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Chapter Twelve

{n*a} and Poissonian Behavior

Forz € R, let {z} denotethefractionalpartof = and[x] denotethegreatesinteger
lessthanor equalto z, sox = [z]+{z}. Givenasequence,, letz,, = {z,}. Thus
{z,}52, is asequencef numbersn [0, 1], andwe caninvestigateits properties.
We askthreequestionsof increasingdifficulty aboutz,, = {n*a} (wherek and
« arefixed): is the sequencelensejs it equidistributedandwhatarethe spacing
statisticsbetweenorderedadjacentspacings.In manycasest is conjecturedhat

theanswerdor thesesequenceshouldbethesameaswhatwe would observef we

chosethez,, uniformly in [0, 1]. Thisis knownasPoissonianbehavior, andarises
in manymathematicahndphysicalsystemsForexamplenumericainvestigations
of spacingdetween adjacemrimessupport theconjecture thathe primes exhibit
Poissoniarbehavior;seefor example[Sch, Weir]; we encounteranotherexample
in Project17.4.3. We assumethe readeris familiar with probability theory and

elementaryFourieranalysisatthelevel of Chapters88 and11. Se€[Py] for ageneral
surveyon spacing results.

12.1 DEFINITIONS AND PROBLEMS

In this chapterwe fix a positiveintegerk andana € R, andinvestigatethe se-
quence{x, }>° ;, wherez,, = {n*a}. Thefirst naturalquestion(andthe easiest)
to askaboutsuchsequencets whetheror notthe sequenceetsarbitrarily closeto
everypoint:

Definition 12.1.1(Dense). A sequencez, }5° , x, € [0, 1], is densen [0, 1] if
for all z € [0, 1] thereis a subsequencgr,,, }7° , suchthat z,,, — =.

Question 12.1.2. Are the fractional parts {n*a} densein [0,1]? How doesthe
answerdepend ork and o?

We showin §12.2thatif o ¢ Q thenthefractionalparts{n*«a} aredense.We
prove this only for £ = 1, and sketchthe argumentdor larger k. For a dense
sequencehe nextnaturalquestionto askconcerndow oftenthe sequencés near
agivenpoint:

Definition 12.1.3(Characteristid-unction)

1 ifx € la,b]
_ 12.1
X(a,b) (%) {0 otherwise. (2

Wecall x (4,1 the characteristiqor indicator) function of the interval, b].
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Definition 12.1.4(Equidistributed) A sequencéx,, } 52
tributedin [0, 1] if

x, € [0,1], isequidis-

—00!

N
: < = a n
lim #{n |n| = Na Tn € [aab]} — lim Zn——N X( 71,)(1’ )

= b—

(12.2)

for all (a,b) C [0,1]. A similar definition holds fo{x,, } 72,,.

Question12.1.5. Assumehe fractional parts {n*a} are dense;are theyequidis-
tributed?How does the answer depend band o?

We showin Theorem12.3.2thatif a ¢ Q thenthe fractional parts{na} are
equidistributed.Equivalently,na mod 1 is equidistributed.For k > 1, {nFa} is
alsoequidistributedand we sketclthe proof in §12.3.2.

We havesatisfactoryanswergo thefirst two questionsThelastnaturalquestion
is still verymuchopen.Givenasequencef numbers{z,, }2_, in [0, 1), wearrange
theterms in increasing ordesay

0 < yl(: In1) < yQ(: xn2) e < yN(: ‘T'nN) < L (123)
They;’s are called order statistics; see [DN] for more information.

Definition 12.1.6(Wrappedunit interval) Wecall [0, 1), whenall arithmeticop-
erationsare donemod1, thewrappedunitinterval. Thedistancebetweene, y € R
is given by

||z —y|| = min|z —y—nl. (12.4)
nez

Forexample|8.45 — .41|| = .04, and||.999 — .001|| = .002.

Exercise 12.1.7. Show||z — y|| < £ and ||z — y|| < |z —y|. Is|lz — z|| <
lz =yl + [ly — 2[|?

If the N elementsy,, € [0, 1) aredistinct, everyelementhasa uniqueelement
to the left andto theright, exceptfor y; (no elementto the left) andyy (no el-
ementto the right). If we considerthe wrappedunit interval, this technicality
vanishesasy; andyy areneighbors. We have N spacingsetweenneighbors:

Hyz *y1||7---7\|yN *yN—lH,Hyl *yNH-

Exercise12.1.8. Considerthespacingd|yz — v1||, - - -» llyn —y~n—1l|, lly1 —yn|]
whereall the y,,'s are distinct. Show the averagspacing is%.

How arethey,, spaced?How likely is it thattwo adjacenty,’s arevery close
or far apart? Sincethe averagespacingis about+, it becomesrery unlikely that
two adjacentermsarefar aparton anabsolutescale.Explicitly, asN — oo, it is
unlikely thattwo adjacenty,,’s areseparatedby % or more. Thisis notthenatural
guestionthe natural questions concern the normalized spacings; for example:

1. How often are two y’s less than half their averagpacing apart?

2. How often are two y’s more than twice their averagpacing apart?
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3. How often do twoadjacent y’s differ by £? How does this depend on c?

Question12.1.9. Letz,, = {n*a}for1 < n < N. Let{y,}\_, bethex,’s
arrangedin increasingorder. Whatrules governthe spacingsbetweerthe y,,’'s?
How does this depend ondnd cvand N?

We answersuchqguestiondelowfor somechoicesof sequences,,, anddescribe
interestingconjecturaresultsfor {n*a}, a ¢ Q. Of courseijt is possibleto study
sequencestherthann”«, andin fact muchis known aboutthe fractionalpartsof
g(n)a for certain ¢n).

For example,let g(n) be a lacunary sequenceof integers. This meansthat

lim inf % > 1, which impliesthattherearelarge gapsbetweenadjacentval-
ues. A typical exampleis to takeg(n) = b™ for anyintegerb > 2. In [RZ2] it
is shownthatfor anylacunarysequence(n) andalmostall «, thefractionalparts
of g(n)« areequidistributedandexhibit Poissoniarbehavior.We referthe reader
to [RZ1, RZ2] for completedetails; we havechosento concentrateon n*« for

historicalreasons as well as the number of open problems.

Exercise12.1.10. Showg(n) = n! is lacunarybut g(n) = n* is not. Is g(n) =
(M or g(n) = (*") lacunary?

Exercisel2.1.11.For anyintegerb, showa is normalbaseb if andonlyif thefrac-
tional partsb™« are equidistributedsee§10.5.3for a reviewof normalnumbers).
Asit canbeshownthatfor almostall « thefractionalpartsd™« are equidistributed,
thisimplies almost all numberare normal base b

12.2 DENSENESS OF{n*a}

We tackle Question 12.1.2, namelhen is{n*«a} dense in [0]]?
Exercise12.2.1. For « € Q, prove{n*a} is neverdense.
Theorem12.2.2(Kronecker) For k = 1anda ¢ Q, z, = {na} isdensan [0, 1].

