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Chapter One

Background Material

We recall in this chapter basic facts concerning Riemannian geometry and nonlinear
analysis on manifolds. For reasons of length, we are obliged to be succinct and par-
tial. Possible references are Chavel [20], do Carmo [22], Gallot-Hulin-Lafontaine
[36], Hebey [43], Jost [50], Kobayashi-Nomizu [53], Sakai [65], and Spivak [72].
As a general remark, we mention that Einstein’s summation convention is adopted:
an index occurring twice in a product is to be summed. This also holds for the rest
of this book.

1.1 RIEMANNIAN GEOMETRY

We start with a few notions in differential geometry. Lidtbe a Hausdorff topolog-
ical space. We say thaftl is a topological manifold of dimensianif each point of
M possesses an open neighborhood that is homeomorphic to some open subset of
the Euclidean spadR™. A chart of M is then a coupl€(?, ) where2 is an open
subset ofM, andy is a homeomorphism &b onto some open subset&f*. For
y € Q, the coordinates ap(y) in R™ are said to be the coordinatesyoin (2, ¢).
An atlas of M is a collection of chart$(;, ¢;), i € I, such thatM = (J,c; Q.
Given an atlag;, ;);cr, the transition functions are

pjo@; i N Q) — (N Qy)
with the obvious convention that we considero ;! if and only if Q; N Q; # 0.
The atlas is then said to be of claS if the transition functions are of clagg®,
and it is said to beC'*-complete if it is not contained in a (strictly) larger atlas of
classC*. As one can easily check, every atlas of cladsis contained in a unique
C*-complete atlas. For our purpose, we will always assume in what follows that
k = 4oo and thatM is connected. One then gets the following definition of a
smooth manifold: A smooth manifoldi/ of dimensionn is a connected topolog-
ical manifold A of dimensionn together with aC'>°-complete atlas. Classical
examples of smooth manifolds are the Euclidean spdciself, the torusi™, the
unit sphereS™ of R™*1, and the real projective spaté (R).

Given two smooth manifoldsy/ and N, and a smooth map : M — N from
M to N, we say thaff is differentiable (or of clas€'*) if for any charts((2, ) and
(©, ) of M and N such thatf(Q2) C €, the map

gofop™:p(Q) —@(Q)
is differentiable (or of clas€'). In particular, this allows us to define the notion of
diffeomorphism and the notion of diffeomorphic manifolds.
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We refer to the above definition of a manifold as the abstract definition of a
smooth manifold. As a surface gives the idea of a two-dimensional manifold, a
more concrete approach would have been to define manifolds as submanifolds of
Euclidean space. According to a well-known result of Whitney, any paracompact
(abstract) manifold of dimensiancan be seen as a submanifold of some Euclidean
space.

Let us now say some words about the tangent space of a manifold. Givan
smooth manifold and: € M, let 7, be the vector space of functiofs: M — R
which are differentiable at. For f € F,, we say thatf is flat atz if for some
chart(Q,¢) of M atz, D(f o (p_l)w(m) = 0. Let \V,, be the vector space of such
functions. A linear formX on F, is then said to be a tangent vector/df at « if
N, C KerX. We letT, (M) be the vector space of such tangent vectors. Given
(©, ¢) some chart at, of associated coordinates, we define(a%i)m € T, (M)
by, foranyf € F,,

(ai)m () =Di(foe™) 0 -

As a simple remark, one gets that tbg}i)z's form a basis ofl;,(M). Now, one
defines the tangent bundle &f as the disjoint union of th&, (M)’s, z € M. If

M is n-dimensional, one can show tH&{ M) possesses a natural structure of a
2n-dimensional smooth manifold. Given a ché®, ) of M,

(U TI(M),<I>>

€N
is a chart ofl'(M), where forX € T,,(M), x € ,

‘I)<X) = (‘pl(x)v .- 'a‘pn(x)vX(QDl)? s vX(QOn))

[the coordinates of in (€2, ) and the components of in (£, ¢), that is, the
coordinates ofX in the basis ofT, (M) associated with((2, ¢) by the process
described above]. By definition, a vector field 8his a mapX : M — T(M)
such that for anyr € M, X(z) € T,(M). SinceM andT(M) are smooth
manifolds, the notion of a vector field of claé¥ makes sense. A manifolai/
of dimensiomn is said to be parallelizable if there exisismooth vector fields(;,
i=1,...,n,such thatfor any € M, theX;(z)’s,i =1,...,n, define a basis of
T.(M).

