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Chapter One

Background Material

We recall in this chapter basic facts concerning Riemannian geometry and nonlinear
analysis on manifolds. For reasons of length, we are obliged to be succinct and par-
tial. Possible references are Chavel [20], do Carmo [22], Gallot-Hulin-Lafontaine
[36], Hebey [43], Jost [50], Kobayashi-Nomizu [53], Sakai [65], and Spivak [72].
As a general remark, we mention that Einstein’s summation convention is adopted:
an index occurring twice in a product is to be summed. This also holds for the rest
of this book.

1.1 RIEMANNIAN GEOMETRY

We start with a few notions in differential geometry. LetM be a Hausdorff topolog-
ical space. We say thatM is a topological manifold of dimensionn if each point of
M possesses an open neighborhood that is homeomorphic to some open subset of
the Euclidean spaceRn. A chart ofM is then a couple(Ω, ϕ) whereΩ is an open
subset ofM , andϕ is a homeomorphism ofΩ onto some open subset ofRn. For
y ∈ Ω, the coordinates ofϕ(y) in Rn are said to be the coordinates ofy in (Ω, ϕ).
An atlas ofM is a collection of charts(Ωi, ϕi), i ∈ I, such thatM =

⋃
i∈I Ωi.

Given an atlas(Ωi, ϕi)i∈I , the transition functions are

ϕj ◦ ϕ−1
i : ϕi(Ωi ∩ Ωj) → ϕj(Ωi ∩ Ωj)

with the obvious convention that we considerϕj ◦ ϕ−1
i if and only if Ωi ∩Ωj 6= ∅.

The atlas is then said to be of classCk if the transition functions are of classCk,
and it is said to beCk-complete if it is not contained in a (strictly) larger atlas of
classCk. As one can easily check, every atlas of classCk is contained in a unique
Ck-complete atlas. For our purpose, we will always assume in what follows that
k = +∞ and thatM is connected. One then gets the following definition of a
smooth manifold: A smooth manifoldM of dimensionn is a connected topolog-
ical manifoldM of dimensionn together with aC∞-complete atlas. Classical
examples of smooth manifolds are the Euclidean spaceRn itself, the torusTn, the
unit sphereSn of Rn+1, and the real projective spacePn(R).

Given two smooth manifolds,M andN , and a smooth mapf : M → N from
M toN , we say thatf is differentiable (or of classCk) if for any charts(Ω, ϕ) and
(Ω̃, ϕ̃) of M andN such thatf(Ω) ⊂ Ω̃, the map

ϕ̃ ◦ f ◦ ϕ−1 : ϕ(Ω) → ϕ̃(Ω̃)
is differentiable (or of classCk). In particular, this allows us to define the notion of
diffeomorphism and the notion of diffeomorphic manifolds.
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We refer to the above definition of a manifold as the abstract definition of a
smooth manifold. As a surface gives the idea of a two-dimensional manifold, a
more concrete approach would have been to define manifolds as submanifolds of
Euclidean space. According to a well-known result of Whitney, any paracompact
(abstract) manifold of dimensionn can be seen as a submanifold of some Euclidean
space.

Let us now say some words about the tangent space of a manifold. GivenM a
smooth manifold andx ∈ M , letFx be the vector space of functionsf : M → R
which are differentiable atx. For f ∈ Fx, we say thatf is flat atx if for some
chart(Ω, ϕ) of M atx, D

(
f ◦ ϕ−1

)
ϕ(x)

= 0. LetNx be the vector space of such
functions. A linear formX onFx is then said to be a tangent vector ofM at x if
Nx ⊂ KerX. We letTx(M) be the vector space of such tangent vectors. Given
(Ω, ϕ) some chart atx, of associated coordinatesxi, we define

(
∂

∂xi

)
x
∈ Tx(M)

by, for anyf ∈ Fx, (
∂

∂xi

)
x

· (f) = Di

(
f ◦ ϕ−1

)
ϕ(x)

.

