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7
Dynamic Information Aggregation

In chapters 1–5 we considered static models. However, information revelation
has important dynamic implications as we saw in chapter 6 when considering
social learning. In chapter 6 we considered models of pure informational exter
nalities. A ﬁrst issue is whether the results obtained are robust when consid
ering models with payoﬀ externalities, as most market models. A second issue
to explore is whether there is dynamic information aggregation when in a cor
responding static market there would not be. We saw in chapter 1 that simple
market mechanisms, like Cournot, need not aggregate information. However,
repeated market interaction may make the economy settle in a full- (or shared-)
information equilibrium. In this case we may be interested in knowing how fast
this convergence occurs and how learning and equilibrium behavior interact.
This chapter studies these issues in the context of dynamic markets which
are repeated interaction extensions of the basic Cournot static model with a
continuum of ﬁrms of chapter 1. Section 7.1 introduces the topic by putting
the problems and literature in perspective. Section 7.2 presents a basic model
with demand uncertainty and uninformed ﬁrms. Section 7.3 explores market
dynamics with asymmetric information. Section 7.4 considers a variation of
the model with cost uncertainty that displays slow learning and convergence
to full-information equilibria. It provides an important link with social learning
models as developed in chapter 6. Many proofs, given their technical nature,
are gathered in the appendix to the chapter.

7.1

Rational Expectations, Full-Information Equilibria, and Learning

Simple (static) market mechanisms, like Cournot, need not aggregate informa
tion (chapter 1). Fully revealing rational expectations equilibria (FRREE) repli
cate the outcome of a competitive economy with (shared) full information (chap
ter 3). In the latter case the question is how agents form rational expectations.
In some situations there is a game (typically in complex strategies like demand
or supply functions) that implements the FRREE. More often, the FRREE is not
implementable.
The issue then is whether FRREE are dynamically implementable with simple
market mechanisms or how to attain a full-information equilibrium (FIE) with
competitive dynamics. Repeated interaction in the market place provides an

7.1. Rational Expectations, Full-Information Equilibria, and Learning

249

answer to both the lack of information aggregation with simple market mecha
nisms and the formation of (fully revealing) rational expectations. Agents pro
cess repeated observations of public market data and learn about the relevant
uncertainty (adjusting their beliefs in response to observations).
The study of convergence to a full-information equilibrium with repeated
interaction is important since it provides a foundation to competitive equilib
ria under private information. Indeed, the competitive model with full infor
mation will be approximately right even in private-information environments
if repeated interaction in the market place resolves the uncertainty.
We consider in turn the following issues: The distinction between learning
about an equilibrium, or how to form equilibrium expectations, and learning
within an equilibrium, where expectations are equilibrium expectations always;
the distinction between learning about an unknown parameter and convergence
to a full-information equilibrium; and ﬁnally the characterization of the speed
of learning and the rate of convergence to a full-information equilibrium.
7.1.1