Given two smooth manifolds)/ and N, a pointz in M, and a differentiable
mapf : M — N atz, the tangent linear map gfatx (or the differential map of
f atx), denoted byf, (x), is the linear map fronT’, (M) to T, (/) defined, for
X € T,(M) andg : N — R differentiable atf (x), by

(felz)- (X)) - (9) =X(go f).

By extension, iff is differentiable onM, one gets the tangent linear map fof
denoted byf,. That is the mag, : T(M) — T(N) defined, forX € T, (M),
by f.(X) = f.(x).(X). As one can easily check, is C¥~1 if fis C*. Similar
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to the construction of the tangent bundle, one can define the cotangent bundle of
a smooth manifold/ as the disjoint union of th&, (M)*'s, x € M. In a more
general way, one can defir®?(1/) as the disjoint union of th&? (T, (M))’s,
whereT} (T, (M)) is the space dfp, ¢)-tensors o, (M ). ThenT /(M) possesses
a natural structure of a smooth manifold of dimensiofl + n?*7~!). A map
T : M — TJ(M) is then said to be &, q)-tensor field onM if for any = €
M, T(z) € Tg(T.(M)). ltis said to be of clas&'* if it is of classC* from
the manifold to the manifoldZ}{(M). Given two manifolds)/ and N, a map
f: M — N of classC**!, and a(p, 0)-tensor fieldT” of classC* on N, one can
define the pullback*T of T by f, that is, the(p, 0)-tensor field of clas€’* on M
defined forz € M andX;,...,X, € T,(M), by

(FT)@) - (X1, X) = T(f(@) - (fule) - X1, fula) - X))
We now define the notion of a linear connection. Denotdb¥/) the space of
differentiable vector fields od/. A linear connectionD on M is a mapD :
T(M)xI'(M) — T(M) which satisfies a certain number of propositions. In local
coordinates, given a chaif, ¢), this is equivalent to having® smooth functions
Ffj : 2 — R, that we refer to as the Christoffel symbols of the connection in
(Q, ). They characterize the connection in the sense thaXfer T,(M), = € Q,
andY e I'(M),

Dx(Y) = X' (V;Y)(z) = X* ((aa?)T " rga(:c)ya(x)> <5‘813J)T

where theX®’s andY*’s denote the components &f andY” in the chart(Q2, o),
and forf : M — R differentiable atr,

of _
(89@)1 - Di(fo(ﬂ 1)w(ﬂﬁ)'

As one can easily check, tﬂ‘éj’s are not the components of(8, 1)-tensor field.

An important remark is that linear connections have natural extensions to differen-
tiable tensor fields. Given a differentialg, ¢)-tensor field,T", a pointz in M,

X € T,,(M), and a chart, ¢) of M atx, Dx(T) is the(p, ¢)-tensor onl,. (M)
defined byD x (T') = X*(V,;T)(z), where

aTZJl zJq
(V T)( ) = ( 81:CZ - ) Zrzu 21 17: 1041 dp

Zl lp
ST,

11...1p

The covariant derivative commutes with the contraction in the sense that
Dx (Cf2T) = Cy2 Dx(T)
whereC,’jfT stands for the contraction @f of order(k1, k2). Given a(p, q)-tensor

field of classC**!, T, we letVT be the(p + 1, ¢)-tensor field of clas€’* whose
components in a chart are given by

(VT)!de = (v, T) 7

11.--2p+1 12...1p41 :



4 CHAPTER 1

By extension, one can then defiWéT", V3T, and so on. Fof : M — R a smooth
function, one has th& f = df and, in any chartQ?, ¢) of M,

(V2£) (2)s; = (822%7);5 — () (%)

f N\ _ e -1
<8$i5’33j>x =Py (oo )w(w) '

