to
what he calls the body-soul problem, what today is called the problem of
consciousness:
It is an altogether too mechanical conception of causality which
views the mutual effects of body and soul as being so paradoxical
viii
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that one would rather resort, like Descartes, to the occasional
isitic intervention of God or, like Leibniz, to a harmony insti
tuted at the beginning of time.
The real riddle, if I am not mistaken, lies in the double posi
tion of the ego: it is not merely an existing individual which car
ries out real psychic acts but also ‘vision,’ a self-penetrating light
(sense-giving consciousness, knowledge, image, or however you
may call it); as an individual capable of positing reality, its vision
open to reason; “a force into which an eye has been put,” as
Fichte says. (215–216)
Here I think science has yet to catch up with, and bring to fruition,
Weyl’s visionary intuition.

II
Much has happened in mathematics and natural science since Weyl up
dated his Philosophy of Mathematics and Natural Science. This classic speaks
to fundamental issues, and considers them profoundly. Even in an over
view from such lofty heights, however, we shouldn’t fail to notice big
changes in the landscape.
Physical cosmology has come of age. The essential correctness of the
Big Bang picture is no longer in doubt. It is supported by a dense web of
evidence, including detailed mapping of distant galaxies and their redshifts, allowing reconstruction of the history of cosmic expansion; the
concordant ages of the oldest stars; the existence of an accurate black
body relic background radiation at 2.7° Kelvin; a successful evolutionary
account of the relative abundance of different chemical elements, and
more. Quantitative understanding of the emergence of structure in the
universe, demonstrating how it arises from very small early inhomo
geneities (observed in the background radiation!) ampliﬁed over time
by gravitational instabilities, is a recent triumph. The most popular the
oretical explanation for the existence of those initial inhomogeneities
traces them to quantum ﬂuctuations, normally conﬁned to the sub
atomic domain, that get stretched to cosmic dimensions during a period
of cosmic inﬂation.
Physical biology has come of age. Central metabolic processes, and
the basis of heredity, are understood at the level of speciﬁc chemical re
actions and molecules. At this level, the essential unity of life is revealed.
Yeast, fruitﬂy, mouse, and human run on the same molecular principles.
Study of changes in genomes, against a common background, allows us
to reconstruct the history of biological evolution, with a depth of detail
Weyl would have found astonishing.
But what I think would have delighted Weyl most of all is the tri
ix
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umph of the two concepts closest to his own heart and most central to
his work: symmetry and symbol.
S Y M M E T R Y

Symmetry has proven a fruitful guide to the fundamentals of physical
reality, both when it is observed and when it is not!
The parity symmetry P, which asserts the equivalence of left and
right in the basic laws of physics, fascinated Weyl, and in Philosophy of
Mathematics and Natural Science he emphasized its fundamental impor
tance. In 1956, however, P was discovered to fail—spectacularly—in the
so-called weak interaction (which is responsible for beta radioactivity
and many elementary particle decays). Indeed, the failure appeared in
some sense maximal. Consider, for example, the most common decay
mode of a muon (µ¯), namely, its decay into an electron, muon neu
trino, and electron antineutrino:
µ¯ → e¯ νµν̄ e.
In this process, the emitted electron is almost always found to be lefthanded: if you point your left thumb in the direction of the electron’s mo
tion, your curled-up ﬁngers will point in the direction that it rotates. On
the other hand (no pun intended!), if you use your right hand, you’ll get
the sense of rotation wrong. So there is an objective physical distinction
between left and right, contrary to the “law” of parity symmetry.