As a simple remark, one gets that the
(

∂
∂xi

)
x
’s form a basis ofTx(M). Now, one

defines the tangent bundle ofM as the disjoint union of theTx(M)’s, x ∈ M . If
M is n-dimensional, one can show thatT (M) possesses a natural structure of a
2n-dimensional smooth manifold. Given a chart(Ω, ϕ) of M ,(⋃

x∈Ω

Tx(M),Φ

)
is a chart ofT (M), where forX ∈ Tx(M), x ∈ Ω,

Φ(X) =
(
ϕ1(x), . . . , ϕn(x), X(ϕ1), . . . , X(ϕn)

)
[the coordinates ofx in (Ω, ϕ) and the components ofX in (Ω, ϕ), that is, the
coordinates ofX in the basis ofTx(M) associated with(Ω, ϕ) by the process
described above]. By definition, a vector field onM is a mapX : M → T (M)
such that for anyx ∈ M , X(x) ∈ Tx(M). SinceM andT (M) are smooth
manifolds, the notion of a vector field of classCk makes sense. A manifoldM
of dimensionn is said to be parallelizable if there existn smooth vector fieldsXi,
i = 1, . . . , n, such that for anyx ∈M , theXi(x)’s, i = 1, . . . , n, define a basis of
Tx(M).

Given two smooth manifolds,M andN , a pointx in M , and a differentiable
mapf : M → N atx, the tangent linear map off atx (or the differential map of
f atx), denoted byf?(x), is the linear map fromTx(M) to Tf(x)(N) defined, for
X ∈ Tx(M) andg : N → R differentiable atf(x), by(

f?(x) · (X)
)
· (g) = X(g ◦ f) .

By extension, iff is differentiable onM , one gets the tangent linear map off ,
denoted byf?. That is the mapf? : T (M) → T (N) defined, forX ∈ Tx(M),
by f?(X) = f?(x).(X). As one can easily check,f? is Ck−1 if f is Ck. Similar
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to the construction of the tangent bundle, one can define the cotangent bundle of
a smooth manifoldM as the disjoint union of theTx(M)?’s, x ∈ M . In a more
general way, one can defineT q

p (M) as the disjoint union of theT q
p

(
Tx(M)

)
’s,

whereT q
p (Tx(M)) is the space of(p, q)-tensors onTx(M). ThenT q

p (M) possesses
a natural structure of a smooth manifold of dimensionn

(
1 + np+q−1

)
. A map

T : M → T q
p (M) is then said to be a(p, q)-tensor field onM if for any x ∈

M , T (x) ∈ T q
p

(
Tx(M)

)
. It is said to be of classCk if it is of classCk from

the manifoldM to the manifoldT q
p (M). Given two manifoldsM andN , a map

f : M → N of classCk+1, and a(p, 0)-tensor fieldT of classCk onN , one can
define the pullbackf?T of T by f , that is, the(p, 0)-tensor field of classCk onM
defined forx ∈M andX1, . . . , Xp ∈ Tx(M), by(

f?T )(x) ·
(
X1, . . . , Xp

)
= T

(
f(x)

)
·
(
f?(x) ·X1, . . . , f?(x) ·Xp

)
.

We now define the notion of a linear connection. Denote byΓ(M) the space of
differentiable vector fields onM . A linear connectionD on M is a mapD :
T (M)×Γ(M) → T (M) which satisfies a certain number of propositions. In local
coordinates, given a chart(Ω, ϕ), this is equivalent to havingn3 smooth functions
Γk

ij : Ω → R, that we refer to as the Christoffel symbols of the connection in
(Ω, ϕ). They characterize the connection in the sense that forX ∈ Tx(M), x ∈ Ω,
andY ∈ Γ(M),

DX(Y ) = Xi(∇iY )(x) = Xi

((
∂Y j

∂xi

)
x

+ Γj
iα(x)Y α(x)

)(
∂

∂xj

)
x

where theXi’s andY i’s denote the components ofX andY in the chart(Ω, ϕ),
and forf : M → R differentiable atx,(

∂f

∂xi

)
x

= Di

(
f ◦ ϕ−1

)
ϕ(x)

.

As one can easily check, theΓk
ij ’s are not the components of a(2, 1)-tensor field.

