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11

Bayesian Time Series and DSGE Models

This chapter covers Bayesian estimation of three popular time series models and
returns to the main goal of this book: estimation and inference in DSGE models,
this time from a Bayesian perspective. All three types of time series model have
a latent variable structure: the data y; depend on a latent variable x; and on a
vector of parameters «, and the latent variable x; is a function of another set of
parameters 6. In factor models, x; is a common factor or a common trend; in
stochastic volatility models, x; is a vector of volatilities; and in Markov switching
models, x; is an unobservable finite-state process. While, for the first and the third
types of model, classical methods to evaluate the likelihood function are available
(see, for example, Sims and Sargent 1977; Hamilton 1989), for the second type,
approximations based on either a method of moments or quasi-ML are typically
used. Approximations are needed because the density of the observables f(y | «, 0)
is a mixture of distributions, thatis, f(y | «,0) = [ f(y | x, ) f(x | #) dx. Since
the computation of the likelihood function requires a 7'-dimensional integral, no
analytical solution is generally available.

As mentioned in chapter 9, the model for x; can be interpreted either as a prior or
as a description of how the latent variable evolves. This means that all three models
have a hierarchical structure which can be handled with the “data-augmentation”
technique of Tanner and Wong (1987). Such a technique treats x = (x,...,x7)asa
vector of parameters for which we have to compute the conditional posterior — as we
have done with the time-varying parameters of a TVC model in chapter 10. Cyclical
sampling across the conditional distributions provides, in the limit, posterior draws
for the parameters and the unobservable x. The Markov property for x; is useful to
simplify the calculations since we can break the problem of simulating the x vector
into the problem of simulating its components in a conditional recursive fashion.
For the models we examine, the likelihood is bounded. Therefore, if the priors are
proper, the transition kernel induced by the Gibbs sampler (or by the mixed Gibbs—
MH sampler) is irreducible, aperiodic, and has an invariant distribution. Hence,
sufficient conditions for convergence hold in these setups.

The kernel of (x, «, 6) is the product of the conditional distribution of (y | x, &),
the conditional distribution of (x | €), and the prior for (o, 6). Hence, g(«, 0 | y) =
J g(x,a, 0 | y)dx can be used for inference, while g(x | y) provides a solution to
the problem of estimating x. The main difference between the setup of this chapter
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and a traditional signal extraction problem is that here we produce the distribution
of x at each 7, not just its conditional mean. It is also important to emphasize
that, contrary to classical methods, the tools we describe allow the computation of
the exact posterior distribution of x. Therefore, we are able to describe posterior
uncertainty surrounding the latent variable and the parameters.

Forecasting y;4. and the latent variable x; is straightforward and can be han-
dled with the tools described in chapter 9. Since many inferential exercises have
to do with the problem of obtaining a future measure of the unobserved state (the
business cycle in policy circles, the volatility process in business and finance cir-
cles, etc.), it is important to have ways to estimate it. Draws for future x; 4, can be
obtained from the marginal posterior of x and the structure of its conditional.

Although this chapter primarily focuses on models with normal errors, more
heavy-tailed distributions could also be used, particularly, in finance applications.
As in the case of state space models, such an extension presents few complications.

The last section of the chapter studies how to obtain posterior estimates of the
structural parameters of DSGE models, how to conduct posterior inference and
model comparisons, and reexamines the link between DSGE models and VARs.
There is very little new material in this section: we bring together the models dis-
cussed in chapter 2 and the ideas contained in chapters 5-7 with the simulation
techniques presented in chapter 9 to develop a framework where structural infer-
ence can be conducted in false models, taking both parameter and model uncertainty
into consideration.

11.1 Factor Models

Factor models are used in many fields of economics and finance. They exploit the
insight that there may be a common source of fluctuations in a vector of economic
time series. Factor models are therefore alternatives to the (panel) VAR models
analyzed in chapter 10. In the latter, detailed cross-variable interdependencies are
modeled but no common factor is explicitly considered. Here, most of interdepen-
dencies are eschewed and a low-dimensional vector of unobservable variables is
assumed to drive the comovements across variables. Clearly, combinations of the
two approaches are possible (see, for example, Bernanke et al. 2005; Giannone et
al. 2003). The factor structure we consider is

Vit = Vi +Qiyor + eis,
Af(ﬁ)e,-t = V¢, (111)
Ay(e)YOt = Vot,

where E(vis, Vini—) = 0,Vi £ i',i = 1,....,m, E(Viz, Vit—¢) = 01-2 ift =0
and zero otherwise, E(vos, Vor—z) = ag if t = 0 and zero otherwise, and yo;
is unobservable. Two features of (11.1) need to be noted. First, the unobservable
factor can have arbitrary serial correlation. Second, since the relationship between
observables and unobservables is static, ¢;; is allowed to be serially correlated. yo;
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could be a scalar or a vector, as long as its dimension is smaller than the dimension
of y;. An interesting case emerges when e¢; = (e1s,...,en:) follows a VAR, i.e.,
A¢(l)e; = vy, and A°(¢) is of order ¢., Vi.

Example 11.1. There are several specifications which fit into this framework. For
example, yo, could be a coincident business cycle indicator which moves a vector of
macroeconomic time series y;;. In this case, e;; captures idiosyncratic movements
in y;;. Alternatively, yo; could be a common stochastic trend while e;; is stationary
for all 7. In this latter case, (11.1) resembles the common trend-UC decomposition
studied in chapter 3. Furthermore, many of the models used in finance have a struc-
ture similar to (11.1). For example, in a capital asset pricing model (CAPM), y; is
an unobservable market portfolio.

We need restrictions to identify the parameters of (11.1). Since Q; and yy; are
nonobservable, neither the scale nor the sign of the factor and its loading can be
separately identified. For normalization, we choose @Q; > 0 and assume that Ug is
a fixed constant.

Letay; = (i, Q). Let @ = (a17, 08,07, A5, A7, i = 1,...,m), where A¢ =
(A¢y,..., AF, Jand A = (A7,..., A,), bethe vector of parameters of the model.
Let yi = (yi1,...,yir) and y = (¥],...,¥yp,)". Given g(@), g(a | y,y0) X
SO | @, yo0)g(e) and g(yo | a,y) o f(y | @ yo)f(yo | @). To compute these
conditional distributions, we need f(y | &, yo) and f(yo | @) = [ f(»,yo | @) dy.

Consider first f(y | a,yo). Let y! = (yi1,....yiq) be random and let
y(} = (¥0,1,---+Y0,g,) be the vector of initial observations on the factors, yé
given, x! = [1, y3], where 1 = [1,1,..., 1], and let A; be a (¢; x g;) compan-
ion matrix representation of A¢ (). If the errors are normal, (y; | i, Qi, 07, y3) ~
N(J; + Qi yd, 02 %;), where X solves X; = A; ZiA; +(1,0,...,0)(1,0,....,0).

Exercise 11.1. Provide a closed-form solution for X;.

Define y!* = X7%°y! and x/* = ¥70°x!. To build the rest of the likelihood,
lete; = [eig;+1..-..e,r] (thisis (T'—¢;) x 1 vector); e;; = yis — yi —Q; yor and
E =leq,...,eq] (thisis a (T —q;) x g; matrix). Similarly, let yo = (yo1,. .., Yor)’
and Yo = (¥o,—1,.-.,Y0,—qo)- Let yl.z* be a (T — ¢q;) x 1 vector with the ¢-row
equal to A¢(£)y;; and let x?* be a (T — ¢;) x 2 matrix with the 7-row equal to
(AS(1). AS(O)yor). Let x}7 = [}, x2* and y} = [y}, y2"].

Exercise 11.2. Derive the likelihood of (y* | x, ), when e; are normally dis-
tributed.

To obtain g(« | y, yo), assume that g(«) = ]_[j g(a;),leto? be fixed, and assume
that ay; ~ N(a1i, Xay;), A7 ~ N(A7, Zye) L1y, A7 ~ N(AY, Ty ) I-1,1),
cri_2 ~ G(aii,a2;), where Iy 1) is an indicator function for stationarity; that is,
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the prior for A¢(A”) is normal, truncated outside the range (—1, 1). Then, the con-
ditional posteriors are
(ali | yiv a—a”) ~ N(Sali (Z_‘a_lll«&li + Oi_z(x,'*)/y,'*), E‘Yli)’
(A5 | 312 yo,0ae) ~ N(Zae (538 A + 072 Efer), Sag) I,y X N (Af),
(A7 | yi.yo.o—av) ~ N(Eqv (Z5 A + 057 Ygvo). Zav) Ic1,1) X N (A?),

(072 | yiyo.a—g;) ~ G((ari + T).azi + (v — x[@1i,05)7).
(11.2)
where Yo, = (¥ + 072 x)) 7!, Tpe = (Z + 0 PE[E)TY, Yay =
(Z +042YYo) ™!, while ’

N (A7) = | Zae |77 exp{=(1/207) (3 = Ji = Qiyo) Tye (7 = i = Qiyo)}
and

N(A”) = [ Zg0 |70 exp{—(1/200) (yg — A7 (0)yg 1) T (v — A7 (D) yg _1)}-

Sampling (y;, Q;, 01.2) from (11.2) is straightforward. To impose the sign restric-
tion necessary for identification, discard the draws producing @Q; < 0. The con-
ditional posterior for Af(A”) is complicated by the presence of the indicator for
stationarity and the conditional distribution of the first ¢; (¢o) observations (without
these two, drawing these parameters would also be straightforward). Since these
distributions are of unknown form, one could use the following variation of the MH
algorithm to draw, for example, Af.

Algorithm 11.1.

(1) Draw (4¢)" from N(E‘A;(E‘;; AS + 072 Eje;), Sqe). I 301 (A2 )T = 1,
discard the draw.

(2) Otherwise, draw &l ~ U(0,1). If & < N ((A9)")/ N ((A9)'71), set (4¢)! =
(A¢)". Else set (4¢)! = (4¢)!71.

(3) Repeat (1) and (2) L times.

The derivation of g(yg | @, y) is straightforward. Define the T x T" matrix

- (OF
Ql=|"7"],

where @;1 = [Ei—o.s O] and

—A¢, —A?, 1 0 --- 0
., - 0 —AL, —A8 1 0 7
0 0 .