A slightly more complex symmetry was then proposed as a more ac
curate reﬁnement of spatial parity (P ). This is the combined parity
(C P ) transformation. It supplements spatial parity with the transforma
tion of particles into their antiparticles, the so-called charge conjuga
tion transformation (C ). In other words, C P requires that you both per
form spatial inversion and simultaneously change particles into
antiparticles. Thus, for example, C P relates our muon decay process to a
process of antimuon decay,
µ + → e + ν̄ µνe ,
in which the ﬁnal anti-electron is right-handed. If C P is a valid symmetry,
then these decays must occur at the same rate. But they don’t, quite. Al
though C P is a much more accurate symmetry than P, it too fails. For
many years the only observed failure of C P symmetry occurred in K
meson decays, where the asymmetry was a small and subtle effect. Re
cently, principally through the study of B meson decays, the phenome
nology of C P violation has become a rich subject, in which very subtle
aspects of quantum theory are beautifully deployed.
What P does for space, time-reversal T does for time. Time-reversal
x
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symmetry asserts the equivalence of past and future, in the microscopic
laws of physics. Of course, both the concrete history of the universe and
(at a mundane, but more speciﬁc and practical level) the laws of ther
modynamics distinguish past and future. Yet the laws of Newtonian me
chanics and Maxwellian electrodynamics—and indeed, all the basic laws
of the microcosmos known in Weyl’s day—do not. Very general princi
ples of quantum theory and relativity sufﬁce to prove the C P T theorem,
which asserts that after supplementing the C P transformation with T,
the overall operation—C P T—is an accurate symmetry of physical law.
Given this theorem, violation of C P is equivalent to violation of T.
These violations of symmetry are no mere curiosities; each has pow
ered major advances in fundamental physics, and remains central to big
questions.1
In particular, though it can be cleanly formulated for ﬁelds, chiral
ity—that is, left- or right-handedness—can only be an approximate,
observer-dependent characterization of massive particles. Indeed, con
sider an observer who moves so rapidly as to overtake the particle in
question. To that observer, the particle’s direction of motion will appear
to be reversed, compared to that seen by a stationary observer. Since the
particle’s rotation retains the same sense, its handedness, as deﬁned
above, reverses. Now according to the special theory of relativity, ob
servers moving at constant velocity must ﬁnd the same laws of physics as
stationary ones. Thus there is considerable tension between the idea
that only one handedness of particle participates in the weak interac
tions, and the theory of relativity.
For particles of mass zero, which move at the speed of light c, this dif
ﬁculty does not arise: since c is the limiting velocity, such particles can
not be overtaken. For this reason (maximal) parity violation suggests
that the most fundamental equations of physics must be formulated in
terms of underlying zero-mass particles having deﬁnite chirality. Thus,
for instance, we must introduce separately left-handed and righthanded electrons, which have quite different properties. Speciﬁcally,
left-handed electrons participate fully in weak interactions, while righthanded ones do not feel them.
Unfortunately (for this line of thought), physical electrons have

1For experts: Coming to terms with maximal P violation gave rise to the V – A theory. That theory,
in turn, provided a powerful intimation of quantum ﬁeld theory, at a time when many physicists had
abandoned it, and gave impetus to vector-meson exchange theories, culminating in modern gauge the
ory. C P (or equivalently T ) violation opened up the possibility of explaining how the universe could
come to be dominated by matter, as opposed to antimatter. T violation appears only to occur through
weak interactions, whereas our modern theory of the strong interaction—quantum chromodynamics
(QCD)—could accommodate much larger violation. Why? The most promising answer leads us to pre
dict the existence of a peculiar new particle, the axion. Axions, if they exist, could plausibly supply the
astronomical dark matter.
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non-zero mass. How can we keep the theoretical advantages of massless
electrons, while paying reality its due?
The solution is to postulate the existence of a background ﬁeld that
pervades the universe. In the absence of that medium, electrons would be
massless. They would obey conceptually simpler equations, which would
allow them to have a ﬁxed deﬁnite handedness. It is interaction with the
medium that slows them down, gives them mass, and complicates the de
scription of their weak interactions. It is as if we are intelligent ﬁsh who
have, after millennia of taking our environment for granted and taking
the ocean as the baseline for emptiness (the “vacuum”), ﬁnally realized
that we could get a more satisfactory theory of mechanics by taking into
account that we move through a medium (water!).