Theideaof the proofis asfollows: by Dirichlet’'s Pigeon-HolePrinciple,we can
find a multiple of « thatis “close” to zero. By taking sufficiently many copiesof
this multiple, we can moveear any =

Proof. We mustshowthat,for anyz < [0, 1], thereis asubsequence,,;, — x. It
sufficesto showthatfor eache > 0 we canfind anz,,; suchthat||z,;, — z|| <
e (remember,.001 is closeto .999). By Dirichlet’s Pigeon-HolePrinciple (see
Theorenb.5.40r 7.9.4),as« is irrationalthereareinfinitely manyrelatively prime
p andg suchthat|a — 2| < -, Thus,||ga|| < [ga —p| < ;. Choosey large
enoughso that% <e.

Either0 < ga — p < % or f% < qa — p < 0. As thetwo casesarehandled
similarly, we only considetthefirst. Givenz € [0, 1], choosej sothatj(qa — p) is
within % of x. Thisis alwayspossible.Eachtime j increasedy one,we increase
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j(ga — p) by afixed amountindependenof j andat most%. As ||j(ga — p)|| =
||7qa||, we haveshownthat =, = {jqa} is within e of z. O

Exercise12.2.3. In the aboveargumentshow that ga— p # 0.

Exercisel2.2.4. Handlethesecondtase and showthe aboveargumentdoesgen-
eratea sequence,,; — x for any z ¢ [0, 1].

Remark 12.2.5 (Kronecker'sTheorem). Kronecker’'s Theoremis more general
thanwhat is stated abovéet oy, as, ..., ar € R havethe property that if

col+cron+---+cpap =0 (12.5)

with all ¢; € Q, thene¢; = 0 for all i. The standarderminologyis to saythe o;
arelinearly independenfseeDefinition B.1.7) over Q. ThenKronecker'stheorem
assertghat the sequence of points,(u,cn givenby

v = ({na}, ..., {nax}) (12.6)
is dense in0, 1]*; we provedhe case k= 1.

Exercise 12.2.6. Showit is not enoughto assumgust ciay + -+ + cgap = 0
impliesall the¢; = 0.

Exercisel2.2.7. ProveKronecker’s Theorerm full generality(a proof isgivenin
[HW], Chapter XXIII).

Theorem 12.2.8. For k a positiveintegergreater thanl anda ¢ Q, z,, = {n*a}
is dense ino, 1].

If we canshow{n*«} is equidistributedthentheabovetheorennris animmediate
corollary. As we sketchthe proof of equidistributionlater (see§12.3),we confine
ourselvedo provingthe k = 2 casefor very speciala, which highlight how the
algebraicstructureof oo canenterproofsaswell asthe differentnotionsof sizesof
sets.Thereareothermethoddo provethistheoremwhich canhandlelargerclasses
of a; we havechosenthe methodbelow becauseof the techniquest introduces
(especiallyin showinghow the approximation exponenan enter).

Proof. Assumea hasapproximationexponentt + n for somen > 0 (see§5.5).
Thenthereareinfinitely manysolutionsto | — §| < q% with p, ¢ relatively prime.
We mustshowthat, givenz ande > 0, thereis anx,,; within ¢ of z. Choosep, q
solargethaté < 155 andja — £| < q% Thus there exista § such that

a2 = 34 (12.7)
q q
We assume > 0 (theothercaseis handledsimilarly), andclearlyd < 1. We have
*mPa —pgm? = (6m?)- % (12.8)
q
We claim we may choose: so thatém? € [1,4]. If 6m3 < 1thenmy < % and
2
S(mo+1)2 —dm3 = §(2mg +1) < L) +4§ < 3. (12.9)

V5
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As we move at most3 units eachtime we incrementm by 1, we canfind anm
suchthatém? € [1,4]. Laterwe will seewhy it is necessaryo haveupperbound
for om?.

Givenz € [0,1], asém? > 1 wehavezZ; € [0,1]. Wecanfind n suchthat 2
is within % of \/5z andy < \/5,.z. Furtherwe maytake 7 € [0,1] son < q.
Forsomef € [0, 1] we have

n 0 x n?>  2n6 + 62 x
T T _ = . 12.1
q + q V om2’  ¢? + q? om? ( 0)

The pointis thatdm? Z—j is very closeto x. We wantto write x asalmosta square

timesa (minusaninteger),aswe areworking with numbersof the form {%a}.
Multiplying (12.8) byn? yields

2

@?m?n*a — pgm?n® = (0m?) - Z—Q
N G ((122”9 +0%). (12.11)
Asdm? <4,n<gq,0<1<qgand; < 1§,
(0m?) - (22n0 +6?%) - 12 “e (12.12)
which showsthat (gmn)?« minug an integeis within e of . O

Remark 12.2.9. It wasessentiathat §m? wasboundedfrom above,asthe final
errorusedsm? < 4. Of course, we could replace 4 with afigite number.

Remark 12.2.10. We do not needa to haveorderof approximationd + n; all we
needis that there are infinitely marsolutions toja: — §| < q%

Remark 12.2.11. Similar to our investigationson the Cantorset(8A.5.2andRe-
mark A.5.10), we havea setof numbersthatis “small” in the senseof measure,
but“large” in the senseof cardinality. By Theoremb.5.9the measuref « € [0, 1]
with infinitely many solutionsto |a — 2| < - is zero; on the otherhand,every
Liouville number(see§5.6.2)hasinfinitely manysolutionsto this equationandin
Exerciseb.6.5 we showethere are uncountably mamhyouville numbers.

Exercisel2.2.12.Provethatif o hasorderof approximationd +» for somen > 0,
thenthereare infinitely many solutions tox — §| < q% with p, ¢ relatively prime.

Exercise12.2.13. Toshow{n*a} is densgusingthe samearguments)whatmust
weassume about the ordef approximatiorof o?

Remark 12.2.14. We can weaken thassumptions othe approximabilityof « by
rationalsandthe argumenftollows similarly. Let f(¢) beanymonotonencreasing
functiontendingto infinity. If |« — §| < m hasinfinitely manysolutionsthen
{n?a} is dense.We argueasbeforeto find m sothatom? € [1, 4], andthenfind
n sothatﬁz) is closeto 5. Doesthe setof sucha still havemeasurezero(see
Theoremb.5.9)?Does the answer depend ¢

Exercisel12.2.15. Provethe claim in Remark 12.2.14.
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Exercise12.2.16. Let 2, = sinn; is this sequencalensein [—1,1]? Weare of
coursemeasuring angles in radiarend not degrees.

Exercise12.2.17.1n Exercises.5.6weshowed) "~ , (cosn)™ divergeby showing
|(cosn)™| is close to 1 infinitely oftens x,, = (cosn)™ dense in+1,1]?

Exercise12.2.18. Let«a beanirrational numberandasusualsetz,, = {na}. Is
the sequencgx,,2 },,cn dense?How about{z,, }? Here {pi,p2,ps,...} isthe
sequencef prime numbers.