An important remark is that linear connections have natural extensions to differen-
tiable tensor fields. Given a differentiable(p, q)-tensor field,T , a pointx in M ,
X ∈ Tx(M), and a chart(Ω, ϕ) of M atx, DX(T ) is the(p, q)-tensor onTx(M)
defined byDX(T ) = Xi(∇iT )(x), where(

∇iT
)
(x)j1...jq

i1...ip
=
(
∂T

j1...jq

i1...ip

∂xi

)
x

−
p∑

k=1

Γα
iik

(x)T (x)j1...jq

i1...ik−1αik+1...ip

+
q∑

k=1

Γjk

iα(x)T (x)j1...jk−1αjk+1...jq

i1...ip
.

The covariant derivative commutes with the contraction in the sense that

DX

(
Ck2

k1
T
)

= Ck2
k1
DX(T )

whereCk2
k1
T stands for the contraction ofT of order(k1, k2). Given a(p, q)-tensor

field of classCk+1, T , we let∇T be the(p+ 1, q)-tensor field of classCk whose
components in a chart are given by(

∇T
)j1...jq

i1...ip+1
=
(
∇i1T

)j1...jq

i2...ip+1
.
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By extension, one can then define∇2T ,∇3T , and so on. Forf : M → R a smooth
function, one has that∇f = df and, in any chart(Ω, ϕ) of M ,(

∇2f
)
(x)ij =

(
∂2f

∂xi∂xj

)
x

− Γk
ij(x)

(
∂f

∂xk

)
x

where (
∂2f

∂xi∂xj

)
x

= D2
ij

(
f ◦ ϕ−1

)
ϕ(x)

.

In the Riemannian context,∇2f is called the Hessian off and is sometimes de-
noted by Hess(f).

The torsionT of a linear connectionD can be seen as the smooth(2, 1)-tensor
field onM whose components in any chart are given by the relationT k

ij = Γk
ij−Γk

ji.
One says that the connection is torsion-free ifT ≡ 0. The curvatureR of D can
be seen as the smooth(3, 1)-tensor field onM whose components in any chart are
given by the relation

Rl
ijk =

∂Γl
ki

∂xj
−
∂Γl

ji

∂xk
+ Γl

jαΓα
ki − Γl

kαΓα
ji .

As one can easily check,Rl
ijk = −Rl

ikj . Moreover, when the connection is torsion-
free, one has that

Rl
ijk +Rl

kij +Rl
jki = 0 and

(∇iR)l
mjk + (∇kR)l

mij + (∇jR)l
mki = 0 .

Such relations are referred to as the first Bianchi and second Bianchi identities.

We now discuss Riemannian geometry. LetM be a smooth manifold. A Rie-
mannian metricg on M is a smooth(2, 0)-tensor field onM such that for any
x ∈ M , g(x) is a scalar product onTx(M). A smooth Riemannian manifold is a
pair (M, g) whereM is a smooth manifold andg a Riemannian metric onM . Ac-
cording to Whitney, for any paracompact smoothn-manifold there exists a smooth
embeddingf : M → R2n+1. One then gets that any smooth paracompact manifold
possesses a Riemannian metric. Just think ofg = f?ξ, whereξ is the Euclidean
metric. Two Riemannian manifolds(M1, g1) and(M2, g2) are said to be isometric
if there exists a diffeomorphismf : M1 →M2 such thatf?g2 = g1.

Given a smooth Riemannian manifold(M, g), andγ : [a, b] → M a curve of
classC1, the length ofγ is

L(γ) =
∫ b

a

√
g(γ(t)) ·

((
dγ

dt

)
t

,

(
dγ

dt

)
t

)
dt

where(dγ
dt )t ∈ Tγ(t)(M) is such that(dγ

dt )t · f =
(
f ◦ γ

)′(t) for anyf : M → R
differentiable atγ(t). If γ is piecewiseC1, the length ofγ may be defined as the
sum of the lengths of itsC1 pieces. Forx andy in M , let Cxy be the space of
piecewiseC1 curvesγ : [a, b] →M such thatγ(a) = x andγ(b) = y. Then

dg(x, y) = inf
γ∈Cxy

L(γ)
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defines a distance onM whose topology coincides with the original one ofM . In
particular, by Stone’s theorem, a smooth Riemannian manifold is paracompact. By
definition,dg is the distance associated withg.