Y;isaq; x q; matrix, and O is a ¢; x (T — ¢;) matrix. Similarly, define @,'.
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Let x} = @ 'x; and y/ = @;'(y; — 17;). Then the likelihood function is
[Ty O] 1 @ioo?. AL yo). whete f(y] | Qi.07. A% y0) = (2m0o?) 05T x
exp{—(y] — Qi@ y0)'(y] — Q;@; ' y9)/207}. Since the marginal of the factor
is f(yo | A7) = (2702) 75T exp{—(Qy ' y0) (Qy ' y0)/202}, the joint likelihood
is fO".y0 | @ = TIi%, SO | Qi0? A%, y0) f(yo | A”). Completing the
squares we have

gvo | yi.@) ~ NG, Zy,), (11.3)
where Jo = X, [, QiGi_z(@i_l)/@i_j(J’i — 1)) By, = [Xi QP02 x
(@71 (@ 1)]" with Qo = 1. Note that Xy, is a T’ x T’ matrix. Given (11.2) and
(11.3), the Gibbs sampler can be used to compute the joint conditional posterior of
« and of yg, and their marginals.

To make the Gibbs sampler operative we need to select og and the parameters
of the prior distributions. For example, (Tg could be set to the average variance
of the innovations in an AR(1) regression for each y;;. Since little information is
typically available on the loadings and the autoregressive parameters, one could set
aj = /If = A¥ = 0 and assume a large prior variance. Finally, a relatively diffuse
prior for ol._z could be chosen, for example, G(4,0.001), a distribution without the
third and fourth moments.

The calculation of the predictive density of yg, is straightforward and it is left
as an exercise for the reader. Note that when the factor is a common business cycle
indicator, the construction of this quantity produces the density of a leading indicator.

Exercise 11.3. Describe how to construct the predictive density of yor4¢, T =
1,2,....

Exercise 11.4. Suppose that i = 4 and let A¢({) be of first order. In addition,
suppose that y = [0.5,0.8,0.4,0.9] and Q; = [1,2,0.4,0.6,0.5]. Let A° =
diag[0.8,0.7,0.6,0.9], A¥ = [0.7,—0.3], vy ~ i.i.d. N(0, 5), and

3000
0 4 00
~ 1i.d.
v~1id.N| O, 00 9 0
0 0 0 6

Let the priors be (y;,Q;) ~ N(0,10 * [5), i = 1,2,3,4, A° ~ N(0, 14) I(~1,1)»
AY ~ N(0, I2) I(~1,1), and O'l-_z ~ G(4,0.001), where I(_; 1) instructs us to drop
values such that ) j Afj =lor) J Ajy- = 1. Draw sequences from the posterior of
« and construct an estimate of the posterior distribution of yy.

Exercise 11.5. Let the prior for (y;, Q;, A7, A”, al-_z) be noninformative. Show that
the posterior mean of yg is the same as the one obtained by running the Kalman
filter/smoother on model (11.1).

Example 11.2. We construct a coincident indicator for the euro area business cycle
by using quarterly data on real government consumption, real private investment,
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Figure 11.1. Coincident indicator, euro area.

real employment, and real GDP from 1970:1 to 2002:4. We allow an AR(2) structure
on the indicator and an AR(1) on the errors of the model. Posterior estimates are
obtained by using 10000 draws from the conditional posterior: 5000 are used as
burnout; of the remaining, 1 out of every 5 is used to construct the indicator. The
mean value of the indicator together with a 68% confidence band are shown in
figure 11.1. The posterior means of the two AR coefficients are 0.711 and 0.025,
and the posterior standard errors are 0.177 and 0.134. The coincident indicator we
construct shows (classical) recessions, roughly, at the same dates the CEPR selected
as recession dates. Furthermore, it displays a considerable slowdown after 2001.

11.1.1 Arbitrage Pricing Theory (APT) Models

Apart from the construction of business cycle or trend indicators, factor models are
extensively used in finance (see, for example, Campbell et al. (1997) for references).
Here the unobservable factor is a vector of portfolio excess returns, a vector of
macroeconomic variables, or a vector of portfolio of real returns, typically restricted
to span the mean—variance frontier. APT models are useful since economic theory
imposes restrictions on nonlinear combinations of their parameters.

For illustrative purposes, consider a version of an APT model where a vector of
m asset returns y, is related to a vector of k factors yg; according to the linear
relationship

ye =y + Qiyor + ey, (11.4)

where yo ~ N(0,7), e | yo ~ i.i.d. N(0, X,), y is a vector of conditional mean
returns, Q; is an m x k matrix of loadings, and both Q; and y¢; are unknown.
Traditionally, a model like (11.4) is estimated in two steps: in the first step either the
factor loadings or the factors themselves are estimated (with a cross-sectional regres-
sion). Then, taking the first-step estimates as if they were the true ones, a second-pass
regression (typically, in time series) is used to estimate the other parameters (see, for



424 11. Bayesian Time Series and DSGE Models

example, Roll and Ross 1980). Clearly, this approach suffers from error-in-variables
problems and leads to incorrect inference.

A number of authors, starting from Ross (1976), have shown that, as m — oo,
absence of arbitrage opportunities implies that y; ~ ¢ + Zj; 1 Quij¢;, where ¢g
is the intercept of the pricing relationship (the so-called zero-beta rate) and ¢; is
the risk premium on factor Qy;;, j = 1,2,..., k. With the two-step procedure we
have described, and treating the estimates of Q;;; and of y; as given, the restrictions
imposed become linear and tests can be easily developed by using restricted and
unrestricted estimates of ¢; (see Campbell et al. 1997).

One way to test (11.4) is to measure the pricing errors and check their sizes
relative to the average returns (with large relative errors indicating an inappropriate
specification). This measure is given by & = (1/m)y’'[I — Q(Q'Q)~'Q’]y, where
Q = (1,Q) and 1 is a vector of 1s of dimension m. For fixed m, & # 0, while as
m — 00, & — 0. While it is hard to compute the sampling distribution of &, its
exact posterior distribution can be easily obtained with MCMC methods.

Foridentification we require that k < %m Letting Q’f be alower triangular matrix
containing the Choleski transformation of the first £ independent rows of Q;, we
also want th >0,i =1,...,k.

Exercise 11.6. Show that k < m and Qlu >0,i = 1,...,k, are necessary for
identification.
Let oj; = ()i, Q;). Since the factors capture common components, ¥, =

diag{o?}. Then f(ai1 | yo,0:) o exp{—(ai1 — ai1,0Ls) X' x (i1 — &i1,015)/207},
where x = (1, yo) isa T' x (k + 1) matrix and «;; oLs are the OLS estimators of
the coefficients in a regression of y;; on (1, vo)- We want to compute g(« | yor, Vr)

and g(yo: | @, y¢), where & = (a1;,07, i = 1,2,...). We assume independence
across i and the f0110w1ng priors: Qq; ~ N(Ql,, Q1) Qi >0,i =1,...,k,
i ~N@Qy, 0% ), i =k+1,...,m, sza ~ x2(v;), yi ~ N(ylo,a ) Where

)’10 =¢o + Z le 7¢; and ¢; are constant. The hyperparameters of all pr10r dis-
tributions are assumed to be known. Note that we impose the theoretical restrictions
directly — the prior distribution of y; is conditional on the value of (; — and that by
varying 631, we can account for different degrees of credence in the ATP restrictions.
The conditional posterior distributions for the parameters are easily obtained.

Exercise 11.7. (i) Show that g(y; | y¢, vor, Q1,0 )~ N(y,,o ) where y; =

62 VioLs + (02/T)yzo]/[02/T +631 65 = (o707, )/T]/[GZ/T + 52]

Vi, OLS = (1/T) Zt l(ylt Z i=1 @lijtj) .
(ii) Show that g(@u Iyt,yohyl,o ) ~ N(Qu,EQl,) with Qu = 2o, X

Quidgy 2 4+ x/'x]Qu, OLSU;r 2), Yo, = (a@1 +o72x]x) i = ..k, and
Qi = EQI,(QuwQI +x"x]QuioLso;2), Lo, = (w@l +0 ~2 '/x') 1 i =
k+1,....,m, where @11,0Ls is the OLS estimator of a regression of (y,, — Yo)
on yo1, .-, Yoi—1 and xlT is the matrix x; without the first row.

(iii) Show that (52072 | y¢. yor. Q1. yi) ~ x*(V), where b = b + T and §? =
052+ (T —k = 1) Y, (vie — 5i — X, Q1jvor)>.
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The joint density of the data and the factor is

Yot ~N 0 I Q/1
Vi vy \Qi QiQp+ %) |

Using the properties of conditional normal distributions we have g(yos | y¢, ) ~

N@Q (QQ1+ X)) (i —9). I —Q(Q Q1+ X,) ™' Q1), with () Qi + X))~ =
- IlQi(I+Q X 1Q) Q) 2t where (1 +Q) X,71Qy) is ak xk matrix.

e

Exercise 11.8. Suppose the prior for « is noninformative, that is, g(a) o [] j Oa; 2,
Derive the conditional posteriors for y, Q, X, and yy, in this case. '

Exercise 11.9. Using monthly returns data on the stocks listed in Eurostoxx 50 for
the last five years, construct five portfolios with the quintiles of the returns. Using
informative priors compute the posterior distribution of the pricing error in an APT
model using one and two factors (averaging over portfolios). You may want to try
two values for 03, one large and one small. Report a posterior 68% credible set for
G. Do you reject the theory? What can you say about the posterior mean of the
proportion of idiosyncratic to total risk?

11.1.2 Conditional Capital Asset Pricing Models

A conditional CAPM combines data-based and model-based approaches to portfolio
selection into a specification of the form

Yit+1 = Vit + QirYor+1 + €irg1,

Qir = x1:91i + V1iss (115)
Vit = X1:92i + V2ir,
Yor+1 = X2:$0 + Vor+1,
where x; = (x1;,x2;) is a set of observable variables, e;;4+, ~ ii.d. N(O, 03),

Vor+1 ~ i.i.d. N(O, 03), and both vy;; and v,;; are assumed to be serially correlated,
to take into account the possible misspecification of the conditioning variables x1;.
Here y;;+1 is the return on asset i and o1 is the return on an unobservable market
portfolio. Equations (11.5) fit the factor model structure we have so far considered
when vy;; = vy = 0, V¢, x; are the lags of yo; and x;, = [ for all ¢. Various
versions of (11.5) have been considered in the literature.

Example 11.3. Consider the model

Yier1 = Qir + €iry1,

(11.6)
Qir = x1¢i + vis.