12.3 EQUIDISTRIBUTION OF {n*a}

We nowturnto Questionl2.1.5.We provethat{n*a} is equidistributedor k = 1,
andsketchthe proof for k> 1. We will use the followingfunctions in our proof:

Definition 12.3.1(e(x), e (x)). Weset
e(z) = ¥ e, (x) = &¥MMe, (12.13)

Theorem 12.3.2(Weyl). Let « be an irrational numberin [0, 1], andlet k£ bea
fixedpositive integerLet z;,, = {n*a}. Then{z, }°°, is equidistributed.

Contrastthe abovewith
Exercisel2.3.3. Leta € Q. If x,, = {nFa} prove{z, }> , is notequidistributed.

We give completedetailsfor the & = 1 case,andprovidea sketchin the next
subsectiorfor generalk. Accordingto [HW], noteon ChapterxXXIll, thetheorem
for £ = 1 wasdiscoveredndependently byBohl, SierpfhskiandWeyl at about the
sameime. Wefollow Weyl's proofwhich, accordingo [HW], is undoubtedly'the
bestproof” of thetheorem.Thereareotherproofs,however;onecanbe foundin
[HW], Chapter XXIIl. A more modern, useful reference is [KN], Chapter 1.

The following argumentis very commonin analysis.Oftenwe wantto provea
limit involving characteristiéunctionsof intervals(andsuchfunctionsarenotcon-
tinuous); herethe characteristidunction is the indicator function for the interval
[a, b]. We first showthatto eachsuchcharacteristidunctionthereis a continuous
function“close” to it, reducingtheoriginal problemto arelatedonefor continuous
functions.We thenshowthat,givenanycontinuoudunction,thereis atrigonomet-
ric polynomialthatis “close” to the continuousfunction, reducingthe problemto
oneinvolving trigonometric polynomials (see §11.3.4).

Why is it advantageou® recastheproblemin termsof trigopnometrigpolynomi-
alsratherthancharacteristiéunctionsof intervals?Sincez,, = {na} = na—[nq]
and ¢, (x) = e (x + h) for everyintegerh,

em(x”) _ /27Tim{na} — 627ri7nna. (1214)

Thecomplicationf lookingatna mod 1 vanish,andit sufficesto evaluateexpo-
nentialfunctions at the simpler sequence.na
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Remark 12.3.4. Hereour “data” is discrete namelywe havea sequencef points
{a,}. See[MN] for anothertechniquewhichis usefulin investigatingequidistri-
bution of continuouslydistributeddata(whereonestudiesvaluesf(¢) for ¢t < T,
which corresponds to taking ternag, with n < N).

12.3.1 Weyl's Theoremwhenk = 1

Theorem 12.3.5(Weyl Theorem % = 1). Leta beanirrational numberin [0, 1].
Let z, = {na}. Then{z,}5, is equidistributed.

Proof. Fory, s as in Definition 12.1.3 we must show

N

. 1
ngnoo m n;N X(a’b) (xn) =b—a. (1215)

We have
1 N 1 N
2N +1 > emlwn) = 2N +1 n;N em(na)

n=—

N
1 Z 4

n=—N

{1 if m =0
= em(—Na)—en ((N+1)a .
2Nl+1 ( 1)—em(£¢() 4 if m > 0,

wherethelastfollows from the geometricseriesformula. For a fixed irrational «,
|1 — e ()] > 0; this is wherewe use of Q. Therefore if m# 0,
1 en(—Na)—en((N +1)a)

li = 0. 12.17
N 2N +1 1—en(@) 0 ( )

Let P(z) = ), amem(x) beafinite sum(i.e., P(x) is a trigonometricpolyno-
mial). By possiblyaddingsomezerocoefficientswe canwrite P(z) asasumover
asymmetric rangeP(z) = Z%}M Amem ().

Exercise12.3.6. Show [, P(z)dx = ay.

We haveshownthat for anyfinite trigonometric polynomiaP(z):

N 1

) 1
]\;gnocmn;NP(xn) — ag = ; P(z)dz. (12.18)

Considertwo continuous approximations to the characteristic functig,y

1. Ay Ayj(z) =1if a+ % <z <b- % dropslinearlyto 0 ata andb, andis
zeroelsewherdsee Figure 12.1).

2. Ayt Aqj(x) =1if a <z < b, dropslinearlyto 0 ata — % andb + % andis
zeroelsewhere. ‘
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A AN

=
N

|
=
N

Figure 12.1Plot of Ay;(x)

Notethere are triviaimodifications if a= 0 or b = 1. Clearly

Arj(r) < Xap(r) < Agj(z). (12.19)
Therefore
1 N 1 N 1 N
N1 2w AulE) = o < o > Agi(a),
QN“n:Z_:N tlen) = 2N+1n;NX(a’b)<x”) S ON 1 n:z_:w ()
(12.20)

By Theorem11.3.1,for eachj, givene > 0 we canfind symmetrictrigonometric
polynomialsP; ;(x) and P»;(z) suchthat|Py;(z) — Ay;(z)| < € and|Py;(z) —
Ayj(z)] < e. As A and A; arecontinuous functions, we can replace

N N
! . 1
SN+ 1 :ZN Aglwa) With oo n;N Py () (12.21)

ata cost of at most.cAs N — oo,
N

2N+ Z () —>/ i ( (12.22)

But fO Pyj(z)dr = (b—a)— 2 andf0 Pyj(x)dz = (b—a) + ;. Thereforegiven
j and ¢, we can choose Mrgeenough o) that

N
1
Z X(a,b)(Tn) < (b—a)+3+e. (12.23)

n=—N

1 1
b— T
(b—a) i ST aNt1

Letting j tendto oo ande tendto 0, we SGGWIH Zf:’:_N X(a,p)(Tn) — b —a,
completingthe proof. a

Exercise12.3.7. Rigorouslydo the necessarypook-keepingdo provethe previous
theorem.

Exercise12.3.8. Provefor k a positiveinteger,if « € Q then{n*a} is periodic
whileif a ¢ Q then no two{n*a} are equal.
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12.3.2 Weyl's Theoremfor k > 1

We sketchthe proof of the equidistributionof {n*a}. Recallthat by Theorem
12.3.17asequencé(,, }22 , is equidistributednod1 if andonly if for everyinteger
m # 0,

N

. 1
Jim s nZN em(zn) = 0. (12.24)

We follow the presentation in [Ca)Ve need the followingechnical lemma:

Lemma12.3.9. Let uy, us,...,uy € Candletl < H < N. Then
2

H?| N up| < HH+AN-1) Y |un]?

1<n<N 1<n<N

+2(H+ N —1) Z (H — h) Z Tptnsn. (12.25)
O<h<H 1<n<N-—h

Fora proof, see [Ca], pagél. From the abovéemma we can conclude

Corollary 12.3.10. For a sequence z,, }52 ;, supposehat for eachh > 0 and
integer m# 0

N
. 1
]\}E»noom ; em(zn+hfzn) = 0. (12.26)
Then
N
Jim S > em(zm) = 0. (12.27)

n=—

In particular if {z,4+, — 2, }22, is equidistributedfor all h € N then{z,,}22, is
equidistributed.

Exercisel12.3.11. Provethe corollaryfollows fromthe lemma.