In the Riemannian contex¥?f is called the Hessian of and is sometimes de-
noted by Hess()t

The torsionT of a linear connectio can be seen as the smodth 1)-tensor
field on A whose components in any chart are given by the reldtj'prt Ffj fFé?i.
One says that the connection is torsion-fre@'it= 0. The curvatureR of D can
be seen as the smooth, 1)-tensor field oM/ whose components in any chart are
given by the relation

ort.  ort,
l ki J l « l «
L= - S R B R
ijk 81?]‘ al'k + ja~ ki ko™ ji
As one can easily check,;, = —Rl, .
free, one has that

(viR)'lmjk + (ka)fnU + (ij)inki =0.
Such relations are referred to as the first Bianchi and second Bianchi identities.

where

Moreover, when the connection is torsion-

We now discuss Riemannian geometry. létbe a smooth manifold. A Rie-
mannian metrigy on M is a smooth(2, 0)-tensor field onM such that for any
x € M, g(z) is a scalar product ofi,,(A/). A smooth Riemannian manifold is a
pair (M, g) whereM is a smooth manifold angla Riemannian metric of/. Ac-
cording to Whitney, for any paracompact smoatimanifold there exists a smooth
embeddingf : M — R2"*!, One then gets that any smooth paracompact manifold
possesses a Riemannian metric. Just think ef f*¢, where¢ is the Euclidean
metric. Two Riemannian manifolds//,, g;) and(M,, g») are said to be isometric
if there exists a diffeomorphisnfi: M; — M, such thatf*gs = g1.

Given a smooth Riemannian manifold/, g), and~ : [a,b] — M a curve of
classC?, the length ofy is

- [ oo ((2) -(3) )

where(%1); € T, (M) is such tha( %), - f = (fo~)'(t) foranyf: M — R
differentiable aty(t). If - is piecewiseC?, the length ofy may be defined as the
sum of the lengths of it€'! pieces. For andy in M, letC,, be the space of
piecewiseC! curvesy : [a,b] — M such thaty(a) = = and~(b) = y. Then

dy(w.y) = inf L(y)
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defines a distance alf whose topology coincides with the original one/df. In
particular, by Stone’s theorem, a smooth Riemannian manifold is paracompact. By
definition, d, is the distance associated with

Let (M, g) be a smooth Riemannian manifold. There exists a unique torsion-free
connection om\/ having the property tha¥? g = 0. Such a connection is the Levi-
Civita connection of;. In any chart, ) of M, of associated coordinates, and
for anyz € (, its Christoffel symbols are given by the relations

ko L[ O09mj Ogmi\ [ Ogij mk

where theg®/’s are such thay;,,¢g"/ = 7. Let R be the curvature of the Levi-
Civita connection as introduced above. One defines

1. theRiemann curvatur®?m, of g as the smootl{4, 0)-tensor field oni/
whose components in a chart dtgjx = gia Rjy,,

2. theRicci curvatureRc, of g as the smootl(2, 0)-tensor field on)/ whose
components in a chart arg;; = Raiﬁjgaﬁ, and

3. thescalar curvatureS, of g as the smooth real-valued function dhwhose
expression in a chartis, = R;;g".

As one can check, in any chart,
Rijri = —Rjirt = —Rijik = Ry,
and the two Bianchi identities are

Rijii + Rajk + Ririj =0,

(Vitmg) oy + (Vi BRmg) o+ (ViRmg) o= 0.

jkim jkmi

In particular, the Ricci curvature is symmetric, so that in any cRayt= R;;.

Given a smooth Riemannian manifdldl/, g), and its Levi-Civita connectiof,
a smooth curve : [a,b] — M is said to be a geodesic, if for all

D(zz)t@) =0.