Here the return on asset i depends on an unobservable risk premium @Q;; and on an
idiosyncratic error term, and the risk premium is a function of observable variables.
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If we relax the assumption that the cost of risk is constant and allow time variations
in the conditional variance of asset i, we have

yierr = X Qs + €iry1, eir ~1id. N(0,07), (11.7)
Q; = Q + vy, vy ~ iid. N(0,02). (11.8)

Here the return on asset i depends on observable variables. The loadings on the
observables, assumed to be the same across assets, are allowed to vary over time.
Note that by substituting the second expression into the first we have that the model’s
prediction error is heteroskedastic (the variance is x;x,og + Uez,- ).

Exercise 11.10. Suppose thatvy;; = vy;; = 0, V¢, and assume that yg;1 is known.
Let @ = [@21,....P2m> P11+ ... P1m]. Assume a priori that o ~ N(@, Xy). Let
the covariance matrix of e; = [eys,...,epmr] be X, and assume that, a priori,
DI W(X, ). Show that, conditional on (y;;, yor, Ze. X;), the posterior of «
is normal with mean & and variance ¥, and that the marginal posterior of ¥ Tlis
Wishart with scale matrix (¥ ™! 4+ Yors) " and v 4+ T degrees of freedom. Show
the exact form of &, f]a, and Xops.

Exercise 11.11. Assume v,;; = vy;; = 0, V¢, but allow yg,41 to be unobservable.
Postulate a law of motion for yo, of the form yo;4+1 = X2:¢0 + vor+1, Where x5,
are observables. Describe the steps needed to find the conditional posterior of yg;.

The specification in (11.5) is more complicated than the one in exercises 11.10 and
11.11 because of time variations in the coefficients. To highlight the steps involved
in this case, we describe a version of (11.5) where vy;; = 0,Vt,m = 1, x; = x1; =
X2, and we allow for AR(1) errors in the law of motion of QQ;, that is,

YVit1 = X192 + Qryor+1 + er41,
Qr = (xr — pxr—1)91 + pQr—1 + vy, (11.9)
Yor = Xto + vor,

where p measures the persistence of the shock driving Q;.
Let @ = [po,$1,¢2.p,07,0,,0,] and let g(@) = []; g(e;). Assume that

e’ v Yy
g(i) ~ N($i, Zg,), i = 0,1,2, g(p) ~ N(O, £p) 1,1y, £(0,) ~ x(53, ¥w),
g0, %, 0,}) 0, %0, 2, and that all hyperparameters are known.

To construct the conditional posterior of QQ; note that, if p is known, Q; can
be easily simulated as in state space models. Therefore, partition ¢« = (ay, p).
Conditional on p, the law of motion of Q; is y = Q — pQ_; = xT¢; + v, where
Q=[Q1,....Q, x =[x1,...,x;), xT =x—px_y,and v ~ i.i.d. N(0, 62 I7).
Setting Q;=_; = 0, we have two sets of equations, one for the first observation and
one for the others, yo = Qp = x(')"qbl +voand y; = Q; — pQ;—1 = xt+¢1 + vy
When the errors are normal, the likelihood function f(y | x, ¢1, p) is proportional
t0 (62)7%5T exp{—0.5[(yo — X3 $1)05 2 (vo — X3 1) — Lr—y (e — x; 1)o7y 2 x
e —xit 1)1
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Let ¢i),0Ls be the OLS estimator obtained from the first observation and ¢11,0Ls the
OLS estimator obtained from the other observations. Combining the prior and the
likelihood, the posterior kernel of ¢ is proportional to exp{—0. 5((]51 ¢1 oLs) X
(xg )/U_Zx(ir(% ¢’o OLS) 0.5, (¢1 ¢1 OLS) (x; )/U_Zx:r@’l ¢1 OLS)
0.5(¢p — 1)’ = ¢11 (¢1 — ¢1)}. Therefore, the conditional posterior for ¢ is normal.
The mean is a weighted average of prior mean and two OLS estlmators ie., ¢1 =
S (01400, 2y X0, ()0, and S, = (55 + (xd)/0 2 +
> (x 0_2x,+ )~ L. The conditional posterior for o2 can be found by using the same
logic.

Exercise 11.12. Show that the posterior kernel for 62 has the form (5:2) ~0-(T'=1 x

expl=0.5%, 021~ /1) (v — ¥ G0/ (1 = )05 050114

exp{—0.5[c7 /(1 — D) [(yo — xg $1)' (Yo — Xg #1) + y]}. Suggest an algorithm
to draw from this (unknown) distribution.

Once the distribution for the components of «; is found, we can use the Kalman
filter/smoother to construct QQ; and the posterior of yg,, conditional on p. To find
the posterior distribution of p requires little more work. Conditional on ¢;, rewrite
the law of motion for QQ; as y: = Q—xi¢1 = x;f_lp + v;, where x:_l =
Q¢—1 — x;—1¢1. Once again, split the data in two: initial observations (yI, xg) and

the rest ( y;r , xi71)~ The likelihood function is
SO % 1. p) ooy T exp{=0.5(y] — xo¢1)' 0, (y) — xo1)}

+ exp { -0.5 Xj(ytT —xl_ 002y — x_ o). (11.10)
t

Let poLs be the OLS estimator of p obtained with 7" data points. Combining the
likelihood with the prior produces a kernel of the form exp{—0.5)_, (0 — pors)’ x
(x)'0,2x{ (p — poLs) + (p P E (o — p)}(02/(1 — ¢3))O-5] 705G H1+2)
exp{—0.5[c2/(1 — ¢H)] 710y + (yI) [02/(1 — 9]~ 1)’1} Hence, the conditional
posterlor for p is normal, tmncated outside the range (—1,1), with mean p =

b)) (04, (x, )/o_zy;) variance ¥, = 7+, (x,)/0_2x2) 1

Exercise 11.13. Provide an MH algorithm to draw from the conditional posterior
of p.

Once g(a1 | p. yor, y1), &(p | @1, yor. y1), &(yor | @1, p. i) are available, the
Gibbs sampler can be used to find the joint posterior of the quantities of interest.

11.2  Stochastic Volatility Models

Stochastic volatility models are alternatives to GARCH or TVC models. In fact,
they can account for time-varying volatility and leptokurtosis as GARCH or TVC
models but produce excess kurtosis without heteroskedasticity. Since the logarithm
of 07 is assumed to follow an AR process, changes in y, are driven by shocks in
the model for the observables or shocks in the model for the logarithm of 62. Such
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a feature adds flexibility to the specification and produces richer dynamics for the
observables as compared with, for example, GARCH-type models, where the same
random variable drives both observables and volatilities.

The most basic stochastic volatility specification is

Yt = Oréy, e; ~N(0, 1),
(11.11)
ln(atz) = po + p1 ln(atz_l) + oyvs, vy ~idd. N(O, 1),
where v; and e; are independent. In (11.11) we have implicitly assumed that y,
is de-meaned. Hence, this specification could be used to model, for example, asset
returns or changes in exchange rates. Also, for simplicity, only one lag of In o7 is
considered.

Lety = (y1,..., 1), 0% = (0,...,07), and let f(o? | p,0y) be the prob-
ability mechanism generating 62, where p = (po, p1). The density of the data is
FO 1 p.oy)= [ f(y|0?)f(0? ]| p.oy)do?. As in factor models, we treat 02 as
an unknown vector of parameters, whose conditional distribution needs to be found.

We postpone the derivation of the conditional distribution of (p, o) to a later
(more complicated) application and concentrate on the problem of drawing a sample
from the conditional posterior of otz. First, note that, because of the Markov structure,
we can break the joint posterior of 2 into the product of conditional posteriors of
the form g((f,2 | Gf_l,atzﬂ,p, 0y, yt), t = 1,...,T. Second, these univariate
densities have an unusual form: they are the product of a conditional normal for y,
and a lognormal for 02,

2 2 2
g(o; | 071,041, P, 0, Vi)

< f(yi | 67) f(07 | 07_1.p.00) [ (0711 | 07, p.Ow)

1 2 1 Ino? — E;(Inc?))?
oc—exP%_y_f} x—exp{—(nat ’(nz"f)) . (1112
o 2var(lno;)

where E;(Ino?) = [po(1 — p1) + p1(In 0t2+1 +1no2 )]/(1 + p?), var(Ino?) =
03/(1 + p%). Because g(a,2 | 0,271 , Ut2+1, P, 0y, ¥¢) is nonstandard, we need either
a candidate density to be used as importance sampling or an appropriate transition
function to be used in an MH algorithm. There is an array of densities one could use
as importance sampling densities. For example, Jacquier et al. (1994) noticed that the
firsttermin (11.12)is the density of an inverse of gamma distributed random variable,
thatis,x ™' ~ G(ay, a»), while the second term can be approximated by an inverse of
a gamma distribution (matching first and second moments). The inverse of a gamma
is a good “blanketing” density for the lognormal because it dominates the latter
on the right tail. Furthermore, the two densities can be combined into one inverse
gamma with parameters d; = [1 — 2exp(var(Ino?))]/[1 — exp(var(Inc?))] + 0.5
andd, = [(a; —1)[exp(E;(In0?) 4 0.5 var(In6?))] +0.5y?] and draws made from
this target density. As an alternative, since the kernel of ln(otz) is known, we could
draw In(02) from N(E(In 62) —0.5 var(In 6?), var(In 6?)) and accept the draw with
probability exp{—y?2/202} (see Geweke 1994).
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Table 11.1. Percentiles of the approximating distributions.

Percentiles

5th 25th  50th 75th  95th

Gamma 0.11 0.70 155 327 5.05
Normal 0.12 0.73 1.60 333 5.13

Example 11.4. We have run a small Monte Carlo experiment to check the quality
of these two approximations. Table 11.1 reports the percentiles using 5000 draws
from the posterior when pg = 0.0, p; = 0.8, and 0, = 1.0. Both approximations
appear to produce similar results.

It is worthwhile stressing that (11.11) is a particular nonlinear Gaussian model
which can be transformed into a linear but non-Gaussian state space model without
loss of information. In fact, letting x; = Inoy, €, = In e,2 + 1.27, the model (11.11)
could be written as

lnyt2 = —1.27 + x; + ¢,

(11.13)
Xt+1 = pXt + Oy,

where €; has zero mean but is nonnormal. A framework like this was encountered in
chapter 10 and techniques designed to deal with such models were outlined there.
Here it is sufficient to point out that a nonnormal density for €; can be approxi-
mated with a mixture of J normals, that is, f(e;) ~ ) ; 0j f(€r | M;), where each
S(er | M;j) ~ N(€;, aezj) and 0 < ¢; < 1. Chib (1996) provides details on how this
can be done.