Current theory goes deeper. At the level of equations, we do not pos
tulate the background ﬁeld directly. Instead, we postulate more perfect
equations, with more symmetry than the world exhibits. (Indeed, we pos
tulate an underlying symmetry of the type that Weyl ﬁrst identiﬁed and
emphasized, namely, local, or gauge symmetry—see below.) All the stable
solutions of the equations, however, feature the background ﬁeld, and the
world we experience is described by one of those stable solutions.
As I write these words, in December 2008, we don’t know what our
strange ocean is made of. No known form of matter is adequate to com
pose it. A great enterprise of experimental physics at the Large Hadron
Collider, due to begin operations in coming months, is (metaphori
cally) to resolve the atomic building-blocks of our cosmic ocean.
Weyl ﬁrst introduced gauge symmetry in the context of an abortive
theory of electromagnetism. In this theory the symmetry postulated that
the laws of physics are unchanged by arbitrary rescalings of the overall
size of space and time intervals, independently at each point in spacetime. (Hence the name “gauge transformations.”) Unfortunately (for
this theory!), the phenomena of physics do supply deﬁnite lengthscales, such as the size of a hydrogen atom, that can be transported over
space and time. As quantum theory emerged, Weyl promptly noticed
that the mathematical idea of his earlier theory was already realized, in
the conventional theory of quantum electrodynamics. In this context, the
“gauge freedom” is not associated to the scale of length, but rather to
the phase of the electron ﬁeld. Modern gauge theories of both the weak
and strong interactions generalize this concept, by allowing more com
plex transformations on the matter ﬁelds. The mathematics of these
transformations is the mathematics of continuous (Lie) groups—whose
deep theory was perhaps Weyl’s greatest scientiﬁc achievement.
S Y M B O L

Hilbert’s program of reducing mathematics to rules for manipulating
symbols assumed startlingly new signiﬁcance and urgency, with the rise
xii
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of powerful electronic (digital) computing machines. These machines
deal with nothing other than ideally simple symbols—sequences of
0s and 1s—and they must be programmed explicitly, in full detail. For
better or worse, these mathematical “minds” embody Hilbert’s concept
precisely.
In a practical sense, as tools, computers emphasize the importance
of constructive, algorithmic mathematical methods. Conceptually, they
force the question: Is that all there is? As yet, computing machines have
not supplanted humans as creative mathematicians or scientists. Does
this state of affairs reﬂect a fundamental limitation—or does it chal
lenge us to further evolve, and to better instruct, our electronic col
leagues?
Computer science casts new light on concrete foundational issues in
mathematics, and poses fundamental new problems. Under the inﬂu
ence of information technology, attention has turned from the issue, fa
mously pioneered by Gödel and Turing, of determining the limits of
what is computationally possible, to the more down-to-earth problem of
determining the limits of what is computationally practical. It appears
probable (though it hasn’t been rigorously proved) that a large class of
natural problems—the so-called NP complete problems—can be solved
only after astronomically long calculations, however cleverly they are ap
proached.
The difﬁculty (also not rigorously proved!) of factoring large num
bers into primes has become, through some clever number theory, the
keystone of modern cryptography. Yet this problem can be solved efﬁ
ciently if we allow ourselves to use machines more powerful than those
Turing envisaged, that put quantum mechanics fully to work. Quantum
computers are fully consistent with the known laws of physics, but their
engineering requirements appear daunting; at present they exist only as
conceptual designs.
How Weyl would have loved this bubbling ferment of philosophy,
mathematics, physics, and technology!
It seems appropriate, in conclusion, to quote Atiyah once more:
[T]he last 50 years have seen a remarkable blossoming of just
those areas that Weyl initiated. In retrospect one might almost
say that he deﬁned the agenda and provided the proper frame
work for what followed.
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