Let (M, g) be a smooth Riemannian manifold. There exists a unique torsion-free
connection onM having the property that∇g = 0. Such a connection is the Levi-
Civita connection ofg. In any chart(Ω, ϕ) of M , of associated coordinatesxi, and
for anyx ∈ Ω, its Christoffel symbols are given by the relations

Γk
ij(x) =

1
2

((
∂gmj

∂xi

)
x

+
(
∂gmi

∂xj

)
x

−
(
∂gij

∂xm

)
x

)
g(x)mk

where thegij ’s are such thatgimg
mj = δj

i . Let R be the curvature of the Levi-
Civita connection as introduced above. One defines

1. theRiemann curvatureRmg of g as the smooth(4, 0)-tensor field onM
whose components in a chart areRijkl = giαR

α
jkl,

2. theRicci curvatureRcg of g as the smooth(2, 0)-tensor field onM whose
components in a chart areRij = Rαiβjg

αβ , and

3. thescalar curvatureSg of g as the smooth real-valued function onM whose
expression in a chart isSg = Rijg

ij .

As one can check, in any chart,

Rijkl = −Rjikl = −Rijlk = Rklij ,

and the two Bianchi identities are

Rijkl +Riljk +Riklj = 0 ,(
∇iRmg

)
jklm

+
(
∇mRmg

)
jkil

+
(
∇lRmg

)
jkmi

= 0 .

In particular, the Ricci curvature is symmetric, so that in any chartRij = Rji.

Given a smooth Riemannian manifold(M, g), and its Levi-Civita connectionD,
a smooth curveγ : [a, b] →M is said to be a geodesic, if for allt,

D( dγ
dt

)
t

(
dγ

dt

)
= 0 .

This means again that in any chart, and for allk,(
γk
)′′(t) + Γk

ij

(
γ(t)

)(
γi
)′(t)(γj

)′(t) = 0 .

For anyx ∈ M , and anyX ∈ Tx(M), there exists a unique geodesicγ : [0, ε] →
M such thatγ(0) = x and(dγ

dt )0 = X. Let γx,X be this geodesic. Forλ > 0 real,
γx,λX(t) = γx,X(λt). Hence, for‖X‖ small, where‖ · ‖ stands for the norm in
Tx(M) associated withg(x), one has thatγx,X is defined on[0, 1]. The exponential
map atx is the map from a neighborhood of0 in Tx(M), with values inM , defined
by expx(X) = γx,X(1). If M is n-dimensional and up to the assimilation of
Tx(M) to Rn via the choice of an orthonormal basis, one gets a chart

(
Ω, exp−1

x

)
ofM atx. This chart is normal atx in the sense that the componentsgij of g in this
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chart are such thatgij(x) = δij , with the additional property that the Christoffel
symbolsΓk

ij of the Levi-Civita connection in this chart are such thatΓk
ij(x) =

0. The coordinates associated with this chart are referred to as geodesic normal
coordinates.

Given a smooth Riemanniann-manifold(M, g), one can define a natural positive
Radon measure onM . In particular, the theory of the Lebesgue integral can be ap-
plied. For some atlas ofM ,

(
Ωi, ϕi

)
i∈I

, we shall say that a family
(
Ωj , ϕj , αj

)
j∈J

is a partition of unity subordinate to
(
Ωi, ϕi

)
i∈I

if the following holds:
(i) (αj)j is a smooth partition of unity subordinate to the covering(Ωi)i,
(ii)
(
Ωj , ϕj

)
j

is an atlas ofM , and
(iii) for any j, suppαj ⊂ Ωj .