Cogley and Sargent (2005) have recently applied the mechanics of stochastic
volatility models to a BVAR with time-varying coefficients. Since the setup they
use could be employed as an alternative to the linear time-varying conditional struc-
tures we studied in chapter 10, we will examine in detail how to obtain conditional
posterior estimates for the parameters of such a model.

A VAR model with stochastic volatility has the form

ve = Um ® Xp)ay + e, e, ~N(O, 2:),
=2 (27, (11.14)

or = Drog—1 + vig, v1r ~ N(O, Xy,),
where  is a lower triangular matrix with 1s on the main diagonal, X, = diag{o?},
Inof =Ino_; + o, v2ir. (11.15)

where ID; is such that «; is a stationary process. In (11.14) the process for y;
has time-varying coefficients and time-varying variances. To compute conditional
posteriors note that it is convenient to block together the o, and the 67 and draw a
whole sequence for these two vectors of random variables.
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We make standard prior assumptions, i.e. oeo ~N(@, Z,), 2 L W(Zvl,vvl)
where Z‘vl x X, Uy, = dim(ao) + 1, Opys ™ G(ay,az), lno,o ~N(né&;, Zy),
and letting ¢ represent the nonzero elements of £, ¢ ~ N(¢, E¢)

Given these priors, the calculation of the conditional posterior for (a;, Xy, , 0v,;)
is straightforward. The conditional posterior for oy can be obtained with a run
of the Kalman filter as detailed in chapter 10; the conditional posterior for
Ev_ll is W((Z_Jv_ll + >, virvy,) "t Dy, + T), and that for av_j is G(a; + T,ay +
Y (no? —Ino?_))?).

Example 11.5. Suppose y; = a;y;—1 +e;,e; ~ i.i.d. N(0, atz),at = pos—1+ V1,

vy ~ ii.d. N(0, 0, vl) lnat lnatz_l + Oy, V21, U2 ~ iid. N(O, 1). If 01,_22 ~

G(ay,.by,) and o 1 ~ G(ay,.by,), then, given p, the conditional posteriors of

(Ovl ,0,,7) are gamma with parameters (ay, + T, by, + Y, v3,) and (ay, + T,
by, + Z (Ino? —Ino?_|)?), respectively.

Exercise 11.14. Derive the conditional posteriors of (p, 0, 1 SOy ~2) in example 11.5

when p is unknown and has prior N(p, 6, )1, (—1,1)» Where I(_ i) is an indicator for
stationarity.

To construct the conditional of ¢, note that, if €, ~ (0, X;), then e, = Pe; ~
(0, 2 X, #"). Hence, if ¢, is known, and given (y;, x;, &;), the free elements of &
can be estimated as follows. Since & is lower triangular, the mth equation is

O—mtemt ¢ml( Umzelt) + - +¢mm 1( Umzem lt) +( Emt) (11.16)

Hence, letting E,,; = (—0;131,, R —o,;,_lem,), Emt = —g,;tlem,, it is easy to
see that the conditional posterior for ¢; is normal with mean ¢; and variance Xy, .

Exercise 11.15. Show the form of ¢; and X, .

To draw o7, from its conditional distribution, let o( iy be the sequence of o
excluding its ith element and let e = (e, ..., e;). Then g(o? | o( l)t,ae,,e) =
g2 | o7, ”H,ael e), which is given in (11.12). To draw from this distri-
bution for each i we could choose as candidate distribution o/, 2 exp{— (lno
E/(Inc?))?/2var(n otz)} and accept or reject the draw with probability (0; Z)*
expi{—e? /2(c2)"}/ (1)~  exp{—e? /2(c2)' !}, where (062)' ! is the last draw
and (al%)T is the candidate draw.

Exercise 11.16. Suppose you are interested in predicting future values of y,. Let

YT = Pra1see s Yiae) o = (aq,...,a;),and y = (y1,...,¥;). Show that,
conditional on time ¢ information,

g(lerr|a»2;’zvlv¢vavzf’y)

— [[ s 105 50y g0 )
X g(z‘l,t+t | OtH_T, 2:7 2U15¢aovzi’y)
X f(yt-‘r‘[ | at-l-‘[’ Z'i,t-i—t’ 2v17¢70U2i7y) dat-l—t dz'l',t-l-‘r.
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Describe how to sample (y;+1, yr+2) from this distribution. How would you con-
struct a 68% prediction band?

Stochastic volatility models are typically used to infer values for the unobservable
conditional volatilities, both in-sample (smoothing) and out-of-sample (prediction).
For example, option pricing formulas require estimates of conditional volatilities
and event studies often relate specific occurrences to changes in volatility. Here we
concentrate on the smoothing problem, that is, on the computation of g(o? | y),
where y = (y1,..., y7). An analytic expression for this posterior density is not
available but since g (07 | y) = [ g(0?.| as, y)g(e; | y) da it can be numerically
obtained by using the draws of o2 and «, . The mean of this distribution can be used
as an estimate of the smoothed volatility.

Exercise 11.17. Suppose the volatility model is Ino? = po + p(€) Ino?_| + oy vs,
where p(€) is unknown of order ¢. Show how to extend the Gibbs sampler to this
case. Assume now that the model is of the form Ino? = pg + p1 Ino?2_ | + oy, vy,
where o, = f(x;),x; are observable variables, and f is linear. Show how to extend
the Gibbs sampler to this case.

As with factor models, cycling through the conditionals of (Z‘,T, 0, Oy s 2vys P)
with the Gibbs sampler produces, in the limit, a sample from the joint posterior.

Uhlig (1994) proposed an alternative specification for a stochastic volatility model
which, together with a particular distribution of the innovations of the stochastic
volatility term, produces closed-form solutions for the posterior distribution of the
parameters and of the unknown vector of volatilities. The approach treats some
parameters in the stochastic volatility equation as fixed but has the advantage of
producing recursive estimates of the quantities of interest.

Consider an m-variable VAR(g) with stochastic volatility of the form

Y, = AX, + P e, e, ~N(,T),

PloP (11.17)
Sl = %, vi ~ Beta((v + k)/2,1/2),

where X; contains the lags of the endogenous and the exogenous variables, $; is
the upper Choleski factor of X1, v and p are (known) parameters, Beta denotes
the m-variate beta distribution, and k is the number of parameters in each equation.

To construct the posterior of the parameters of (11.17) we need a prior for (4, X).
We assume g1 (4, X1) o go(A)g(A, X1 | Ag, pE4, Xo, V), where go(A) is a func-
tion restricting the prior for A4 (e.g., to be stationary) and g(a, X | Ao, pX4, o, V)
is of normal-Wishart form, i.e., g(A | 1) ~ N(do, pZy4), g(xrh ~ W(Zo, D),
Ao, 4‘:}0, Z_‘A, v, p known.

Combining the likelihood of (11.17) with these priors and exploiting the fact that
the beta distribution conjugates with the gamma distribution, we have that the pos-
terior kernel for (A, X;11) is g/(A. X 41) = &1(A)g(A, Ty 41 | I‘It, Pi‘At» fft» V),
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where ¢ is of normal-Wishart type, Su = ,ofJAt_l + X,Xt’,/f, = (pl,_lfiAt_l—k
Vi X)E e =pXiq + (p/v)e:(1— X;Z,lez)é;’ é: =Y —A;—1X;, and

2i(A) =g 1(ADI(A— A) T (A= A) + (v/p) 2|70
Example 11.6. Consider a univariate AR(1) version of (11.17) of the form

yi =ayi—1 + 07 'er, e ~N(©O, 1), (11.18)
POt = o}vy, v; ~ Beta((v + 1)/2,1/2). (11.19)

Let g(a,07) o go(a)g(a, 07 | do, pog,. 55, D), where (&0, 0aq, 00, V) are hyper-
parameters and assume that g («t, 07 | &o. pGq,. G4, V) is of normal-inverted gamma
type. Recursive posterior estimates of the parameters of g, («) are 50% = 1053,;—1 +
Vie1s O = (p8r-10g 1 + V1y1-1)/04,, 67 = poi_y + (p/v)EF (1 = y7_ /og ),
€ = yr —0r—1Yi-1, & (@) = gr—1()[( — &t)zao%,t + (v/p)a?]~%. Hence both
52 . and & are weighted averages, with p measuring the memory of the process.
Note that past values of & are weighted by the relative change in 62 ;. When 03’, is
constant, & = p&;—1 + Y yi—1/pog.

When p = v/(v + 1), v/p = 1 — p. In this case, 67 is a weighted average of
62, and the information contained in the square of the recursive residuals, adjusted
for the relative size of y?2, to the weighted sum of y2_, up to 7 — 1. Note also that
E,10} = 02 ,(v+ 1)/p(v + 2). Hence, when p = (v + 1)/(v + 2), 62 is a
random walk.

For comparison, it may be useful to map the general prior of (11.17) into a
Minnesota-type prior. For example, we could set Xy = diag{&y; } and compute 5o,
from the average square residuals of an AR(1) regression for each i in a training
sample. Also, one could set Xy = blockdiag[f]Al, E’Az], where the split reflects
the distinction between endogenous and exogenous variables. For example, if the
second block contains a constant and linear trend, then

Z—, ¢2 —¢§/ 2
A2 - 2 3 b
$2/2 —¢3/3

where ¢, is a hyperparameter, while we could set the diagonal elements of X4
equal to 6367 /L, where £ refers to the lag, and ¢; for the lags of the variables in
an equation, and the off-diagonal elements to zero. Unless required by the problem,
set go(A) = 1. Finally, set v & 20 for quarterly data and p = v/(v + 1).

Given the generic structure for the posterior of (A4, X;+1) (a time-varying den-

sity multiplied by a normal-Wishart density), we need numerical methods to draw
posterior sequences. Any of the approaches described in chapter 9 will do it.

Example 11.7. To draw from the posterior we could use the following importance
sampling algorithm.
(1) Find the marginal for Ar. Integrating X741 outof g(Ar, X;+1 | y) we have
F(Ar | ) = 055, In|(A— A7) Ear (A—Ar) +(v/p) S7]=0.5(k + v)|x
(A= Ar)Xar (A= Ar) + (v/p) ZT1|.
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(2) Find the mode of g(Ar | y) (callit A}) and compute the Hessian at the mode.

(3) Conditionalon A7, g(X7L, | y)isW([p(A— A1) Zar (A—Ar) +vEr]7L,
v+ k).

(4) Draw AZT from a multivariate ¢-distribution centered at A”T= and with variance
equal to the Hessian at the mode and degrees of freedomv < T —k(M +1).
Draw (X ;_IH)I from the Wishart distribution derived in step (3).