Learning in Equilibrium and Learning about an Equilibrium

A distinction has to be made between learning within an (or in) equilibrium
and learning about an equilibrium; in other words, between learning in rational
expectations and learning about rational expectations. Furthermore, the learn
ing procedure can be Bayesian or of another type. When learning in equilibrium,
agents make the most eﬃcient use of their information and therefore the pro
cedure must be Bayesian. Expectations are “correct” all along, in the sense that
they are based in a consistent and correct model of the economy, and the impor
tant issue is the revelation of information through time. When learning about
an equilibrium the issue at stake is how agents come to have the beliefs asso
ciated with the equilibrium when at the start initial beliefs do not correspond
to what the model predicts will occur. In this case agents may learn about an
equilibrium in a Bayesian way or using other methods like least squares, for
example.
To ﬁx ideas consider an economy with an unknown parameter θ and agents
with private information about θ. If the joint information reveals θ, then the
shared-information equilibrium (SIE) is just the full-information equilibrium
(FIE). In models of learning in rational expectations, agents have a correctly spec
iﬁed model of the economy and of the learning process, update their beliefs,
and take actions accordingly. The issue studied is then information revelation
(learning about θ) through prices and convergence to an SIE or an FIE. This
limit equilibrium is sometimes called the (stationary) REE although expecta
tions are rational all along. In order to prevent any misunderstanding the limit
equilibrium will be refereed to as SIE or FIE.
Equilibrium learning tends to yield at least convergence of beliefs in the
presence of i.i.d. shocks. Bayesian posterior beliefs converge with probabil
ity 1 (this follows from the martingale convergence theorem because poste
rior beliefs have the martingale property and are bounded). Convergence to
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the truth obtains under some regularity conditions as we will see below. (See
section 10.3.3 for more details.) In economic models with equilibrium learning
this fact is then used to show that the unknown parameter (or agents’ types) are
learned and that convergence to a limit equilibrium also obtains (see Townsend
1978; Frydman 1982; Blume and Easley 1984, 1998; Feldman 1987; Bray and
Kreps 1988). However, “learning” does not imply that “prediction” is possible.
That is, that the prediction of the future path of the process given its history
up to date t converges to the correct conditional distribution as t grows. This
is what matters for convergence to a limit equilibrium in a dynamic model. A
distinction must therefore be made between learning the unknown parameter,
or the types of the other agents, and the sequence of equilibria converging to a
limit equilibrium (SIE or FIE). Blume and Easley (1998) point out that the learn
ing of types is not suﬃcient to yield convergence to a limit equilibrium but they
do not provide an example in an economic setting. We will study in sections 7.2
and 7.3 the relationship between learning θ and converging to an FIE in the
context of equilibrium learning. We will see that learning θ is neither necessary
nor suﬃcient to converge to an FIE.
In models of learning about a rational expectations equilibrium, agents main
tain incorrect hypotheses in the face of the evolution of the economy and either
are Bayesians or use “reasonable” behavioral updating procedures, like adaptive
rules or least squares estimation, for example. It has been found that in this case
convergence to REE is not guaranteed although positive results are available by
assuming a certain degree of coordination of the forecasting strategies of agents
(Blume and Easley 1982; Bray 1982; Frydman 1982; Jordan 1985; Bray and Savin
1986; Fourgeaud et al. 1986; Marcet and Sargent 1988, 1989; Woodford 1990;
Evans and Honkapohja 2001). In Brock and Hommes (1997) global complicated
dynamics arise in a model where agents adapt their beliefs by choosing among
a limited set of predictors. What if agents who use behavioral rules and sim
ple heuristics to form beliefs coexist with Bayesian agents in the market? A
traditional argument has been that agents that do not predict as accurately as
others will be driven out of the market (Alchian 1950; Friedman 1953). The
reason is that the behavioral agents will end up losing money and dissipating
their wealth. Several authors have questioned this idea pointing out that agents
maximize expected utility and not wealth accumulation, and the result may be
that agents with incorrect beliefs drive agents with correct beliefs out of the
market (see, for example, De Long et al. (1989, 1990) for behavioral traders and
Kyle and Wang (1997) and Hirshleifer and Luo (2001) for the eﬀects of over
conﬁdence). However, Sandroni (2000) has shown that this cannot happen in a
dynamic general equilibrium model. The basic intuition is that agents allocate
more wealth to events they think are more likely to occur and only agents with
correct beliefs end up on average being right. Sandroni (2005) goes further and
compares Bayesian with behavioral belief-updating agents in an environment
where agents try to learn the structure of the economy. The economy is given by
a standard dynamic asset pricing model (a Lucas tree (Lucas 1978)). In the end
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prices reﬂect the empirical models used by agents with predictive properties
conducive to wealth accumulation. Sandroni distinguishes between a structure
of the economy which is learnable from another which is not. If the structure
is learnable (e.g., when the relevant data set is unlimited), then only Bayesian
agents or agents who forecast very closely to them survive (the intuition is as
before: only agents with Bayesian prediction end up allocating wealth to events
that actually occur). If the structure is not learnable (e.g., when there are recur
rent regime switches which make past data obsolete), Sandroni ﬁnds in fact
that only Bayesian agents survive (that is, Bayesian agents drive other agents
out of the market according to the probability distribution generated by the
data). The conclusion is that asset prices are determined under the Bayesian
paradigm even in the presence of non-Bayesian agents.
In the Bayesian setting agents have priors over possible sequences of market
prices and update at each date. If the prior does not coincide with the objective
distribution on price sequences generated by the behavior of agents, then there
is learning about REE. In general, a crucial element to obtain convergence to a
limit equilibrium with correct beliefs with respect to the underlying true econ
omy is the a priori assumed coordination of expectations of agents. Indeed,
Bayesian learning does not have a lot of content per se, all depends on the
assumptions about the priors of the agents. Convergence to the truth requires
that prior beliefs be consistent with the true model. A Bayesian agent will never
learn the truth if he puts zero weight on the true value of the parameter or
model to start with. In a Bayesian statistical setting a suﬃcient condition for
conditional beliefs about the future given the past to converge to correct condi
tional beliefs is that the true process given any parameter be absolutely contin
uous with respect to the prior predicted distribution on observations (sample
paths). This condition basically means that if the prior assigns probability zero
to an event, then the true model must also assign probability zero to the event
(see Blackwell and Dubins 1962; Blume and Easley 1998). The condition is very
strong since it requires a countable parameter space. It is at the base, for exam
ple, of the convergence results to Nash equilibrium in games of Kalai and Lehrer
(1993) and Nyarko (1997, 1998). Agents need not have the correct model but
their priors (on the entire space of paths) need to have a “grain of truth” (the
absolute continuity condition) for convergence to Nash equilibrium behavior to
obtain.1 Nyarko (1997) analyzes the model of Townsend (1978) and Feldman
(1987), with which we deal in section 7.3, when players form a Bayesian hier
archy of beliefs about the behavior of other players and concludes that, apart
from the mutual absolute continuity condition on the beliefs of the players, a
contraction property of the best response maps is needed to obtain convergence
to the Nash equilibrium of the model corresponding to the true fundamentals.
There is still another approach to building foundations for an REE which is
sometimes called “eductive stability.” For an equilibrium to be eductively stable
it must be the outcome only of the rationality of agents and common knowledge
1 See