This means again that in any chart, and forkall

(") O +TEE®) () () (1) = 0.
For anyx € M, and anyX € T, (M), there exists a unique geodesic [0, ¢] —
M such thaty(0) = z and(‘é—j)o = X. Let~, x be this geodesic. For > 0 real,
Yeax () = vz, x (At). Hence, for|| X|| small, wherd|| - || stands for the norm in
T, (M) associated witly(x), one has that, x is defined or0, 1]. The exponential
map atz is the map from a neighborhood @fn T, (M), with values inM, defined
by exp,(X) = v, x(1). If M is n-dimensional and up to the assimilation of
T, (M) to R™ via the choice of an orthonormal basis, one gets a dfartxp ')
of M atz. This chartis normal at in the sense that the componeg{sof g in this

/
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chart are such thaf;;(z) = 4;;, with the additional property that the Christoffel
symbolstj of the Levi-Civita connection in this chart are such tlﬁéﬁ}(m) =

0. The coordinates associated with this chart are referred to as geodesic normal
coordinates.

Given a smooth Riemanniarnmanifold (M, ¢), one can define a natural positive
Radon measure ol . In particular, the theory of the Lebesgue integral can be ap-
plied. For some atlas off, (2, ¢i),_,, we shall say that a famil{€2;, ¢, ;)
is a partition of unity subordinate {82, ¢;),_, if the following holds:

(i) (o), is a smooth partition of unity subordinate to the cover(fig),,

(i)) (2, ¢;), is an atlas of\/, and

(iii) for any 7, suppg; C ;.

As one can easily check, for any atleQ;, ¢;),_, of M, there exists a partition
of unity (2, ¢;, ;) ;. , subordinate tq<;, ¢;), ;. One can then define the Rie-
mannian measure as follows: Given a continuous hapl/ — R with compact
support, and an atlag;, ¢;),_, of M,

/ fdv(g) = Z/ (aj \/Ef) ° (pj*ldﬂc
M jerei(y)

where(Q;, ¢;, aj)],eJ is a partition of unity subordinate {®2;, ¢;),_, lg| stands
for the determinant of the matrix whose elements are the componentsrof
(Q;,¢;), anddz stands for the Lebesgue volume elemenRsf One can prove
that such a construction does not depend on the choice of the(ﬁ’gla,si)iel and
the partition of unity(2;, ¢;, o)

jeJ

jeJ
The Laplacian acting on functions of a smooth Riemannian manffidg) is
the operator\, whose expression in a local chart of associated coordinaties

Agu= —g”’( Ou__py O )

8:@8% B ijaTck
Foru andv of classC? on M, one then has the following formula for integration
by parts:

/ (Agu)vdu(g) = / (VuVo) dv(g) = / u(Agv)du(g)
M M M
where(-, -) is the scalar product associated wjtfor 1-forms.

Coming back to geodesics, one can define the injectivity radiugafg) at
some pointz, denoted byi,(z), as the largest positive real numbefor which
any geodesic starting fromand of length less thanis minimizing. One can then
define the (global) injectivity radius by

One has thai, > 0 for a compact manifold, but it may be zero for a complete
noncompact manifold. In a similar way, one can define the cut I6Gus «, where
C, is a subset ofif, and prove tha€’,, has measure zero, thig{(z) = d, (x, OJL)
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and thatexp,, is a diffeomorphism from some star-shaped domaiff,gf\/) at O
onto M\C,. In particular, one gets that the distance functicio a given point is
differentiable almost everywhere, with the additional property|fiat = 1 almost
everywhere.

As is well known, curvature assumptions may give topological and diffeomor-
phic information on the manifold. A striking example of the relationship that ex-
ists between curvature and topology is given by the Gauss-Bonnet theorem, whose
present form is actually due to the works of Allendoerfer [2], Allendoerfer-Weil
[3], Chern [21], and Fenchel [35]. One has here that the Euler-P&@mteracter-
istic x(M) of a compact manifold can be expressed as the integral of a universal

polynomial in the curvature. For instance, when the dimensiai a$ 2,
1
M)=— Syd
X(O) = - | Sydvlg).

and when the dimension a@f is 4, as shown by Avez [8],

_ 1 1 2, L 2
K00 = 1z [ (G + st - 18, Jat).

where| - | stands for the norm associated witfior tensors, and wherd’, andE,
are, respectively, the Weyl tensor @&ind the traceless Ricci tensorgfin a local
chart, the components oF, are