Exercisé" 12.3.12. Prove{na} is equidistributedusingtheresultsof this subsec-
tion.

Exercisé" 12.3.13. Prove{n?a} is equidistributed.
Exercisé 12.3.14. Prove{n*a} is equidistributedor k& > 1.

Exercise12.3.15. Letd = 0.123456789101112 ... bethetranscendentahumber
from Exercisel0.5.6.By Theorenil2.3.5,{nf} is equidistributedasf ¢ Q. Show
directlythat{10™6} is also equidistributed.

Exercise12.3.16. Showthatthesequencédn!e} is notequidistributedIn fact, the
only limit point of this sequence is 0.
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12.3.3 Weyl’s Criterion

We generalize the methods of §12.3.1 to provadaseful test for equidistribution.

Theorem 12.3.17(Weyl's Criterion). A sequenc€(,, } is equidistributedmodulo
1)in [0, 1) if and only if
N
. 1
YheZ—{0}, lim - > en(én) = 0. (12.28)

n=1

Proof. We sketchthe proof of the sufficiencyof (12.28);for necessityseeExercise
12.3.21.Supposeahatwe aregiventhat(12.28)is true,andwe wish to provethat
{&,}, considered modulo 1, is equidistributied0, 1).

Claim 12.3.18.Let f beanycontinuougeriodicfunctionwith period1. If (12.28)
holds,then

g !
dm oy D16 = /0 f(x)d. (12.29)

Proof. First notethat (12.29)holdsfor f(z) = e(hz) forallh € Z (for h = 0
trivially andfor h # 0 by assumption).Thus(12.29)holdsfor all trigonometric
polynomials.Now supposef is anycontinuougeriodicfunctionwith periodl. As
in 812.3.1, fix an e= 0 andchoose a trigonometric polynomi&l satisfying

sup|f(z) — P(z)| < e (12.30)
z€R

Choose Margeenough so that

1 !
N 2P - [ P
By the triangle inequality (ExercisE2.3.19) we have

X 1 1 X
LS ) - /0 J@)de| < =37 1F(6) = P(6a)l

< e (12.31)

n=1
1 & !
+ N;P(En)/o P(z)dx
1
+ |P(x) — f(x)|de < 3¢, (12.32)
0
which provesthe claim. =]

Theaboveargumentisesseveraktandardechniqueswe approximateour func-
tion with a trigonometric polynomialadd zercand then do a threepsilon proof

The restof the proof of Theorem12.3.17mirrorsthe argumentin 8§12.3.1.We
choosefunctionsA; ;(z) and Aax(x) asbefore. We leavethe restof the proof to
thereader.Fora proof of the necessity of (12.28), see Exerdi2e3.21. ]

Exercise12.3.19(Trianglelnequality). Provefor a,b € C that|a + b| < |a| + |b|.
Exercise12.3.20. Complete the proaff Theorenl2.3.17.
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Exercisel12.3.21. Provethe following statements:

1.1f0 <z —y < I, then|e’™ — | < |z —y|. Hint: If 0 < z < %, then
sinz < x.

2. Showthatif the sequencd¢,, } is equidistributedthen(12.28)holdsfor all
h. Hint: Onecan proceeds follows:

(a) Definel; = [£, 7t1) for eachj € {0,1,...,L — 1} andlet A; y =
{n:1<n < N, € I;}. Showthat thereexistsN, suchthat
VN > Ny,

1
< —+— Vjed{o,1,...,L—-1}.

(b) Using the triangle inequality and part (a) of this exercgeow that

1 & orh |1 %2 j
Nz:leh(gn) < T"‘ NZ Z €h (L) . (12.33)

j=0 n€A; n
(c) Show that for N> Ny we have

1 L—1 . 1
NZ 3 e (i) < 7 (12.34)

j=0n€eA; N

(d) Useequation(12.33)and equation(12.34)to provethe desiredstate-
ment.

Exercisé" 12.3.22. Is the sequenceglog, n}22, equidistributedfor b = e or
b=10?

12.4 SPACING PRELIMINARIES

Formanya andk we haveshown{n*«} is equidistributedn [0, 1). We now ask
finer questionsaboutthe sequencesConsiderthe uniform distributionon [0, 1).
If we wereto chooseN pointsfrom this distribution,we expectfor N largethat
the pointsshouldlook equidistributed.This suggestshe possibility thatthesetwo
processeflooking at the fractionalparts{n*«a} andchoosingN pointsuniformly
in [0, 1)) couldshareotherbehavioraswell. We seethis s the casefor sometriples
(N, k, o) andviolently falsefor others.Theansweroftendepend®n the structure
of « and its approximations by continued fractions.

We call the behaviorof pointschoseruniformly in [0, 1) Poissonianbehavior,
and conjecturethat often {x,,}_, (z,, = {n*a}) exhibits Poissoniarbehavior.
Onemustbevery careful,of coursejn makingsuchconjecturesThe PrimeNum-
berTheoremimpliesthatfor primesof sizex, the averagespacingoetweemrimes
is like @ Onenaturalmodelfor thedistributionof primes(the Cramér model)
is thatanumbemearz is primewith probability@, andeachnumber’s‘primal-
ity” is determinedndependenbf its neighbors.For many statistics(for example
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the numberof primes,numberof twin primes,spacingsetweenprimes; seefor
example[Sch, Weir]) this givesanswerdhatarereasonablyfit by the actualdata;
however,in [MS] a statisticwasinvestigatedvherethe actualdatadisagreesvith
the Cramérmodel. It agreeswith anothermodel, RandomMatrix Theory; see
Chapterl5 for an introduction to Random Matrix Theory.

12.5 POINT MASSES AND INDUCED PROBABILITY MEASURES

In §11.2.2weintroducedhe Dirac deltafunctionals(z — a), whichwe interpreted
asaunitpointmassata. Recall [ f(z)d(z — a)dz = f(a). Given N pointmasses
locatedat 1, xo, ..., x N, we can form a probability measure

x)de = Za (12.35)

We say probability measureandnot probab|I|ty densityaswe do not havea nice,
continuousdensity— our density“function” involvesthe Dirac functional. Note
[ un(z)dx =1, and if f(z) is continuous

/ f@)pn (2 Z flan). (12.36)

Exercise12.5.1. Prove(12.36) for continuous (fr).

Note theright handside of (12.36)looks like a Riemannsum. If the z,,’s are
equidistributedye expectthis to convergeto [ f(z)dz. In generathez,,’s might
not be equidistributedfor example,they may be drawnfrom a fixed probability
distributionp(z). We sketch whashould happen.