also the discussion at the end of section 10.3.3.
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about payoﬀs. That is, the equilibrium itself need not be common knowledge.
This is an insight provided by the rationalizability literature in games (see sec
tion 10.4.1). The question then is how the agents coordinate expectations in
the equilibrium. Eductive stability basically means that the equilibrium must
be the outcome of the iterated elimination of dominated strategies. If this pro
cess has a unique outcome, the game is then called dominance solvable (see
section 10.4.1). This approach builds on introspection, equilibrium expecta
tions being pinned down in a thought process in the minds of agents in virtual
time. Not all REE are eductively stable. Indeed, a contraction condition on bestreply maps is also typically needed to show dominance solvability or eductive
stability. (See Guesnerie (2006) for a collection of papers on the issue and sec
tion 8.4.2 for an example of a coordination game where conditions are found
for the game to be dominance solvable.)
7.1.2

Speed of Learning and Rate of Convergence to Limit Equilibria

Taking for granted that a learning process converges to a limit (fully revealing/
shared-information) equilibrium it is of the utmost importance to know how
fast and what factors aﬀect the speed of convergence. It is not of much use
for practical purposes to show convergence if it is not known whether this
will happen quickly or take a long time, when the underlying conditions of the
economy will have changed and the parameters learned may well be irrelevant
by then. In this sense “slow” convergence may mean in practice no convergence.
We would also like to know how structural market conditions—like the nature of
uncertainty and its relation to market observables (namely, prices), the potential
persistence of shocks (autocorrelation), the degree of asymmetric information,
and the precision of private signals—aﬀect the speed of convergence and in
what direction.
A relevant distinction is whether the situation is one of “learning from oth
ers,” as in chapter 6, or whether the relevant uncertainty impacts directly the
public statistics that agents observe. The ﬁrst situation may arise, for exam
ple, with cost uncertainty while the second with demand uncertainty. We have
already seen in chapter 6 a robust result of slow learning from others. A ques
tion is how the robust result of slow learning from others may be modiﬁed in
a market environment with payoﬀ externalities.
It is also worth exploring the role of persistence of shocks since it may be
presumed that some forms of autocorrelation may slow the speed of learning.
This is the case for the generalized least squares (GLS) estimator, for example,
in classical econometric analysis when disturbances are positively autocorre
lated according to a stationary AR(1) process. Obviously, even in the context
of a linear model where GLS is optimal, a dynamic market will have feedback
eﬀects which may drive us away from the classical analysis and results. Will
the presence of autocorrelation impair the capacity of agents to “learn” θ and
predict market prices, and to agree on price estimates so that a (fully revealing
or shared-information) equilibrium obtains?