(5) Calculate the importance ratio: In IR(AIT, Z‘ITH) = const. + In (g(AlT)) —
In (&'S(A%.)), where g'S(A?) is the value of the importance sampling density
at AL

(6) Use hy = Y7 h(Ah, S8 DIR(AL, 2L )/ IR(A, 2L ) to ap-
proximate any function Z(Ar, X741).

Exercise 11.18. Describe an MH algorithm to draw posterior sequences for
(A7, Z141).

Exercise 11.19 (Cogley). Consider a bivariate model with consumption and income
growth of the form y; = y+A;(£)y;—1 +e;, 0 = vec(A;(£)) = ay—1+ vy, Xy =
diag{oizt },Ino? = Ino? | + 0y, vz, where y is a constant. In a constant-coefficient
version of the model the trend growth rate of the two variables is (I — A(£))™!y.
Using a Gibbs sampler, describe how to construct a time-varying estimate of the
trend growth rate, (I — A,(£))"'5y.

We conclude this section applying Bayesian methods to the estimation of the
parameters of a GARCH model.

Example 11.8. Consider the model y; = x,A4 + oses, e; ~ ii.d. N(0, 1), and
0} = po + 107y + pae7_,. Assume that A ~ N(4,53), po ~ N(po.G2 ), and
that g(p1, p2) is uniform over [0, 1] and restricted so that p; + p» < 1. The posterior
kernel can be easily constructed from these densities. Let « = (4, p;,i = 0, 1,2);
let the mode of the posterior be a*, and let 7(-) be the kernel of a ¢-distribution
with location «*, scale proportional to the Hessian at the mode, and ¥ degrees of
freedom. Posterior draws for the parameters can be obtained by using, for example,
an independence Metropolis algorithm, that is, generate o from 7(-) and accept the
draw with probability equal to min{[g(a’ | y;)/(a")]/[g('~" | y:)/f(@ 1], 1}.
A t-distribution is appropriate in this case because g(a | y;)/f(a) is typically
bounded from above.

11.3 Markov Switching Models

Markov switching models are extensively used in macroeconomics, in particular,
when important relationships are suspected to be functions of an unobservable vari-
able (e.g., the state of a business cycle). Hamilton (1994) provides a classical non-
linear filtering method which can be used to obtain estimates of the parameters and
of the unobservable state. Here we consider a Bayesian approach to the problem.
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As with factor and stochastic volatility models, the unobservable state is treated as
“missing” data and sampled together with other parameters in the Gibbs sampler.
To set up ideas we start from a static model where the slope varies with the state:

Ve = X1 A1 + X2 A2 — 1) + €4, e ~iid. N(0,02). (11.20)

Here »; is a two-state Markov switching indicator. We take »; = 1 to be the
normal state so that y; = x;;A1 + e;. In the extraordinary state, »; = 0 and
Vi = X1 A1 — X0 A2 + ey

Welet py = POy = 1| %1 = 1), po = p(¢; = 0] %;,—1 = 0), both of which
are unknown; also we let Y71 = (1, ..., Vi1, X110 v oy X1r—1, X210+ - - X20—1),
= (1,....%), @ = (A1, A2,02, %", p1, p2). We want to obtain the poste-
rior for . We assume g(o) = g(A1, A2,062)g(x" | p1,p2)g(p1, p2). We let
g(p1, p2) = pf”(l - pl)dupgzz(l — p2)®1, where d;; are the a priori propor-
tions of the (i, j) elements in the sample. As usual, we assume g(A1, 42,0, %)
N(Aq, X1) x N(43, 2») x G(ay, az).

The posterior kernel is g(a | y) = ZLI f(: | e, y""V)g(a), where each
fe | o,y ~ N(Ax,,oez), x; = (x1¢,x2¢), and A = (A, Az). To sample
from this kernel we need starting values for o and »; and the following algorithm.

Algorithm 11.2.
(1) Sample (py, p2) fromg(py, p2 | y) = pf“+d” (1- p1)€z12+d‘2p§22+d22 X
(1 — pp)®21+921 where d; ; 1s the actual number of shifts between state i and
state j .

(2) Sample A4; from g(A; | 02, xT,y). This is the kernel of a normal with
mean A = Y4(3, x;y: /0% + X' A) and variance ¥4 = (3_,x}x; /0% +
Y171 where A = (A;, A;) and ¥ = diag(X;, X).

(3) Sample 0,2 from g(o,2 | »T,y, A). This is the kernel of a gamma with
parametersa; +0.5(T—1)andas + 0.5, (yr — A1x1 + Azx2: (¢, — 1))%.

(4) Sample %7 from g(xT | y, A, 02, p1, p2). As usual we do this in two steps.
Given g(xp) we run forward into the sample by using g(x¢; | A, 02, y',
piop2) < f(ye | Y77 A 02 #) g0 | A o2,y pi. pa), where
SOe | y'7Y A, 02, n) ~ N(Ax,,02) and g0, | A, 02, y'7, p1, pa) =
Ym0 8t | A 02, Y7V pr. p2)P(tr =i | i1 = j). Then, start-
ing from x7, we run backward in the sample to smooth estimates, that is, given
gOer |y, A, 02, p1, pa), we compute g | 41, ¥%, A, 07, p1, p2)
g | A, 02, y" ., p1.p2) POty =i | dep1 = j) o =T—-1,T—2,....
Note that we have used the Markov properties of x; to split the forward and
backward problems of drawing T joint values into the problem of drawing T
conditional values.

We can immediately see that step (4) of algorithm 11.2 is the same as the one
we used to extract the unobservable state in state space models. In fact, the first
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Figure 11.2. Recession probabilities.

part is similar to drawing the AR parameters in a factor model and the second to
the estimation of the factor at each stage of the simulation. This is not surprising:
a two-state Markov chain model can always be written as a first-order AR process
with AR coefficient equal to p, + p; — 1. The difference, as already mentioned, is
that the AR process here has binary innovations.

Exercise 11.20. Suppose that g(p;, p2) is noninformative. Show the form of the
conditional posterior of (41, A2, 0, 2). Alter algorithm 11.2 to take into account this
change.

Example 11.9. We use equation (11.20) to study fluctuations in EU industrial pro-
duction. To construct an EU measure we aggregate IP data for Germany, France, and
Italy by using GDP weights and let y; be the yearly changes in industrial production.
Data run from 1974:1 to 2001:4. The posterior means are ffz = 0.46 and ffl =0.96
and the standard deviations are 0.09 for both coefficients. Hence, the annual growth
rate in expansions is about two percentage points higher and the difference is sta-
tistically significant. Estimates of the probability of being in the extraordinary state
(a “recession”) are in figure 11.2: the algorithm picks up standard recessions and
indicates the presence of a new contractionary phase starting in 2001:1.

11.3.1 A More Complicated Structure
The model we consider here is
AV () (ye — Y0t x1)) = 0 (x1)ey, (11.21)

where A% (£) is a polynomial in the lag operator, y (x;, x;) is the mean of y,, which
depends on observable regressors x; and on the unobservable state x;, var(e;) = 1,
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o (x;) also depends on the unobservable state, and x; is a two-state Markov chain
with transition matrix P. We set J(x, X;) = X} Ao + A1, 02(%;) = 02 + Ay
and assume A, > 0, A7 > O for identification purposes. Moreover, we restrict the
roots of A”(£) to be less than 1.

Let y' = (y1,....¥1), ¥' = (x1,...,%); let A be the companion matrix
of AY(€) and A, its first m rows. Define k = A,/0? and let o = (Ag, Aj.
A1,02,k, pij). The likelihood function is f(y* | »',a) = f(y? | »%, @) x
]_[tt:q_H (e | "L 2", &), where the first term is the density of the first ¢
observations and the second term is the one-step-ahead conditional density of y,.

The density of the first ¢ observations (see derivation in the factor model case) is
normal with mean x4 Ao+ x? A; and variance 6282, where 2, = W, X, Wy, X4 =
AX,A +(1,0,0,...,0)(1,0,0,...,0), W, = diag{(1 +«x%;)°>, j =1,...,q}.
Using the prediction error decomposition we have that f(y, | y* 1,271, o)
exp{—(Vz = Yelr—1)/20% ()}, Where yrje—1 = (1 — A¥ () yr + A” (£)(x; Ao +
Aqx;). Therefore, y, is conditionally normal with mean y,|;_; and variance 2(x;).
Finally, the joint density of (y’,x") is f(y* | »', &) [Tocs fOtr | 22—1) f0t1)
and the likelihood of the data is [ f(y*,»’ | a)dx’. In chapter 3 we produced
estimates of («, »') by using a two-step approach: in the first step ay is obtained
by maximizing the likelihood function; in the second step, inference about x’ is
obtained conditional on o,. That is,

f(%t7"'7}ft—r+1 |yt7aML)

1
= Y SOt |y o)
u;7f=0
& f(}ft | %t—l)f(}ft—lv N | yt_lvaML)f(yl | yt_19}ft, aML)9
(11.22)

where the factor of proportionality is given by f(y; | y* ', om) = Zm
Do SO x| =1 o). Since the log likelihood of the sam-
ple is In f(yg+1,--, e | yL,0) = Y. . Inf(y. | y* L), once oy is
obtained, transition probabilities can be computed by using f(%; | y'.am) =
S f O oi—eq1 | Y o) dots—q -+ - ds—r41. Note that in this case uncer-
tainty in oyqr, is not incorporated in the calculations.

To construct the conditional posteriors of the parameters and of the unobservable
state, assume that g(Ag, A1,072) o N(Ao, Z_‘AO)N(/L, Z_‘AI)I(A1>0)(G(a‘17,ag),
where I(4,>0) is an indicator function. Further assume that g((1 +1)™H ~
G(a¥,a8)I=o)and g(A1) ~ N(Ay, £a,)Z(~1.1), where Z(_;_y) is an indicator for
stationarity. Finally, welet pj = 1—p11 = 1—prand pr1 = 1—p2s = 1—p; and
g(pi) « Beta(di1, dj»), i = 1,2, and assume that all hyperparameters are known.