For simplicity, assumer,, € [0, 1] andassuméor anyinterval[a,b] C [0,1], as
N — oo thefractionof x,,’s (1 < n < N)in [a,b] tendsto f;p(x)dx for some
continuoudunctionp(z):

1 <n< n b
A}Enoo #{n:1<n< ]]\\;andx € [a,b]} _ /a p(z)da
Assumef’, p’ arebounded Wewantto compare/ f(z)p(x)dz with [ f(z)pn (z)dz.
Then

1 1 N
| t@un@a = 3 fa)

(12.37)

N f(k) #{n:1<n<Nandz, € [£, E1]}
M N
k=0
NM—l 2 LE31 ]
~ Y i (55) [ e

(12.38)
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Exercise12.5.2(Monte CarloMethod) Makethe aboveargumentrigorouswhen
f',p' are boundedon [0, 1]. Explicitly, showgivenan e > 0 thereexistsan Ny
suchthatfor all N > Ny, | [ f(z)un(z)dz — [ f(z)p(x)dz| < e. Thisgivesa
numericalmethodto evaluateintegrals, knownas the Monte Carlo Method. See
[Met, MU] for more details and references.

MonteCarlo methodsare extremelypopularand usefulfor determiningmultidi-
mensionalintegralswith nice boundaryconditions. For example saywe wish to
determinghe n-dimensionalvolumeof a setS C R™ thatis containedin somefi-
nite n-dimensionabox B. If for eachpointz € B wecaneasilydeterminavhether
or notz € S, we generatepointsuniformlyin B and seewhat fraction lie in S.
For “nice” regionsS the percentof pointsin B that are alsoin S will converge
to \\/I(O)|I((§))' Monte Carlo integrationis one of the mostfrequentlyusedmethodsto
numericallyapproximatesuchsolutions.

Definition 12.5.3(Convergencdo p(x)). If the sequencef points z,, satisfies
(12.37)for somenice function p(x), we say the probability measureguy (x)dx
convergeo p(x)dz.

12.6 NEIGHBOR SPACINGS

Let {a,,})_, be a collection of pointsin [0,1). We arrangethemin increasing
order:

0 < an < ap, < < any. (12.39)

For notationalconveniencelet 3; = «,,. We investigatehow the differences
Bj+1 — pB; aredistributed. Rememberas we are working on the wrappedunit
interval, the distances ||3;+1 — G;]| (see§12.1). In looking at spacingsetween
the 5's, we haveN — 1 pairs of neighbors:

(B2, B1), (B3,B2), s (Bn,BN-1) (12.40)

Thesepairs giverise tospacings3;+1 — 4; € [0,1). We can also consider theair
(61,0n). This givesriseto the spacings; — Sy € [—1,0); however,aswe are
studyingthis sequence mod 1, this is equivalémt?, — 8y + 1 € [0, 1).

Definition 12.6.1(NeighborSpacings).Givena sequencef numbersy,, in [0,1),
fixan NV andarrangethe numbersy,, (n < N) in increasingorder. Labelthe new
sequences;; notethe orderingwill dependon N. It is conveniento periodically
extendour sequencdetting G4, = 8; for all 5.

1. Thenearesineighbor spacings arthe numbers|3; .1 — 5|, j = 1to N.
2. The ni" neighborspacings arghe numbers|3; ., — 3;/,j = 1to N.

Exercise 12.6.2(Surprising). Let o = /2, andlet o, = {na} or {n?a}. Cal-
culatethe nearestneighborand the nextnearestneighborspacingsin eachcase
for N = 10 and N = 20. Notethe differentbehaviorfor na andn?a. Seealso
Exercisel2.6.3.
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Exercise 12.6.3. Provethatif o ¢ Q thenfor each N there are at mostthree
differentvaluesfor the nearestneighborspacings.Boundthe numberof possible
valuesfor the m™ neighborspacings. Is the boundsharp? For more on such
spacingssee [BI1, BI2].

Remark 12.6.4. While we haveconcentratedn the distributionof the differences
of independent uniformly distribute@ndomvariablesthereare manyotherinter-

estingquestionave could ask. For example,how are the leadingdigits of these
differencesdistributed? See[MN] for aninterestingapplicationof Poissonsum-
mationto this problem,which showsthe distributionof the leadingdigits of these
differencesalmost obeyBenford’sLaw.

12.7 POISSONIAN BEHAVIOR

BeforeinvestigatingQuestion12.1.9(concerninghe spacingf {n*a}), we con-
siderasimplercase Fix N andconsiderN independentandonmvariablest,,. Each
randomvariableis chosenfrom the uniform distributionon [0, 1); thusthe prob-
ability thatx,, € [a,b] isb — a. Let {y,})_, bethez,’s arrangedn increasing
order.How do the neighbor spacings behave?

We first needto decidewhat is the correctscaleto usefor our investigations.
As we have N objectson the wrappedunit interval, we have N nearesneighbor
spacingsand we expedhe averagspacing to be}v.

Definition 12.7.1(Unfolding). Let z, = Ny,. Thenumbersz,, = Ny, haveunit
meanspacing.Whileweexpectheaveragespacingbetweeradjacenty,,’s to be %
units for typical sequencesye expectthe averagespacingbetweeradjacentz,,’s
tobel unit.

The probability of observinga spacingaslargeas % betweenadjacenty,,’s be-
comesnegligibleas N — oco. Whatwe shouldaskis whatis the probability of
observinga nearestheighborspacingof adjacenty,,’s thatis half theaveragespac-
ing. In termsof the z,,’s, this correspond$o a spacingbetweeradjacentz,,’s of %
aunit.

For the rest of the sectiony,,, v, and z, are as defined above.

12.7.1 NearestNeighbor Spacings

Letthez,,’s in increasingorderbe labeledy; < y» < - < yn, Yn = Zp,. AS

the averagedistancebetweenadjacenty,,’s is % it is naturalto look at nearest
neighborspacingf size +. In particular,we studythe probability of observinga

nearesneighborspacing)etween]iv and%. By symmetryonthewrappedunit

interval the expectechearesneighborspacingis independenof ;. Explicitly, we

expecty;+1 — y; to havethe samedistributionasy; .1 — y;. Remembethey,,’s

are orderedand the x,,’s are unordered. We assumedamiliarity with elementary
propertieof binomial coefficientgsee §1.2.4 and 8A.1.3).
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We give asimpleargumentirst which highlightstheideas althoughit is slightly
wrong (thoughonly in lower orderterms). As the x,,'s arechoserindependently,
thereare(Nfl) choicesof subscriptn suchthatz,, is thefirst neighborto theright
of x1. This canalsobe seenby symmetry,aseachz,, is equallylikely to be the
first to theright of x; (where,of course,.001 is just a little to theright of .999),
andwe haveN — 1 choicedeft for z,,. As x,, waschoseruniformly in [0, 1), the
probabilitythatz,, € [£, 8] is 4L,

FortheremainingN — 2 of thex,,’s, eachmustbefurtherthan% to theright
. Theymustall lie in aninterval(or possiblytwo intervalsif we wraparound)of
length1 — “£2%. Theprobabilitythattheyall lie in this regionis (1 — %)N_Q.