7.2. Learning and Convergence to an FIE with Uninformed Firms

253

Rate-of-convergence results are usually diﬃcult to obtain. Work by Jordan
(1992a) on a class of Bayesian myopic learning processes (without noise) estab
lishes an exponential rate of convergence to Nash equilibria for ﬁnite normal
form games. In models of learning about an equilibrium partial results, rely
ing sometimes on simulations, have been obtained by Bray and Savin (1986),
Fourgeaud et al. (1986), Jordan (1992b), and Marcet and Sargent (1992). We will
provide in the rest of the chapter results on the speed of learning and rate of
convergence to FIE in diﬀerent scenarios in the context of equilibrium learning.
In this chapter, as in the rest of the book, we will concentrate attention on
equilibrium learning. We start by considering the case where θ is the unknown
demand intercept in a Cournot market similar to the one presented in chap
ter 1. Section 7.2 deals with learning and convergence to FIE when ﬁrms are
uninformed and section 7.3 when there is asymmetric information about θ.
Both sections are based on Jun and Vives (1996). Section 7.4 will consider the
implications of uncertainty about costs and is based on Vives (1993). In all cases
the speed of learning and the rate of convergence to full-information equilibria
are characterized.2

7.2

Learning and Convergence to a Full-Information Equilibrium
with Uninformed Firms

We consider here the classical linear partial equilibrium model ﬁrst stud
ied by Muth (1961) in his seminal work about rational expectations. This is
an inﬁnitely repeated version of the continuum-of-ﬁrms Cournot model of
chapter 1 with a random demand intercept subject to potentially persistent
shocks and uninformed ﬁrms. Asymmetric information is introduced in the
next section.
Consider an inﬁnite-horizon market, t = 1, 2, . . . , with a continuum of ﬁrms,
indexed by i ∈ [0, 1], endowed with the Lebesgue measure, and producing a
homogeneous product. Firms are risk neutral and have identical quadratic cost
1
functions: C(xi ) = 2 λxi2 , with λ > 0. The inverse demand for the product in
period t is random and is given by
pt = θ + ut − βxt ,
where θ is the unknown intercept of demand, ut is a period-speciﬁc
shock,
1
β > 0, and xt is the average (per capita) supply in period t, xt = 0 xit di.
The temporary shocks {ut }∞
t=1 are potentially persistent and generated by
3
an AR(1) process: ut = ςut−1 + ηt , with {ηt }∞
t=1 a white noise normal process.
When ς = 1 the process is a random walk. We do not impose stationarity of
2 See Bisin et al. (2006) for the study of rational expectations equilibria in dynamic economies
with local interactions (in such environments the interaction capacity of an individual depends
on his position on the established network of relationships).
3 Subject to the initial condition u = 0 for t � 0. The results that we will derive hold for a
t
general AR(∞) process (Jun and Vives 1996).
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any sort. When |ς| < 1 the AR(1) process is asymptotically independent and
asymptotically stationary (but not stationary). Whenever the stochastic process
{ut } is asymptotically stationary the initial conditions will not aﬀect the asymp
totic results in our model. When |ς| � 1, the process is neither asymptotically
stationary nor asymptotically independent.4
Firms are uninformed about θ but have a common prior which is normally dis
¯ σ 2 ). The distributional assumptions, including the param
tributed: θ ∼ N(θ,
θ
eters of the distributions, as well as the parameters λ and β, are common
knowledge among the agents in the economy.
Firms set output levels in every period to maximize expected discounted
proﬁts by taking into account the information that past prices carry about θ.
Given the structure of the economy, the market equilibrium is just a competitive
equilibrium and myopic behavior is optimal. Firms have no scope for collusion
because they are negligible and only prices are observable. Discounting has no
inﬂuence on the equilibrium. If ﬁrms were to maximize the long-run average
of proﬁts, then whatever would happen in a ﬁnite number of periods would be
irrelevant. Proﬁt maximization leads any ﬁrm in period t to choose the output
level according to
xt = λ−1 E[pt | It ],
where It = {p t−1 }, p t−1 = {p1 , . . . , pt−1 }, is the information the ﬁrm has in
period t (past prices).
Given that ﬁrms have common expectations, and consequently all ﬁrms pro
duce the same output xt , the information content of the price pt is equivalent
to pt + βxt = θ + ut . Let zt = θ + ut . The problem of a ﬁrm in period t is to
predict the market price pt = θ + ut − βxt , or zt = θ + ut , with the information
zt−1 , zt−1 = {z1 , . . . , zt−1 }. The equilibrium output
xt = (λ + β)−1 E[zt | zt−1 ]
follows from the proﬁt maximization condition xt = λ−1 E[pt | It ].
Denote by θt the public belief or expectation of θ conditional on public
information. That is, θt = E[θ | zt ]. Given normality, the random variable
θt is a suﬃcient statistic of the information in prices about the unknown θ.
Let ∆zt = zt − ςzt−1 with z0 = 0 for t � 1. The random variable ∆zt equals
(1 − ς)θ + ηt and represents the new information about θ in the current price
pt . It is then clear that θt = E[θ | zt ] = E[θ | ∆zt ], where ∆zt = {∆z1 , . . . , ∆zt }.
Given that zt = ∆zt + ςzt−1 it follows that
xt = (λ + β)−1 E[zt | zt−1 ] = (λ + β)−1 ((1 − ς)θt−1 + ςzt−1 ).
The equilibrium is unique.5
4 In our context we say that the process {u