1
Wijki = Rijri — P (Rirgji + Rjigik — Rugir — Rjkgir)

S s s

=+ m (gmggz - gzlgjk')
wheren stands for the dimension of the manifold. As another striking example of
the relationship that exists between curvature and topology, one can refer to Hamil-
ton’s theorem [39]: any three-dimensional, compact, simply connected Riemannian
manifold of positive Ricci curvature must be diffeomorphic to the unit splsére
Conversely, by recent results of Lohkamp [59], negative sign assumptions on the
Ricci curvature have no effect on the topology, since any compact manifold pos-
sesses a Riemannian metric of negative Ricci curvature. As another example of the
relationship that exists between curvature and topology, we refer to the well-known
sphere theorem of Berger [10], Klingenberg [51, 52], Rauch [61], and Tsukamoto
[75].

1.2 BASICS IN NONLINEAR ANALYSIS

Given a smooth compaet-dimensional Riemannian manifold/, g), one easily
defines the Sobolev spacBg (M), following what is done in the more traditional
Euclidean context. For instance, whén= 1 andp > 1, one may define the
Sobolev spacéi? (M) as follows: foru € C*° (M), we let

lellzp = Nullp + [Vl
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where||.||,, is the L?-norm with respect to the Riemannian measirg. We then
define HY (M) as the completion o> (M) with respect to]|.||z». A similar
definition holds forH?, (M), with

k
lallz =Y 1V 7ullp -
i=0

Very useful properties ofi? are that Lipschitz functions o/ do belong to the
Sobolev space#? (M) for all p, and that ifu € HY (M) for somep, then we have
that|u| € HY (M) and|V|u|| = |Vu| almost everywhere.

As for bounded open subsets of the Euclidean space, the Sobolev embedding
theorem (continuous embeddings), and the Rellich-Kondrakov theorem (compact
embeddings), do hold. In order to fix ideas, welet 1 andp = 2. Let

2n
n—2
be the critical Sobolev exponent. Then, for ang [1,2*], HZ(M) C L(M) and
this embedding is continuous, with the property that the embedding is also compact
if ¢ < 2*. The Sobolev inequality corresponding to the continuous embedding
H}(M) c L* (M) is as follows: For any, € HZ(M),
[ull2r < Al Vullz + Bllull2

where A and B are positive constants independentgfout that may depend on
the manifold. Another very useful inequality is the so-called Poindagequality.
When dealing withi?, it reads as the existence of a positive consthstich that,
foranyu € H(M),

2 —

lu —alls < Af|Vull

7
= — udv
Vot 7?

is the average ofi, andV, the volume ofM with respect tag. In this particular

case, thanks to the Rayleigh characterization of the first nonzero eigenvalue of the
Laplacian,A may be taken to be the inverse of the square root of this eigenvalue.
Combining the Sobolev inequality and the Poirecarequality, one gets the so-
called Sobolev-Poincarinequality: for any, € HZ (M),

lu =l < Al[Vulla,

whereA is a positive constant, independentods usual.

where

gl

A very useful notion concerning Sobolev embeddings, which appeared to be
crucial in many problems like the Yamabe problem, is that of best constants. In the
particular casé: = 1 andp = 2, the Sobolev inequality in the Euclidean space

reads as
1
2
<A (/ |Vu2dac> .
RTL

1
*

([
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The best consta in this inequality, which we denote b ,,, is

4
2/n

Kp= |—
n(n — 2)wy

wherew,, is the volume of the unit-sphere. Takingl = K, in the above inequal-
ity, we get what we refer to as the sharp Euclidean Sobolev inequality. Its extremal
functions are known. They are expressed as

-z
Una(®) = (A + |z —a?)' 2

whereX > 0, p € R, anda € R" are arbitrary. For compact manifolds, we
consider the Sobolev inequality

lull3 < AIVull3 + Bllull3.

As is easily checked, any such constanimust satisfyd > K2. Conversely, we
refer to Hebey-Vaugon [47, 48], it can be proved that there exists a positive constant
B such that for any: € HZ (M),

lull3. < KxlIVull3 + Bllul3 -

More developments on Sobolev spaces, Sobolev inequalities, and the notion of best
constants are in Druet-Hebey [29] and Hebey [44].