Thus, if 21 = y;, we want to calculatethe probability that ||y;+1 — wi|| €

[L, =21 Thisis

Prob (e — il € [ £ LA 2 (N-1) At () t+ A N2
ro Yi+1 — Y NN |)T 1 N N

1 t+ A\ N2
—(1-=).(1- .
(%) ()

(12.41)
For N enormous and\t small,
1
1—-— 1
(-¥)
N-—-2
(1 - ”NN) ~ e A~ eTH(1 + O(AL)); (12.42)
See85.4 for a reviewof the needed properties of Thus
t t+ At _
Prob <|yg+1 -yl € [N’ I ]) o ¢ LAt (12.43)
In terms of the z’s, which havemean spacing 1, this yields
Prob (||z141 — z1]| € [t, t + At]) e tAt. (12.44)

N —

Remark 12.7.2. The abovearguments infinitesimally wrong. Oncewe havelo-

catedy;, 1, theremainingz,,’s do not needto be morethan%m unitsto theright

of 1 = y;; theyonly needto befurtherto theright thany; ;. As theincremental
gainin probabilitiesfor the locationsof the remainingz,,’s is of order At, these
contributionswill not influencethe large NV, small At limits, andwe may safely
ignorethese effects.

To rigorouslyderivethelimiting behaviorof the nearesheighborspacingsising
the aboveargumentspnewould integrateover x,,, rangingfrom % to %, and
theremaining events gwould be in the a segmerf lengthl — z,,,. As

t+ At At

_ _ _ <

1on (13 < &
thiswill lead to corrections of higher order ifv¢, hence negligible.

We canrigorouslyavoidthis complicationby insteadconsideringhe following:

(12.45)
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1. Calculatethe probabilitythatall NV — 1 of theotherz,,’s areatleast% units
tothe right ofx. Thisis
¢ N—-1
w0 = (1-%) « Jmox =t @249

2. Calculatethe probability thatall N' — 1 of the otherz,,'s areat least£&t
unitsto the right ofz;. This is

t+ At
pn(t+ At) = (1 N

N-1
) , A}im pn(t+ At) = e~ (FAD,
(12.47)

3. Theprobabilitythatno z,,'s arewithin % unitsto theright of ; butatleast
onez, is betweent; and 2% unitsto therightis py (t) — py (t + At), and

A}im (pn(t) — pn(t+ At)) = et — e~ (t+AY)

= et (1 — eiAt)
=e ' (1-1+At+0((At)?))
= e 'At+ O ((At)?). (12.48)

We haveshown

Theorem 12.7.3 (Nearest Neighbor Spacing#)s N — oo andthenAt — 0,
t t+ At _
prob (1l il € | . ] ) — eeae
Prob (||z141 — 21]| € [t,t + At]) — e "At. (12.49)

Exercisé" 12.7.4. Generalizethe aboveargumentgo analyzethe nearestneigh-
bor spacingsvhenz, . . .,z areindependentlgirawnfroma “nice” probability
distribution. Explicitly, for any § € (0, 1), showthatas N — oo the normal-
ized nearestneighborspacingsfor any N consecutiver;'s tendto independent
standardexponentialsSee Appendix A of [MN] for a proof.

12.7.2 m™ Neighbor Spacings

Similarly, onecaneasilyanalyzethe distributionof the m!" nearesheighborspac-
ings (for fixed m) wheneachz,, is choserindependentlfrom the uniform distrib-
utionon [0,1).
1. We first calculatethe probability thatexactlym — 1 of theotherz,,’s areat
most+; unitsto theright of -1, andtheremaining(N — 1) — (m — 1) of the
x,,’s areatleast unitsto theright of 1. Thereare (" ~1) waysto choose
m — 1 of thex,,’sto beatmost% unitsto theright of ;. As m is fixed, for
N large, mis significantly smaller than NThe probability is

mo= () () 0

) tmfl .
A}EHOOPN(t) = me ; (12.50)
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because
N-1\1 1
li — = —. 12.51
g <m—1) NI (m—1)! ( )
It is not surprisingthatthelimiting argumentbreakdownfor m of compa-

rablesizeto N; for examplejf m = N, the N'" nearesnheighborspacings
alwaysl.

2. We calculatethe probabilitythatexactlym — 1 of theotherz,,’s areat most
+ unitsto theright of z1, andtheremaining(N — 1) — (m — 1) of thex,,’s
areat Ieast% units to the right of 5. Similar to the abovethis gives

N-1\/t\™"! t+ A\ VDD
miran= () (5) (-5F)

m—1
. _ Y —+ay
ngnoopN(t + At) = 1)!e . (12.52)
3. The probability that exactly m — 1 of the z,,’s arewithin + unitsto the
right of x; andatleastonez,, is between% andLNAt unitsto theright is
pN(t) —pn(t+ At),and

tm_l tm,—l
) - A _ U T A
Ngnoo(pzv(t) pn(t+ At)) (m,l)ge (m—l)!e
t’n’L71 _ _
= e )
m—1
_ ﬁe*tmw((mﬁ- (12.53)

Notethat when m= 1, we recovethe nearest neighbor spaciniyge haveshown

Theorem 12.7.5(NeighborSpacings).For fixedm, as N — oo andthenAt — 0,

t t+ At tm=t
Prob <||yl+m —ulll € [N’ N}) — me At
m—1

Exercise12.7.6. Keeptrack of thelower order termsin N and At in (12.50)and
(12.52)to proveTheorenil2.7.5.

Exercise 12.7.7 (Median). We give anotherapplication of order statistics. Let
X4,..., X, beindependentandomvariableschoserfrom a probability distribu-

tion p. Themedianof p is definedasthe numberg suchthat ffoo p(x)ds = 3. If
n=2m+1,let thgrandomvariable)? bethemedianof X, ..., X,,. Showthe

densityfunction ofX is
@m+ 1! / p(x)d:z:] p(T) - [/00 p(:v)dx} . (12.55)

m!m!

f@) =

—0o0
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It can be shownthat if p is continuousand p(z) # 0 thenfor large m, f(7)
is approximatelya normal distribution with meang and varlancei
distributionsthat are symmetricaboutthe meany, the meanu equalpsthe median
1 andthe aboveis anotherway to estimatethe mean. Thisis usefulin situations
wherethe distribution hasinfinite varianceand the Central Limit Theoremis not
applicable for examplejf p is a translatedCauchydistribution:

1 1

p(r) = o e L (12.56)
In fact, while the aboveis symmetricabout i, the expectedralue doesnot exist
yetthe Median Theoremcan still be usedto estimatethe parameterz. Another
advantageof themedianoverthemeanis that changingoneor two datapointswill
notchangehemedianmuchbut couldgreatlychangethemean.Thus,in situations
wherethereis a goodchanceof recordingthe wrong value of an observationthe
medianis often a better statistic to study.

Exercisé™ 12.7.8. Provethe Median Theoremfrom the previousproblemif p is
sufficientlynice.

12.7.3 Induced Probability Measures

We reinterpret our results in terms of probability measures.