t } is asymptotically independent if cov[ut , ut+h ] → 0
as h → ∞. The process is asymptotically stationary if cov[ut , ut+h ] does not depend on t in the
limit as t → ∞ (see Spanos 1986, chapter 8, p. 153). Under our assumptions, cov[ut , ut+h ] = tση2
if |ς| = 1, and cov[ut , ut+h ] = ση2 ς h (1 − ς 2t )/(1 − ς 2 ) otherwise, h � 0.
5 It is worth noting that if agents are risk averse in the Muth model we may have potential nonex
istence, unique or multiple linear equilibria (see McCaﬀerty and Driskill 1980). In section 9.1.3.1
we consider a related model with risk-averse agents where there may be three linear equilibria.
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If ﬁrms were to know θ, then in period t they would have access to past
demand disturbances ut−1 because they observe past prices p t−1 , or equiva
lently zt−1 with zt = θ + ut . Furthermore, E[zt | θ, ut−1 ] = θ + E[ut | ut−1 ] =
θ + ςut−1 . It follows that the full-information equilibrium output (denoted by
“f”) is
xtf = (λ + β)−1 (θ + ςut−1 ).
When ς = 0 the FIE can be thought of as the REE of a static market. Indeed, in
the market with inverse demand p = θ − βx, with θ random, the competitive
equilibrium x f = (λ + β)−1 θ and p f = (λ + β)−1 λθ is an FRREE which is imple
mentable in supply functions (just the competitive supplies, X(p) = p/λ, see
chapter 3).
The diﬀerence of the FIE with the market equilibrium output xt (noting that
zt−1 = θ + ut−1 ) is easily seen to be
xt − xtf = (λ + β)−1 (1 − ς)(θt−1 − θ) for t � 2.
We want to examine the asymptotic behavior of xt − xtf , that is, convergence
of the market equilibrium to the FIE, and of θt − θ or the diﬀerence between
public information θt about the unknown parameter θ and the true value of θ,
that is, learning by ﬁrms about the unknown θ.
We will see that although it may diﬃcult, or impossible, to estimate the only
unknown parameter θ in the economy, yet convergence to an FIE obtains. Learn
ing θ and convergence to an FIE are thus not equivalent in the presence of
persistent shocks.
Before stating our convergence results (the ﬁrst in proposition 7.1) we will
recall again some measures of speed of convergence. We will say that the se
quence (of real numbers) {bt } is of the order t υ , with υ a real number, whenl
ever t −υ bt −→
t k for some nonzero constant k. Denote by −→ convergence in
law (distribution). We say that the sequence of random variables {xt } con
verges to x at the rate t −κ , for κ > 0, if xt −→
t x (a.s. or in mean square) and
t κ (xt − x) −l→ N(0, AV) for some positive constant AV. The asymptotic variance
AV represents a reﬁned measure of speed for a given convergence rate. A lower
AV means faster convergence.6
Proposition 7.1 (Jun and Vives 1996).
√
(i) If ς �= 1, then θt converges to θ (a.s. and in mean square) at the rate 1/ t
√
with asymptotic variance ση2 /(1 − ς)2 , and xt − xtf → 0 at the rate 1/ t
with asymptotic variance ση2 /(λ + β)2 .
(ii) If ς = 1, except for the ﬁrst period, no information about θ can be inferred
from prices (with the precision of θt constant at τθ + τη ) but the market
equilibrium coincides with the FIE (xt − xtf = 0 for t � 2).
6 See