As one can easily check, for any atlas
(
Ωi, ϕi

)
i∈I

of M , there exists a partition

of unity
(
Ωj , ϕj , αj

)
j∈J

subordinate to
(
Ωi, ϕi

)
i∈I

. One can then define the Rie-
mannian measure as follows: Given a continuous mapf : M → R with compact
support, and an atlas

(
Ωi, ϕi

)
i∈I

of M ,∫
M

fdv(g) =
∑
j∈J

∫
ϕj(Ωj)

(
αj

√
|g|f

)
◦ ϕ−1

j dx

where
(
Ωj , ϕj , αj

)
j∈J

is a partition of unity subordinate to
(
Ωi, ϕi

)
i∈I

, |g| stands
for the determinant of the matrix whose elements are the components ofg in(
Ωj , ϕj

)
, anddx stands for the Lebesgue volume element ofRn. One can prove

that such a construction does not depend on the choice of the atlas
(
Ωi, ϕi

)
i∈I

and

the partition of unity
(
Ωj , ϕj , αj

)
j∈J

.

The Laplacian acting on functions of a smooth Riemannian manifold(M, g) is
the operator∆g whose expression in a local chart of associated coordinatesxi is

∆gu = −gij

(
∂2u

∂xi∂xj
− Γk

ij

∂u

∂xk

)
.

Foru andv of classC2 onM , one then has the following formula for integration
by parts: ∫

M

(
∆gu

)
vdv(g) =

∫
M

(∇u∇v) dv(g) =
∫

M

u
(
∆gv

)
dv(g)

where(·, ·) is the scalar product associated withg for 1-forms.

Coming back to geodesics, one can define the injectivity radius of(M, g) at
some pointx, denoted byig(x), as the largest positive real numberr for which
any geodesic starting fromx and of length less thanr is minimizing. One can then
define the (global) injectivity radius by

ig = inf
x∈M

ig(x) .

One has thatig > 0 for a compact manifold, but it may be zero for a complete
noncompact manifold. In a similar way, one can define the cut locusCx of x, where
Cx is a subset ofM , and prove thatCx has measure zero, thatig(x) = dg

(
x,Cx

)
,
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and thatexpx is a diffeomorphism from some star-shaped domain ofTx(M) at 0
ontoM\Cx. In particular, one gets that the distance functionr to a given point is
differentiable almost everywhere, with the additional property that|∇r| = 1 almost
everywhere.

As is well known, curvature assumptions may give topological and diffeomor-
phic information on the manifold. A striking example of the relationship that ex-
ists between curvature and topology is given by the Gauss-Bonnet theorem, whose
present form is actually due to the works of Allendoerfer [2], Allendoerfer-Weil
[3], Chern [21], and Fenchel [35]. One has here that the Euler-Poincaré character-
istic χ(M) of a compact manifold can be expressed as the integral of a universal
polynomial in the curvature. For instance, when the dimension ofM is 2,

χ(M) =
1
4π

∫
M

Sgdv(g) ,

and when the dimension ofM is 4, as shown by Avez [8],

χ(M) =
1

16π2

∫
M

(
1
2
|Wg|2 +

1
12
S2

g − |Eg|2
)
dv(g) ,

where| · | stands for the norm associated withg for tensors, and whereWg andEg

are, respectively, the Weyl tensor ofg and the traceless Ricci tensor ofg. In a local
chart, the components ofWg are

Wijkl =Rijkl −
1

n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil

)
+

Sg

(n− 1)(n− 2)
(
gikgjl − gilgjk

)
wheren stands for the dimension of the manifold. As another striking example of
the relationship that exists between curvature and topology, one can refer to Hamil-
ton’s theorem [39]: any three-dimensional, compact, simply connected Riemannian
manifold of positive Ricci curvature must be diffeomorphic to the unit sphereS3.
Conversely, by recent results of Lohkamp [59], negative sign assumptions on the
Ricci curvature have no effect on the topology, since any compact manifold pos-
sesses a Riemannian metric of negative Ricci curvature. As another example of the
relationship that exists between curvature and topology, we refer to the well-known
sphere theorem of Berger [10], Klingenberg [51, 52], Rauch [61], and Tsukamoto
[75].

1.2 BASICS IN NONLINEAR ANALYSIS

Given a smooth compactn-dimensional Riemannian manifold(M, g), one easily
defines the Sobolev spacesHp

k (M), following what is done in the more traditional
Euclidean context. For instance, whenk = 1 and p > 1, one may define the
Sobolev spaceHp

1 (M) as follows: foru ∈ C∞(M), we let

‖u‖Hp
1

= ‖u‖p + ‖∇u‖p
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where‖.‖p is theLp-norm with respect to the Riemannian measuredvg. We then
defineHp

1 (M) as the completion ofC∞(M) with respect to‖.‖Hp
1
. A similar

definition holds forHp
k (M), with

‖u‖Hp
k

=
k∑

i=0

‖∇iu‖p .