Exercise 11.21. Let a_y be the vector « except for ¥ and let A = (4o, A1).
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(i) Assuming that the first ¢ observations come from the low state, show that the
conditional posteriors for the parameters and the unobserved state are

g(A |y x' a_g) ~N(A, Zq) 14, 0.
g0 |y x' a_g2) ~ G(a + T, a3
+ (Eq—OSy _ Eq—O.SXAO + ECI_O.S%Al)z)’
g((L+1)7 |y o) ~ G(af + Ti,dl + 138) Lke>0)-
gy |y ap) ~ N(AL ) Ic1,n]824 77
x exp{—(y? — qu)’.Qq_l(yq —x14)/202},
g(pi | Y 5 a_p) ~ Beta(diy + dir, dia + din), i =1,2,
g0t | ¥ s ,) o f e | 2te=1) [ O | 2) [ [ SO | 771 50),
T

(11.23)
where T is the number of elements in 7' for which x; = 1, d;; is the number of
actual transitions from state i to state j, and rss = 221 {[(1—kx%3)(y —x) Ag —
% A1)]/2}. - 5 5

(ii) Show the exact form of Ay, ¥y, , 4, and X4.
(iii) Describe how to draw A and A restricted to the correct domain.

Recently, Sims (2001) and Sims and Zha (2004) have used a similar specification
to estimate a Markov switching VAR model, where the switch may occur in the
lagged dynamics, in the contemporaneous effects, or in both. To illustrate their
approach consider the equation

A1 (O)iy =i (er) + b(ey) A (O + 0 (3p)ey, (11.24)

where e; ~ i.i.d. N(0, 1), i; is the nominal interest rate, 7; is inflation, and »; has
three states with transition

P1 1—p1 0
P=|(0-=p2)/2 p2» (1-=p2)/2
0 1—ps3 D3

The model (11.24) imposes restrictions on the data: the dynamics of interest rates
do not depend on the state; the form of the lag distribution on ; is the same across
states, except for a scale factor h(x); there is no possibility of jumping from state 1
to state 3 (or vice versa) without passing through state 2; finally, the nine elements
of P depend only on three parameters.

Let o = [vec(A;(£)), vec(A2(£)),i(x;), b(x:), 0 (), p1. p2, p3)- The marginal
likelihood of the data, conditional on the parameters (but integrating out the unob-
servable state) can be computed numerically and recursively. Let %; be the infor-
mation set at £.

Exercise 11.22. Show that f(i;, x; | F;—1) is a mixture of continuous and discrete
densities. Show the form of f(i; | #7—1), the marginal of the data, and of f(x; | ),
the updating density.
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Once f(x; | F;) is obtained we can compute

foa=15)7
fOuri | F)= | fOoa=2|F)| P
f(”t=3|~7‘~t)

and from there we can calculate f(i;41,%¢+1 | i¢,7¢,...), which makes the
recursion complete. Given a flat prior on «, the posterior will be proportional to
f(a | i, ) and posterior estimates of the parameters and of the states can imme-
diately be obtained.

Exercise 11.23. Provide formulas to obtain smoothed estimates of ;.

More complicated VAR specifications are possible. For example, let y; ¢ (x;) =
X, (%) + e, where x, includes all lags of y; and e; ~ i.i.d. N(0, I). Assume
A4 () = AQe) + [1,0] A¢(x). Given this specification there are two pos-
sibilities: either #¢(x;) = AgA(x;) and A(x;) = AA(x;) or Ag(x;) free and
A(x;) = . In the first specification changes in the contemporaneous and lagged
coefficients are proportional; in the second the state affects the contemporaneous
relationship but not lagged ones.

Equation (11.24) is an equation of a bivariate VAR. Hence, so long as we are able
to keep the posterior of the system in a SUR format (as we have done in chapter 10),
the above ideas can be applied to each of the VAR equations.

11.3.2 A General Markov Switching Specification

Finally, we consider a general Markov switching specification which embeds as
a special case the two previous ones. So far we have allowed the mean and the
variance of y, to change with the state but we have forced the dynamics to be
independent of the state, apart from a scale effect. This is a strong restriction: in
fact, it is conceivable that the autocovariance function of the data is different in
expansions and in recessions.

The general two-state Markov switching model we consider is

LA Y/A if x; =0,
ye = Jrefor e dor o 1 (11.25)
X;Aoz + Yt/A12 + e lfJ{t = 1,

where x; is a 1 xg, vector of exogenous variables foreach?, Y, = (ys—1, ..., Y1—q,)
is a vector of lagged dependent variables and ej;, j = 0, 1, are i.i.d. random vari-
ables, normally distributed with mean zero and variance 0]-2. Once again the transition
probability for x; has diagonal elements p;. In principle, some of the elements of
Aj; may be equal to zero for some i, so the model may have different dynamics in
different states.

For identification, we choose the first state to be a “recession”, so that Ag, < 41>
is imposed. We let o be the parameters which are common across states, «; the



11.3. Markov Switching Models 439

parameters which are unique to the state, and ¢;, the parameters which are restricted
to achieve identification. Then (11.25) can be written as

X/oc + X{,00 + X],00r +€0r  if 2 =0,

. ) _ (11.26)
X0+ szal + X a1, +e1r ifx =1,

Y =

where (X/;. X}, Xip) = (/. Y/) and (@], &} o) = (g Apy. Al Apy).

To construct condrtlonal posteriors for the unknowns we assume conjugate pri-
ors: a. ~ N(a, Ec); a; ~ N(a;, E_i); air ~ N(a, jr)Irest; §i20.i—2 ~ Xz(‘_)i)§
pi ~ Beta(d;1,diz), i = 1,2, where I is a function indicating whether the
identification restrictions are satisfied. As usual we assume that the hyperparame-
ters (@, EC, o, El , Oy, Er, Vi, '. ,J) are known or can be estimated from the data.
We take the first max[q1, go] observatlons as given in constructing the posterior
distribution of the parameters and of the latent variable.

Given these priors, it is straightforward to compute conditional posteriors. For
example, g(oc | x,,y,) has mean @, = X (Zt —minlg1 ol Xyl Jo? + E71a),
variance X, = (Zt —min[g1.40] XC,XC,/Ut + E D=1 where y; = y; — Xirai —
X0 and it is normal.

Exercise 11.24. Let 7; be the number of observations in state i.

(i) Show that the conditional posterior of «; is N(&;, f]l-), where o; = f],- X
(ZITLI Xyl /o2 + E7'a;), & = (ZtTélXitXi/t/Uzz + 2771 and yi =
Ve — Xet@e — Xt Q. . .

(ii) Show that the conditional posterior of ¢, is N(&;, X;). What are &, and X.?

(iii) Show that the conditional posterior of ;2 is such that (5? + rss?)/o? ~
x> (vi + T; — max[qy. ¢2]). Write down the expression for rss?.

(iv) Show that the conditional posterior for p; is Beta(c?il +diq, dis + diz).

Finally, the conditional posterior for the latent variable »; can be computed
as usual. Given the Markov properties of the model, we restrict attention to the
subsequence x;; = (x;,...,%;17—1). Define »;_;) as the sequence x, with
the tth subsequence removed. Then g(¢rc | ¥, #1(—)) & f(¥ | %, a, 02) x
g(xsc | %1(—v), pi), which is a discrete distribution with 2% outcomes. Using
the Markov property, g(xrc | X(-ey pi) = gtex | ¥i—1. Xite. pr) while
FOT |, o) ]_[H'r l(l/a/)exp{ 62/202} Note that, since the »x; are cor-
related, it is a good idea to choose 7 > 1.

Exercise 11.25. Write down the components of the conditional posterior for x;
when v = 1.

In all Markov switching specifications, it is important to wisely select the initial
conditions. One way to do so is to assign all the observations in the training sample to
one state, obtain initial estimates for the parameters, and arbitrarily set the parameters
of the other state to be equal to the estimates plus or minus a small number (say, 0.1).
Alternatively, one can split the points arbitrarily but equally across the two states.
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Exercise 11.26. Suppose Ay; = ag+0o1Ay;—1 +e;, e, ~ ii.d. N(O, 062) ifx, =0
and Ay; = (ag + Ag) + (a1 + A1)Ayi—1 + e, er ~ ii.d. N(O, (1 + Az)o‘ez) if
x; = 1. Using quarterly GDP growth data for the euro area, construct posterior
estimates for Ay, A1, A>. Separately test if there is evidence of switching in the
intercept, the dynamics, or the variance of Ay;.

11.4 Bayesian DSGE Models

The use of Bayesian methods to estimate and evaluate Dynamic Stochastic General
Equilibrium (DSGE) models does not present new theoretical aspects. We have
repeatedly mentioned that DSGE models are false in at least two senses.

e They only provide an approximate representation to the DGP of the actual
data. In particular, since the vector of structural parameters is typically of low
dimension, strong restrictions are implied both in the short and in the long
run.

e The number of driving forces is smaller than the number of endogenous vari-
ables so that the covariance matrix of a vector of variables generated by the
model is singular.

These features make the estimation and testing of DSGE models with GMM or MLL
tricky. In fact, with these methods inference is (asymptotically) justified only when
the model is the DGP of the data up to a set of unknown parameters, while stochastic
singularity prevents numerical routines based on the Hessian from working properly
in the search for the maximum of the objective function. In chapter 4 we described
a minimalist approach, which only uses qualitative restrictions to identify shocks
in the data, and can be employed to examine the match between the theory and the
data, when the model is false in the two above senses.

Bayesian methods are also well-suited to dealing with false models. Posterior
inference, in fact, does not hinge on the model being the correct DGP and it is
feasible even when the covariance matrix of the vector of endogenous variables is
singular — we do not need the Hessian to explore the shape of the posterior. Bayesian
methods have another advantage over alternatives, which makes them appealing to
macroeconomists. Posterior distributions in fact incorporate uncertainty about the
parameters and the model specification.

Since log-linearized DSGE models are state space models with nonlinear restric-
tions on the mapping between reduced-form and structural parameters, posterior
estimates of the structural parameters can be obtained, for appropriately designed
prior distributions, by using the posterior simulators described in chapter 9. Given the
nonlinearity of the mapping, Metropolis, or MH algorithms are generally employed.
Numerical methods can also be used to compute marginal likelihoods and Bayes
factors; to obtain any posterior function of the structural parameters (for example,
impulse responses, variance decompositions, ACFs, turning-point predictions, and
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forecasts) and to examine the sensitivity of the results to variations in the prior spec-
ification. Once the posterior distribution of the structural parameters is obtained,
any interesting inferential exercise becomes trivial.

To estimate the posterior for the structural parameters and for the statistics of inter-
est, and to evaluate the quality of a DSGE model, the following steps are typically
used.

Algorithm 11.3.

(1) Construct a log-linear approximation to the DSGE economy and transform it
into a state space model. Add measurement errors if the dimension of the vector
of endogenous variables used in estimation/evaluation exceeds the dimension
of the vector of driving forces of the model.

(2) Specify prior distributions for the structural parameters 6.
(3) Perform prior analysis to study the range of potential outcomes of the model.