Theorem 12.7.9. ConsiderN independentandomvariablesz,, choserfrom the
uniform distribution on the wrappedunit interval [0, 1). For fixed N, arrangethe
x,'S in increasingorder, labeledy; < yo < --- < yy. Fix m and form the
probability measurdrom the ni" nearesmeighbor spacingsThen asN — oo

m—1

BN iy ()t = 25 (t = N(yn — Ynm)) dt — (t e~tdt. (12.57)

m—1)!
Equivalentlyusingz, = Ny, gives

m—1

IN,m;=()dE = %Zé(t— (20 — Zn-m)) dt — me_tdt. (12.58)

Definition 12.7.10(PoissoniaBehavior) Let{x, }52; beasequencef pointsin

[0,1). For eachN, let {y,}N_, bexz,...,zy arrangedin increasingorder. We
sayx,, hasPoissoniarbehaviorif in thelimit asN — 00, for eachm theinduced

probability measureu y ., (t)dt convergeso ), e~tdt.

Exercise12.7.11. Leta € Q anddefinea,, = {n™a} for somepositiveinteger
m. Show the sequence of points doesnot have PoissoniaBehavior.

ExerciséV 12.7.12. Leta ¢ Q anddefinea,, = {na}. Showthe sequencef
points q;, does not have Poissonidrehavior.
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12.8 NEIGHBOR SPACINGS OF {n*a}

We now come to Question 12.1.9ote there are three pieces of dataw and N.

Conjecture 12.8.1. For anyintegerk > 2, for mostirrational « (in the senseof
measure)if o, = {n*a} thenthe sequencén,,}V_, is Poissoniaras N — oo.

Many resultstowardsthis conjectureare provedin n [RS2,RSZ]. We merely
statesomeof them;see[RS2,RSZ] for completestatementsindproofs. We con-
centrateon the case k= 2.

Let o ¢ Q be suchthatthereareinfinitely manyrationalsb; andg; (with ¢,
prime)suchthat|a — 2—;| < % Thenthereis asequencé N, }52, suchthat{n’a}

exhibits Poissoniarbehavioralong this subsequenceExplicitly, {{n?a}}_, is
Poissoniaras N — oo if we restrict N to the sequenceg N;}. If a hasslightly
betterapproximationgy rationals,onecanconstructa subsequenceherethe be-
havioris not PoissonianFor k = 2 anda thatarewell approximatedy rationals,
we showthereis asequencef N;'s suchthatthetriples (k, «, N;) do notexhibit
Poissoniarbehavior(see Theorem 12.8.5).

Thus, dependingon how N tendsto infinity, wildly different behaviorcanbe
seen. This leadsto many openproblems which we summarizeat the end of the
chapter.For more information, see [Li, Mil].

12.8.1 PoissonianBehavior

Considerfirst the casewhena € Q. If o = &, the fractional parts{n2§} are
periodicwith period N; contrastthis with o ¢ Q, wherethe fractional partsare
distinct. Assumey is prime. DavenporfDa3, Da4] investigatedhe neighborspac-
ings of {{n2§}}ﬁ’:1 for N = ¢ asbothtendto infinity; [RSZ] investigatethe
abovefor smallerN. As the sequencés periodicwith periodg, it suffices tostudy
1 < N < q. Forsimplicity, letp = 1. If N < /g, the sequencas alreadyin
increasingorder, andthe adjacentspacingsare given by %. Clearly, for such
small N, onedoesnot expectthe sequencén?a} to behavdike N pointschosen
uniformly in [0,1). OnceN is largerthan,/q, say N > q%+6, we haveq® blocks
of /g terms. Thesewill now be intermingledin [0, 1), andthereis now the pos-
sibility of seeing‘randomness.’Similarly, we mustavoid N beingtoo closeto g,
as if N = ¢ thenthenormalized spacingareintegers.In [RSZ], evidence towards
Poissoniarbehavioris provedfor N € [g=*, 4.

Fora ¢ Q, [RSZ] notethe presenc®f largesquardactorsin the convergentso
a (the g, in the continuedfraction expansionpreventPoissoniarbehavior.While
it is possibleto constructnumbersthat always have large squarefactorsin the
convergentsif ¢,,—1 andg,, aresquaresletting a,,+1 = ¢m + 2,/Gm—1 yields
Gm+1 = Gmt1m + Gm-1 = (¢m + /Gm—-1)?), for mosta in the senseof mea-
surethis will not occur,and one obtainssubsequenced’; wherethe behavioris
Poissonianin particulartheir techniques can prove

Theorem 12.8.2(RSZ). Leta ¢ Q haveinfinitely manyrational approximations

satisfyingja — %| < q% andlim; }zi—? = 1, whereg; isthesquare-fregoart of
J j J
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log Ni _, 1 suchthatthefractional

g;. Thenthereis a subsequencd’; — oo with
parts {n?«} are Poissoniaralong this subsequence.

Fordata on rates of convergenimePoissonian behaviasee [Li, Mil].

Exercise12.8.3. Constructan a ¢ Q suchthat the denominatorsn the conver-
gentsare perfect cubes (omoregenerally,perfect ' powers).

Oneusefulstatisticto investigatevhetheror not a sequencexhibitsPoissonian
behavioris the n-level correlation. We contentourselveswith discussinghe 2-
levelor pair correlation (seefRS2,RSZ,RZ1]for moredetails).Givenasequence
of increasing numberszin [0, 1), let

Ro([—s, 8], 20, N) = %#{1 <j#k<N:|lx;—ax] <s/N}. (12.59)

As theexpectedlifferencebetweersuchz’s is +, this statisticmeasureshe distri-

bution of spacingsetween:’s on the orderof the averagespacing.The adjacent
neighborspacingdistributionlooks at ||z,;+1 — x;||; herewe allow z’s to be be-

tweenz, andz;. Onecanshowthatknowingall the n-level correlationsallows

oneto determine all the neighbor spacings; see for exaifiyb&n2].

Exercise12.8.4(PoissoniarBehavior). For j < N letthe#; be chosenindepen-
dentlyand uniformly in [0,1). Proveas N — oo that Ry([—s, s],6;, N) — 2s.

In [RS2]it is shownthatthe 2-level correlationfor almostall « (in the senseof
measuregonvergeso 2s, providingsupportfor the conjecturedPoissoniarbehav-
ior. Theproof proceedsn threesteps First,theyshowthemeanover« is 2s. This
is not enoughto concludethat mosta have2-level correlationscloseto 2s. For
example considera sequencé¢hathalf thetime is 0 andthe otherhalf of thetime
is 2. Themeanis 1, but clearlyno elementsarecloseto the mean.If, howeverwe
knewthevarianceweresmall,thenwe couldconcludethatmostelementsareclose
to the mean. The secondstepin [RS2] is to showthe varianceis small, andthen
standardboundson exponentiasumsandbasicprobability argumentsallow them
to pass to almost alk satisfythe claim.

Numeroussystemsexhibit Poissonianbehavior. We seeanotherexamplein
Projectl7.4.3 wherewe studythespacingbetweereigenvaluesf realsymmetric
Toeplitzmatrices(thesematricesareconstantlongdiagonals).See[GK, KR] for
additionalsystems.

12.8.2 Non-PoissonianBehavior

While we give the details of a sequencehat is non-Poissoniantememberthat
thetypical « is expectedo exhibit Poissoniarbehavior. Seealso[RZ1, RZ2] for
Poissoniarbehaviorof other (lacunary) sequences.