Very useful properties ofHp
1 are that Lipschitz functions onM do belong to the

Sobolev spacesHp
1 (M) for all p, and that ifu ∈ Hp

1 (M) for somep, then we have
that|u| ∈ Hp

1 (M) and
∣∣∇|u|∣∣ = ∣∣∇u∣∣ almost everywhere.

As for bounded open subsets of the Euclidean space, the Sobolev embedding
theorem (continuous embeddings), and the Rellich-Kondrakov theorem (compact
embeddings), do hold. In order to fix ideas, we letk = 1 andp = 2. Let

2? =
2n
n− 2

be the critical Sobolev exponent. Then, for anyq ∈ [1, 2?],H2
1 (M) ⊂ Lq(M) and

this embedding is continuous, with the property that the embedding is also compact
if q < 2?. The Sobolev inequality corresponding to the continuous embedding
H2

1 (M) ⊂ L2?

(M) is as follows: For anyu ∈ H2
1 (M),

‖u‖2? ≤ A‖∇u‖2 +B‖u‖2
whereA andB are positive constants independent ofu, but that may depend on
the manifold. Another very useful inequality is the so-called Poincaré inequality.
When dealing withH2

1 , it reads as the existence of a positive constantA such that,
for anyu ∈ H2

1 (M),

‖u− u‖2 ≤ A‖∇u‖2
where

u =
1
Vg

∫
M

udvg

is the average ofu, andVg the volume ofM with respect tog. In this particular
case, thanks to the Rayleigh characterization of the first nonzero eigenvalue of the
Laplacian,A may be taken to be the inverse of the square root of this eigenvalue.
Combining the Sobolev inequality and the Poincaré inequality, one gets the so-
called Sobolev-Poincaré inequality: for anyu ∈ H2

1 (M),

‖u− u‖2? ≤ A‖∇u‖2 ,

whereA is a positive constant, independent ofu as usual.

A very useful notion concerning Sobolev embeddings, which appeared to be
crucial in many problems like the Yamabe problem, is that of best constants. In the
particular casek = 1 andp = 2, the Sobolev inequality in the Euclidean space
reads as (∫

Rn

|u|2
?

dx

) 1
2?

≤ A

(∫
Rn

|∇u|2dx
) 1

2

.
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The best constantA in this inequality, which we denote byKn, is

Kn =

√
4

n(n− 2)ω2/n
n

whereωn is the volume of the unitn-sphere. TakingA = Kn in the above inequal-
ity, we get what we refer to as the sharp Euclidean Sobolev inequality. Its extremal
functions are known. They are expressed as

uλ,a,µ(x) = µ
(
λ+ |x− a|2

)1−n
2

whereλ > 0, µ ∈ R, anda ∈ Rn are arbitrary. For compact manifolds, we
consider the Sobolev inequality

‖u‖22? ≤ A‖∇u‖22 +B‖u‖22 .

As is easily checked, any such constantA must satisfyA ≥ K2
n. Conversely, we

refer to Hebey-Vaugon [47, 48], it can be proved that there exists a positive constant
B such that for anyu ∈ H2

1 (M),

‖u‖22? ≤ K2
n‖∇u‖22 +B‖u‖22 .

More developments on Sobolev spaces, Sobolev inequalities, and the notion of best
constants are in Druet-Hebey [29] and Hebey [44].

Let (M, g) be a smooth compact Riemannian manifold. The equations we will
be interested in are basically of the form

∆gu+ au = f

wherea, f are given functions onM . A functionu ∈ H2
1 (M) is said to be a weak

solution of this equation if, for allϕ ∈ H2
1 (M),∫

M

〈∇u,∇ϕ〉gdvg +
∫

M

a(x)uϕdvg =
∫

M

f(x)ϕdvg .