(4) Draw sequences from the joint posterior of 6 by using Metropolis or MH
algorithms. Check convergence.

(5) Compute marginal likelihood numerically by using draws from the prior dis-
tribution and the Kalman filter. Compute the marginal likelihood for any
alternative or reference model. Calculate Bayes factors or other measures of
(relative) forecasting fit.

(6) Construct statistics of economic interest by using the draws in (4) (after an
initial set has been discarded). Use loss-based measures to evaluate the dis-
crepancy between the theory and the data.

(7) Examine the sensitivity of the results to the choice of priors.

Step (1) is unnecessary. We will see later on what to do if a nonlinear specification
is used. Adding measurement errors helps computationally to reduce the singularity
of the covariance matrix of the endogenous variables but it is not needed for the
approach to work.

In step (2) prior distributions are generally centered around standard values of
the parameters, while standard errors typically reflect subjective prior uncertainty.
One could also specify objective prior standard errors, so as to “cover” the range
of existing estimates, as we have done in chapter 7. For convenience, the prior
distribution for the vector of parameters is assumed to be the product of univariate
distributions of each of the parameters. In some applications, it may be convenient to
select diffuse priors over a fixed range to avoid imposing too much structure on the
data. In general, the form of the prior reflects computational convenience. Conjugate
priors are typically preferred. For parameters which must lie in an interval, truncated
normal or beta distributions are often chosen.

Step (3) logically precedes posterior analysis and can be used to evaluate whether
models have any chance of producing the interesting features we observe in the
actual data. This is precisely the analysis we performed in chapter 7, where we
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compare statistics of the data with the range of statistics produced by models. While
this step is often skipped, it may provide very useful information about the potential
outcomes of the models.

Step (4) requires choosing an updating rule and a transition function B(67, 6/~1)
satisfying the regularity conditions described in chapter 9, estimating joint and
marginal distributions by using kernel methods and the draws from the posterior,
and checking convergence. In particular, the following steps are needed.

Algorithm 11.4.

(i) Givena#?,draw @7 from 2]3(9T, 69), and compute the prediction error decom-
position of the likelihood, i.e., estimate f(y | 8°) and f(y | 7).

(ii) Evaluate the posterior kernel at 7 and 0°, i.e., calculate g(87) = f(y | 87) x
g(0") and g(6°) = f(y | 6°)g(6°).

(iii) Draw $L ~ (0, 1). If &t < min{[(g(67)/g(O°N[P(0°, 67) /P67, 0], 1},
set @1 = 07, otherwise set 1 = 69,

(iv) Repeat steps (i)—(iii) L + JL times. Discard the first L draws, keep one draw
every L for inference. Alternatively, repeat steps (i)—(iii) J times by using
L + 1 different #°, and keep the last draw from each run. Check convergence
by using the methods described in chapter 9.

(v) Estimate marginal/joint posteriors with kernel methods. Compute location
estimates and credible sets. Compare them with those computed from the
prior.

Step (5) requires drawing parameters from the prior, calculating the sequence of
prediction errors for each draw, and averaging over draws. To do so, one could use
the modified harmonic mean, {(1/L) >";[g"5(0*)/f(y | 6*)g(6*)]} !, suggested
by Gelfand and Dey (1994), where 68* is a point with high posterior probability and
g"S is a density with tail thinner than f(y | 6)g(#), or could use the Bayes theorem
directly, as suggested by Chib (1995). Similar calculations can be undertaken for
any alternative model and Bayes factors can then be numerically computed. When
the dimensionality of the parameter space is large, Laplace approximations can
reduce the computational burden and give a more accurate picture of the properties
of various models. The competitors could be a structural model, which nests the one
under consideration (e.g., a model with flexible prices can be obtained by restricting
one parameter of a model with sticky prices), a nonnested structural specification
(e.g., a model with sticky wages), or a more densely parametrized reduced-form
model (e.g., a VAR or a BVAR).

In step (6) loss functions are needed to compare statistics of interest because
DSGE models typically have low posterior probability. As we will see later on,
posterior odds ratios may not be very informative in such a case.

In step (7), to check the robustness of the results to the choice of prior, one can
reweigh the posterior draws by using the techniques described in section 9.5.
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11.4.1 Identification

Since log-linearized DSGE models feature a nonlinear mapping between the param-
eters of the theory and those of the state space representation, and since there is no
condition that can be easily employed to check the informational content of the
data, any method which is concerned with the estimation of DSGE parameters must
deal with potential identification problems. We have already seen aspects of such
phenomena in chapters 5 and 6, when dealing with (classical) impulse response
matching and maximum likelihood estimation. Since Bayesian inference is based
on the likelihood principle, and since the model structure determines, to a large
extent, whether parameters are identified or not, all the arguments previously made
also apply to a Bayesian context. However, Bayesian methods have two important
advantages over classical ones in the presence of identification problems: they can
employ information from other data sets to reduce parameter underidentification;
they can generate coherent inference even in the presence of identification problems.

Suppose that 8 = [0, 6,], assume that @ = ®; x @,, and suppose that the like-
lihood function has no information for 6,, i.e., f(y | 8) = f*(y | 01). Straight-
forward application of the Bayes theorem implies that g(6 | y) = g(61 | y) X
g6 ] 01) o f*(y | 61)g(f1,62). Hence, a proper prior for 8 can add curvature
to a flat likelihood function. This facilitates both the maximization of the poste-
rior, if needed, and its calculations with MCMC methods, and makes the posterior
well-behaved. Nevertheless, there is no updating of the prior of 6, | ;. Hence,
a comparison of the prior and the posterior of 8 can indicate how informative the
data are (priors and posteriors of identified parameters will be different, priors and
posteriors of unidentified parameters will not). Furthermore, a sequence of prior
distributions with different spreads can be used to assess the extent of identification
problems. In fact, the posterior of parameters with dubious identification features
will become more and more diffuse, while the posterior of identified parameters will
hardly change.

When the space of parameters ® is not variation free, i.e., ® # & X &,, because
of stability constraints or restrictions required for the solution to the model to gener-
ate nonimaginary time series, the prior of 6, could be marginally updated even when
the likelihood has no information, since changes in the distribution of 6, imply that
the domain of 8; changes (see, for example, Poirier 1998). In this situation, a com-
parison of priors and posteriors will not be informative about potential identification
problems, unless the parameters constrained by economic requirements are known.
This is unlikely to be true in DSGE setups since, for example, the eigenvalues which
regulate stability are complicated functions of all the parameters of the model.

Complete lack of identification is typically limited to textbook examples. How-
ever, partial or weak identification problems are extremely common. Partial identi-
fication occurs when the likelihood displays a ridge in some dimension (see exam-
ple 6.21), while weak identification implies that the likelihood function is flat in
some or all dimensions. Both these phenomena are difficult to detect in practice
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Figure 11.3. Likelihood and posterior, RBC model.

since, in the first case, it is the joint posterior which is indistinguishable from the
joint prior (univariate posteriors may move away from univariate priors), while, in
the second case, the size of the differences between the priors and the posteriors
may depend on the details of MCMC routine employed.

As mentioned, well-behaved priors can induce well-behaved posteriors, even
when the data have no information about the parameters. Therefore, it is very impor-
tant that the priors of potentially nonidentifiable parameters truly contain informa-
tion external to the data used to estimate the model and effectively reflect the objec-
tive uncertainty a researcher faces in specifying it. When these two general principles
are not followed, Bayesian inference can mask rather than highlight identification
problems. In fact, a sufficiently tight prior may give the illusion that parameter
estimation is successful, that the model fits the data well, therefore creating the
preconditions for its use for policy purposes. We show how this can occur with the
model of example 6.21, which has a likelihood function with both flat sections and
ridges.

Example 11.10. Figure 11.3 reproduces the likelihood function presented in the
second panel of figure 6.1, which we have seen displays aridge in 8, § running from
(6 = 0.005, 8 = 0.975)upto (§ = 0.03, B = 0.99), and presents the joint posterior
for these two parameters, when a sufficiently tight prior on § is used. Clearly, while
the likelihood has a diagonal ridge, the posterior appears to be much better behaved,
since there is very low prior probability that § lies outside the range (0.018, 0.025).

While there may be reasonable economic arguments for a priori limiting the
support of §, they should be clearly spelled out. Furthermore, when bounds are
imposed, the prior should be made reasonably uninformative to avoid misleading
conclusions. Note that centering estimates at standard calibrated values is not the
best strategy to follow since such values are likely to have been obtained with the
same data that is employed for estimation, making the prior too data based.
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11.4.2 Examples

Next, we present a few examples, highlighting the practical details of the imple-
mentation of Bayesian methods for inference in DSGE models.

Example 11.11. The first example is simple. We simulate data from a basic RBC
model where the solution is contaminated by measurement errors. Armed with rea-
sonable prior specifications for the structural parameters and a Metropolis algorithm,
we examine where the posterior distribution of some crucial parameters lies rela-
tive to the “true” parameters we used in the simulations, when samples typical in
macroeconomic data are available. We also compare true and estimated moments to
give an economic measure of the fit we obtain.

The solution to an RBC model driven by i.i.d. technological disturbances when
capital depreciates instantaneously, leisure does not enter the utility function, and
the latter is logarithmic in consumption is

Kepr = (1= n)BK, "¢, + vus, (11.27)
GDP; = K, "¢, + va. (11.28)
¢; = nB GDP, + vy, (11.29)
GDP,
re=(1-n) + vz (11.30)
K;

We have added four measurementerrors vj;, j = 1,2, 3, 4, to the equations to reduce
the singularity of the system and to mimic the typical situation an investigator is
likely to face. Here S is the discount factor, 1 — 7 the share of capital in production.
We simulate 1000 data points by using ko = 100.0, (1 — ) = 0.36, 8 = 0.99,
In¢ ~ N(O,af = 0.1), vy ~ N(0,0.06), vo; ~ N(0,0.02), vs; ~ N(0,0.08),
vgqr ~ U(0,0.1), and keep only the last 160 data points to reduce the dependence
on the initial conditions and match a typical sample size.

We treat ag as fixed and focus attention on the two economic parameters. We
assume that the priors are (1 — 1) ~ Beta(4, 9) and 8 ~ Beta(99, 2). Beta distribu-
tions are convenient because they are easy to draw from. In fact, if x ~ y?(2a) and
y ~ x2(2b), then z = x/(x + y) ~ Beta(a, b). Since the mean of a Beta(a, b) is
(a/a + b) and the variance is ab/[(a + b)?(a + b + 1)], the prior mean of 1 — 1 is
about 0.31, and the prior mean of 8 about 0.99. The variances, approximately equal
to 0.011 and 0.0002, imply sufficiently loose prior distributions.