Let (M, g) be a smooth compact Riemannian manifold. The equations we will
be interested in are basically of the form

Agu+tau=f

wherea, f are given functions o/. A functionu € HZ(M) is said to be a weak
solution of this equation if, for alp € HZ (M),

/M<Vu, V) gdvg + /M a(z)updvy = /M f(x)edv, .

Regularity results for this equation do hold. They are similar to the more traditional
ones expressed in the Euclidean context (regularity is a local notion, so this is not
very surprising). The regularity result we will mostly use is the followinga is
smooth, andf € H (M) for somek € N andp > 1, then a weak solution to

the above equation is iH}, ,(M). In particular, it follows from this result and the
Sobolev embedding theorem, that wheéis smoothu is also smooth. Needless to
say, the “bible” for such topics is the exhaustive Gilbarg-Trudinger [37]. A simpler,
but very nice reference is the lecture notes [41] by Han and Lin.

In parallel with regularity, the very useful maximum principles hold for the
Laplacian on Riemannian manifolds. A currently used form is as follows: if a
nonnegative: € C?(M) is such that, for any: € M,

Agu(z) = u(z) f (2, u(r))

for some continuous functiong : M x R — R, then eitheru is everywhere
positive, oru is the zero function. This easily follows from the Hopf maximum
principle, as usually stated.
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In order to end this section, we give a basic example of a possible use of the
above results. We discuss here the existence (and uniqueness) of a sotottbe
Laplace equation

Agu=f
on a compact Riemannian manifold/, g). Although not necessary, we assume

here for convenience thgt: M — R is smooth. Integrating the Laplace equation,
one sees that a necessary condition for the existence of a solution is that

fdvg =0.
Jum

The elementary result we wish to briefly discuss here is that the Laplace equation
possesses a smooth solution if and only,if fdv, = 0. Moreover, the solution is
unigue, up to the addition of a constant. In order to prove this claim, we proceed as
follows. As already mentioned, the condition ttfas of null average is a necessary
condition. We prove now that it is also a sufficient condition. Let

'Hz{uer(M) S.t./ udvgzoand/ fudvgzl}
M M

and

= inf Vul?dv, .
p= inf /A {I ul“dug
Clearly,H # (). Consider a minimizing sequen¢e;) € H for u so thatu; € H
for all 4, and

lim (Vi |2dvy = .

1——400 M
By the Poinca inequality we discussed above, there exists- 0 such that, if
u € HE(M) is of null average, then

/ u?dv, < A/ |Vul?do, .
M M

It easily follows that theu;’s are bounded i (M). SinceHZ(M) is a reflexive
space, and the embeddifgf (M) C L?(M) is compact by the Rellich-Kondrakov
theorem (even when = 2, noting thatiH? C H{ for ¢ < 2), there exists a function
u € H?(M) and a subsequence;) of (u;), such that

(1) (u;) converges weakly ta in H(M) and

(2) (u;) converges ta: in L2(M).
By (2), u € H. By (1), and a basic property of the weak limit (the norm of a weak
limit is less than or equal to the infimum limit of the norms of the sequence), we
get that

/M |Vu|2dvg <u.

Hence,

| 1vuln, =
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andy is attained. By a well-known theorem of Lagrange, this gives the existence
of two constantsr and3, the Lagrange multipliers, such that, for @lle HZ(M),

/ (Vat, Vp)gddvy = a / v, + 8 / Fod,.
M M M

Takingy = 1, one gets thatt = 0. Takingy = u, one gets that = u. Hence,

u IS a weak solution of the Laplace equation. By standard regularity resus,
smooth. The functiop~ !« is then the solution we were looking for. The proof
of uniqueness is then very simple. dfandv are two solutions of the Laplace
equation, them\, (v — ) = 0. Multiplying this relation byv — v and integrating
over M gives that

/M V(v —u)|*dv, = 0.

Hence,w — w is constant, and this ends the proof of the above claim. As is easily
checked, everything in this proof comes from the compactness of the embedding
H? C L2. The equations that we discuss below involve critical (noncompact)
Sobolev embeddings.