Regularity results for this equation do hold. They are similar to the more traditional
ones expressed in the Euclidean context (regularity is a local notion, so this is not
very surprising). The regularity result we will mostly use is the following: ifa is
smooth, andf ∈ Hp

k (M) for somek ∈ N andp > 1, then a weak solutionu to
the above equation is inHp

k+2(M). In particular, it follows from this result and the
Sobolev embedding theorem, that whenf is smoothu is also smooth. Needless to
say, the “bible” for such topics is the exhaustive Gilbarg-Trudinger [37]. A simpler,
but very nice reference is the lecture notes [41] by Han and Lin.

In parallel with regularity, the very useful maximum principles hold for the
Laplacian on Riemannian manifolds. A currently used form is as follows: if a
nonnegativeu ∈ C2(M) is such that, for anyx ∈M ,

∆gu(x) ≥ u(x)f(x, u(x))

for some continuous functionsf : M × R → R, then eitheru is everywhere
positive, oru is the zero function. This easily follows from the Hopf maximum
principle, as usually stated.
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In order to end this section, we give a basic example of a possible use of the
above results. We discuss here the existence (and uniqueness) of a solutionu to the
Laplace equation

∆gu = f

on a compact Riemannian manifold(M, g). Although not necessary, we assume
here for convenience thatf : M → R is smooth. Integrating the Laplace equation,
one sees that a necessary condition for the existence of a solution is that∫

M

fdvg = 0 .

The elementary result we wish to briefly discuss here is that the Laplace equation
possesses a smooth solution if and only if

∫
M
fdvg = 0. Moreover, the solution is

unique, up to the addition of a constant. In order to prove this claim, we proceed as
follows. As already mentioned, the condition thatf is of null average is a necessary
condition. We prove now that it is also a sufficient condition. Let

H =
{
u ∈ H2

1 (M) s.t.
∫

M

udvg = 0 and
∫

M

fudvg = 1
}

and

µ = inf
u∈H

∫
M

|∇u|2dvg .

Clearly,H 6= ∅. Consider a minimizing sequence(ui) ∈ H for µ so thatui ∈ H
for all i, and

lim
i→+∞

∫
M

|∇ui|2dvg = µ .

By the Poincaŕe inequality we discussed above, there existsA > 0 such that, if
u ∈ H2

1 (M) is of null average, then∫
M

u2dvg ≤ A

∫
M

|∇u|2dvg .

It easily follows that theui’s are bounded inH2
1 (M). SinceH2

1 (M) is a reflexive
space, and the embeddingH2

1 (M) ⊂ L2(M) is compact by the Rellich-Kondrakov
theorem (even whenn = 2, noting thatH2

1 ⊂ Hq
1 for q < 2), there exists a function

u ∈ H2
1 (M) and a subsequence(ui) of (ui), such that

(1) (ui) converges weakly tou in H2
1 (M) and

(2) (ui) converges tou in L2(M).
By (2), u ∈ H. By (1), and a basic property of the weak limit (the norm of a weak
limit is less than or equal to the infimum limit of the norms of the sequence), we
get that ∫

M

|∇u|2dvg ≤ µ .

Hence, ∫
M

|∇u|2dvg = µ
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andµ is attained. By a well-known theorem of Lagrange, this gives the existence
of two constantsα andβ, the Lagrange multipliers, such that, for allϕ ∈ H2

1 (M),∫
M

〈∇u,∇ϕ〉gdvg = α

∫
M

ϕdvg + β

∫
M

fϕdvg .

Takingϕ = 1, one gets thatα = 0. Takingϕ = u, one gets thatβ = µ. Hence,
u is a weak solution of the Laplace equation. By standard regularity results,u is
smooth. The functionµ−1u is then the solution we were looking for. The proof
of uniqueness is then very simple. Ifu and v are two solutions of the Laplace
equation, then∆g(v − u) = 0. Multiplying this relation byv − u and integrating
overM gives that ∫

M

|∇(v − u)|2dvg = 0 .

Hence,v − u is constant, and this ends the proof of the above claim. As is easily
checked, everything in this proof comes from the compactness of the embedding
H2

1 ⊂ L2. The equations that we discuss below involve critical (noncompact)
Sobolev embeddings.