We draw 10000 replications. Given 1 — n° = 0.55, B = 0.97, we produce
candidates 7 = [(1 — n)", B7] by using a reflecting random walk process, i.e.,
0t =6+ "1 —0) + vé, where 6/~ is the previous draw, 6 is the mean of the
process and vé is a vector of errors. The first component of vy (corresponding to
1 — n) is drawn from a U(—0.03, 0.03) and the second (corresponding to ) from a
U(—0.01,0.01) and 6 = [0.01,0.001]. These ranges produce an acceptance rate of
about 75%.

Since we are interested in (1—7) and §, we are free to select which equations to use
to estimate them. We arbitrarily choose those determining consumption and the real
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Figure 11.4. Priors and posteriors, basic RBC.

Table 11.2. Variances and covariances.

True Posterior 68% range
var(c) 40.16 [3.65,5.10 x 1019]
var(r) 1.29x107°  [2.55%x 1074,136.11]
cov(c,r) —0.0092 [<0.15 x 1072, -0.011]

interest rate. We assume a normal likelihood and since g(1 —1n, 8) = g(1—n)g(B),
we calculate the prior at the draw for each of the two parameters separately. Since
the transition matrix 3(6*, #°) is symmetric, the ratio of the kernels at 7 and 6!
is all that is needed to accept or reject the candidates.

We discard the first 5000 draws. Out of the last 5000 we keep 1 out of every 5
to reduce the serial correlation present in the draws. We check that the Metropolis
algorithm has converged in two ways: splitting the sequences of draws in two and
computing a normal test; calculating recursive means for the estimates of each
parameter. In both cases, the sequence converged after about 2000 draws.

Figure 11.4 presents the marginal densities of 1 —#n and $, estimated with the 1000
saved draws from the prior and the posterior. Two features are worth mentioning.
First, the data are more informative about 1 — 7 than they are about 8. Second, both
posteriors are unimodal and roughly centered around the true parameter values.

Using the 1000 posterior draws we have calculated three statistics, the variances
of consumption and of the real interest rate and the covariance between the two, and
compared the posterior 68% credible range with the statistics computed by using
the “true” parameters. Table 11.2 shows that the posterior 68% range includes the
actual value of the consumption variance but not the one for the real rate or for the
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Figure 11.5. Priors and posteriors, RBC with habit persistence.

covariance. Also, there are posterior combinations of parameters which make the
two variances very large.

Exercise 11.27. Using the same setup as example 11.11, modify the transition
matrix (67, 6%) or the range for o2 in order to reduce the acceptance rate to about
50%. What would be the consequences of drawing candidates from normals rather
than from uniform distributions?

Exercise 11.28. Vary the parameters of the prior for 8 and 1 — 7 so as to make them
more diffuse. Do the posteriors change? In what way?

Example 11.12. In this example we simulate data from an RBC model with habit
in consumption, still assuming that capital depreciates in one period and that leisure
does not enter the utility function. We assume u(c;, cr—1) = In(c; — ycr—1), set
y = 0.8, and add to the solution the same measurement errors used in equations
(11.27)-(11.30). We are interested in the shape of the posteriors of f and 1 — 7
when we mistakenly assume that there is no habit (i.e., we condition on y = 0).
This experiment is interesting since it can give some indications of the consequences
of using a dogmatic (and wrong) prior on some of the parameters of the model.

Perhaps unsurprisingly, the posterior distributions presented in figure 11.5 are
very different from those in figure 11.4. What is somewhat unexpected is that the
misspecification is so large that the posterior probability for the “true” parameters
is roughly zero.

Exercise 11.29. Simulate data from an RBC model with production function
f(K; kus, &) = (K:ku, ) 7"¢,, where ku, is capital utilization and assume that the
depreciation rate depends on the utilization of capital, i.e., §(ku;) = 8o + § 1kuf2,
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where §o = 0.01, §; = 0.005, §; = 2. Suppose you mistakenly neglect utiliza-
tion and estimate a model like the one in equations (11.27)—(11.30). Evaluate the
distortions induced by this misspecification.

Example 11.13. The next example considers a standard New Keynesian model
with sticky prices and monopolistic competition. Our task here is twofold. First,
we want to know how good this model is relative to, say, an unrestricted VAR in
capturing the dynamics of the nominal interest rate, the output gap, and inflation.
Second, we are interested in knowing the location of the posterior distribution of
some important structural parameters. For example, we would like to know how
much price stickiness is needed to match actual dynamics, whether policy inertia is
an important ingredient to characterize the data, and whether the model has some
internal propagation mechanism or if, instead, it relies entirely on the dynamics of
the exogenous variables to match the dynamics of the data.

The model economy we use is a simplified version of the structure considered in
chapter 2 and comprises a log-linearized (around the steady-state) Euler equation,
a New Keynesian Phillips curve, and a Taylor rule. We assume that, in equilibrium,
consumption is equal to output and use output in deviation from steady states in
the Euler equation directly. Each equation has a shock attached to it: there is an
i.i.d. policy shock, €3;, a cost push shock in the Phillips curve, €5, and an arbitrary
demand shock in the Euler equation, €4,. While the latter shock is unnecessary for
the estimation, it is clearly needed to match the complexities of the output, inflation,
and interest rate processes observed in the real world. The equations are

1 .
gdpgap, = E; gdpgap,, , — a(lt — Eimiq1) + €a, (11.31)

7w = BE;mi41 + « gdpgap, + €2, (11.32)
it = ¢rir—1 + (1 — ) (Pni—1 + Poap gdpgap, 1) + €3, (11.33)

where i, is the nominal interest rate, ; is the inflation rate, gdpgap, is the output
gap, k = (1 =&,)(1 = B&p) (@ + 9n)/&p, §p is the degree of stickiness in the Calvo
setting, 8 is the discount factor, ¢ is the risk aversion parameter, ¢y is the inverse
elasticity of labor supply, ¢, is the persistence of the nominal rate, while ¢, and
¢qap measure the responses of interest rates to lagged inflation and lagged output
gap movements. We assume that €4; and €,; are AR(1) processes with persistence
pa, p2 and variances o7, 07, while €3, is i.i.d. (0, 0%).

The model has 12 parameters, 6 = (8, ¢, ¥, {p, ¢, Poap, Pr. 02. P4, 022, 032, Uf),
seven structural, and five auxiliary ones, whose posterior distributions need to
be found. Our interest centers in the posterior distributions of ({p, ¢, p2, pa). It
is easy to check that {, and ¥y are not separately identifiable so that inference
about ¢, will be meaningful only to the extent that the priors of these two param-
eters are carefully specified. We use U.S. quarterly detrended data from 1948:1
to 2002:1. We assume that g(f) = ]_[}2:1 g(0;) and use the following priors:
B ~ Beta(98,3), ¢ ~ N(1, (0.375)%), 95 ~ N(2,(0.75)?), ¢, ~ Beta(9,3), ¢, ~
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Figure 11.6. CUMSUM statistic.

Beta(6,2), ¢r ~ N(1.7,(0.1)?), ¢eap ~ N(0.5,(0.05)?), ps ~ Beta(17,3), pp ~
Beta(17,3), 072 ~ G(4,0.1),i = 2,3,4.

To generate a candidate vector 67, we use a random walk Metropolis algo-
rithm with small uniform errors (the range is tuned up for each parameter so
as to achieve a 40% acceptance rate) and check convergence by using a CUM-
SUM statistic: (1/J) Y_; (6] — E(6}))/~ var 6}, where j = 1,2,..., JL + L and
i =1,2,...,12. Figure 11.6, which presents this statistic, indicates that the chain
has converged, roughly, after 15000 draws. Convergence is hard to achieve for ¢,
and ¢g,p, While it is quickly reached (at times in less than 10 000 iterations) for the
other parameters. As shown later the difficulties encountered with ¢, and ¢, are
not necessarily due to subsample instability. Instead, they appear to be related to
the near nonidentifiability of these parameters from the data. Figure 11.7 presents
prior and posterior distributions (estimated with kernel methods) using 1 out of
every 5 of the last 5000 draws. The data appear to be informative in at least two
senses. First, posterior distributions often have smaller dispersions than prior ones.
Second, in some cases, the whole posterior distribution is shifted relative to the
prior. Table 11.3, which presents some statistics of the prior and the posterior, con-
firms these visual impressions. Note also that, except for isolated cases, posterior
distributions are roughly symmetric.
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Table 11.3. Prior and posterior statistics.

Prior Posterior 1948-2002

Mean Std Median Mean Std Min Max

B 098  0.01 0978 0976 0.007 0.952 0.991
[0 099 037 0.836 0.841 0.118 0475 1.214
U 202 0.75 1.813  2.024 0.865 0.385 4.838
p 075 0.12 0502  0.536  0.247 0.030 0.993
br 0.77 0.14 0.704  0.666 0.181 0.123 0.992
b 1.69  0.10 1.920 1.945 0.167 1568 2.361
¢op 049 0.05 0297 0305 0.047 0.215 0410
04 0.86 0.07 0.858 0.857 0.038 0.760 0.942
02 0.86 007 0.842 0.844 0.036 0.753 0.952
af 0.017 0.01 0.017  0.017 0.007 0.001 0.035
022 0.016 0.01 0.011 0.012 0.008 0.0002 0.036
032 0.017 0.01 0.015 0.016 0.007 0.001 0.035

Posterior Posterior
1948-1981 1982-2002

Mean Std Mean Std

B 098 0.008 0983 0.008
@ 1484 0378 1454 0.551
Iy 2587 0849 2372 0.704
& 0566 0200 0.657 0.234
¢r 0582 0.169 0695 0.171
¢r 2134 0221 1925 0336
bep 0972 0.119 0758  0.068
ps 0835 0036 0833 0.036
p2 0831 0036 0832 0.036
07 0017 0006 0016 0.007
02 0016 0006 0016 0.007
03 0013 0007 0014 0.007

As far as the posterior of the four parameters of interest is concerned, note that
the shocks are persistent (the posterior mean is 0.85) but there is no pileup of the
posterior distribution for the AR parameters around 1. This means that, although the
model does not have sufficient internal propagation to replicate the dynamics of the
data, no exogenous unit-root-like processes are needed.

The posterior distribution of economic parameters is reasonably centered. The
posterior mean of ,, the parameter regulating the stickiness in prices, is only 0.5,






