Theorem 12.8.5(RSZ]). Leta ¢ Q be suchthat‘

often,with a; — 0. ThenthereexistintegersN; — oo suchthat pn;,1(t) does
not convergeto e~tdt. In particular, alongthis subsequencthe behaV|0r|s non-
Poissonian.

Zf holdsinfinitely
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The ideaof the proofis asfollows: sincea is well approximatedy rationals,
whenwe write the {n?a} in increasingorderandlook at the normalizednearest
neighbordifferenceqthez,,’s in Theoreml2.7.3) thedifferenceswill bearbitrarily
closeto integers. This cannotbe Poissoniarbehavior,asthe limiting distribution
thereis e~*dt, which is clearly not concentrated near integers.

As a; — 0, eventuallya; < 1—10 for all j large.Let N; = g;, Wheref;—j isagood
rationalapproximation tax:

< =2 (12.60)

45

We look at o, = {n?a}, 1 < n < N; = g¢;. Letthe 3,’s bethe,,’s arranged

in increasingprder,andlet the~,,’s bethe numbers{nQ%} arrangedn increasing
J

order:

Bn;

< <
< o < (12.61)

Lemma12.8.6.1f 3, = a,, = {na}, theny, = {nQ%}. Thusthe samepermuta-
tion ordersboth the ¢,’s and they,,’s.
Proof. Multiplying both sides of (12.60) by< ¢ yields for jlarge

20 _ @ 1

n2a —n?P| < p 7 < —_— (12.62)
4 q; 4 10g;
and 7« and 172 differ by at most;—. Therefore
qj a;
; 1
na} — {nQp]}H < —. 12.63
{na} qj 10g; ( )

As p; andg; arerelatively prime, andall numbers{mQ%} havedenominatorat
J

mostg;, two suchnumberscannotbe closerthan % unlessthey are equal. For
example,if ¢; is a perfectsquare,m; = ,/g; andmz = 2,/g; give the same
numberithepresencef largesquardactorsof ¢; hasimportantconsequencgsee
[RSZ)).

Thus{anq’—j} isthecloses{or tiedfor beingtheclosest)of the {m? hto {n%a}.

Thisimplies that if 3 = {n%a}, theny; = {nQ%’}, completing the proof. O
Exercise12.8.7. Provetwo of the{mQZ—;} are either equal, or at Ieas% apart.

Exercise12.8.8. Assume|a — b||,||c — d|| < 75. Show
l(a—b) = (c=d)|| < |la—bl[+lc—dl|. (12.64)
We now prove Theorem 12.8.5We haveshown

s
16—l < qi (12.65)
J

IN; (B =)l < ay, (12.66)
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andthe same result holds withréplacedoy | — 1. By Exercisel2.8.8,
[[N; (B —v) = Nj(Bi—1 — ni-1)|| < 2a;. (12.67)

Rearrangingyives

[IN; (B = Bi—1) = Nj(vi = -1l < 2a;. (12.68)

As a; — 0, this implies that the differendeetween | N, (8, — 5—1)|| and
||V (v: — vi—1)|| tends to zero.

Theabovedistancecalculationsveredonemodulol. Theactualdifferenceswill
differ by an integerTherefore

N.
1 J
iy Bt = 5= 6 (¢ = Nj(6 = Brov)) (12.69)
J =1
and
1
gz (Dt = <= 6 (= Nj(n = m-1) (12.70)
a5 _7

=1

arein somesenseextremelycloseto oneanother:eachpoint massfrom the differ-
encebetweeradjacens;’s is within £+ a; unitsof apointmassrom thedifference
betweeradjacenty,’s for someintegerk, anda; tendsto zero.Note,howeverthat
if v, = {nzz—j}, then

Njw = g {n”’j} e N. (12.71)
gj

Thusthe inducedprobability measureu , ,.»; (t)dt formedfrom the;’s is sup-

portedon theintegers! It is thereforeimpossijblefor Ky 4.7 (t)dt to convergeto
Jrty q;

e~tdt.

As N, 1;0(t)dt, modulo some possibleinteger shifts, is arbitrarily close to
#NJ,1;%(t)dtv thesequencgn?a} is not Poissoniaralongthe subsequencef N's

given bg/ N;, whereN; = g;, ¢; is adenominatoin agoodrationalapproximation
to a.

12.9 RESEARCH PROJECTS

We haveshownthatthe fractionalparts{{n*a}}Y_; (for a ¢ Q) aredenseand
equidistributedor all positiveintegersk asN — oo; howeverthefiner question
of neighbor spacings depends greatly oandhow N tendsto infinity.

ResearchProject 12.9.1. Muchis knownaboutthefractionalparts{n2a} if o =
% with ¢ prime. Whatif ¢ is the productof two primes(of comparablesize or of

wildly differentsize)?ls the same behavidrue for{nkg}?
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ResearchProject 12.9.2. For certaina thereis asubsequencd’; suchthat,along
this subsequencéhebehaviorof {{n?a}}, <, is non-PoissoniarWhataboutthe
behaviorof {n?a} awayfrom suchbad V;'s? Is the behaviorPoissoniarbetween
N; and N4, andif so,howfar mustonemove?See[Mil] for someobservations
andresults.

ResearchProject 12.9.3. Fora ¢ Q, thefractionalpartsz,, = {na} areequidis-
tributedbut not Poissonianin particular,for eachN thereareonly threepossible
valuesfor thenearesheighbordifferenceqthevaluesdependn N andc); for the
m!" neighborspacingstherearealsoonly finitely manypossibledifferences How
arethe differencesdistributedamongthe possiblevalues? Is eachvalue equally
likely? Doestheanswerdependn «, andif so,onwhatpropertief o? Formore
details,see [BI1, BI2, Mar].

ResearchProject 12.9.4. Generalizethe resultsof [RSZ] for the fractionalparts
{n*a}, k > 3. It is likely thatthe obstructionto non-Poissoniaibehaviorwill be
thepresence of convergertts o with ¢, alarge " power.

ResearchProject 12.9.5(Primes). Similar to investigatingthe Poissoniarbehav-
ior of {n*a}, onecanstudyprimes.For {n*a} welookedatn < N. Theaverage
spacingwas% andwe thentook thelimit as N — oo. For primeswe caninves-
tigatep € [z,z + y]. If we chooser largeandy large on an absolutescalebut
smallrelativeto x, thentherewill bealot of primesandthe averagespacingwill
be approximatelyconstant. For examplethe Prime NumberTheoremstatesthe
numberof primesat mostz is about . If z = 10'* andy = 10°, thenthere
shouldbe a lot of primesin this interval andthe averagespacingshouldbe fairly
constant(aboutlog 10'4). Are the spacingsbetweenprimes Poissonian?What
aboutprimesin arithmeticprogressionor twin primesor generalizedwin primes
or prime tuples(seethe introductionto Chapterl4 for more detailsaboutsuch
primes).See[Sch, Weir] for numericalinvestigationsalongthesdines. The Circle
Method(Chaptersl3 and14) providesestimatesasto the numberof suchprimes.
Anothersequence to investigasge Carmichael numbers; see Project 1.4.25.