sections 10.3.1 and 10.3.2 for a fuller development of the deﬁnitions and relationships
between convergence concepts.
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Proof. (i) Let ∆zt = zt − ςzt−1 for t � 1 as before. Then ∆zt = (1 − ς)θ + ηt
and θt = E[θ | zt ] = E[θ | ∆zt ], where ∆zt = {∆z1 , . . . , ∆zt }. It follows from
normal theory (see section 10.2.1) that E[θ | ∆zt ] = (τθ θ̄ + τη z1 + τη (1 −
t
ς) k=2 ∆zk )/τt , where τt = τθ + τη (1 + (1 − ς)2 (t − 1)) is the informativeness
(precision) of the public statistic θt in the estimation of θ (τt = (var[θ | θt ])−1 ).
The public precision τt is of the order of t since ς �= 1 and consequently tends
to ∞ with t. It follows that θt → θ (a.s. and in mean square). Furthermore,
√
t(θt − θ) −l→ N(0, ση2 /(1 − ς)2 ) because var[θ − θt ] = var[θ | θt ] = τt−1 and
−1
t τt → τη (1 − ς)2 = (ση2 /(1 − ς)2 )−1 . (This also shows that θt → θ in mean
square.) The result for xt − xtf follows from xt − xtf = (λ + β)−1 (1 − ς)(θt−1 − θ)
for t � 2.
(ii) When ς = 1, ∆zt = ηt for t � 2 and prices contain no information about θ.
For t = 1, ∆z1 = θ + η1 and τ1 = τθ + τη . Furthermore, for t � 2, xt − xtf =
(λ + β)−1 (1 − ς)(θt−1 − θ) = 0 when ς = 1.
Learning θ and converging to an FIE are diﬀerent phenomena. While learning
θ may be very slow (because ς is close to 1, or even impossible if ς = 1),
convergence to the FIE is unaﬀected. Indeed, the rate of convergence to the
FIE is independent of ς if ς �= 1. If ς = 1, then convergence is immediate.
This highlights in a very stark form the fact that learning θ is not necessary
for convergence to an FIE. It is worth noting that with i.i.d. shocks (ς = 0),
xt − xtf = (λ + β)−1 (θt−1 − θ), and learning θ is equivalent to converging to the
FIE.
When ς �= 1 the new information in pt about θ is ∆zt = (1−ς)θ+ηt and ﬁrms
face a classical ordinary least squares (OLS) estimation problem of θ. However,
the asymptotic variance of the public belief θt → ∞ as ς tends to 1. Indeed,
when ς = 1, θ cannot be estimated since prices give no information on θ (the
price innovation is pure noise, ∆zt = ηt for t � 2). Nevertheless, ﬁrms are not
interested in estimating θ but the market price pt , or, equivalently, the statistic
zt = θ + ut . When ς = 1, {zt } follows a martingale and the estimation of θ is
irrelevant to the prediction of zt : E[zt | zt−1 ] = zt−1 . Therefore, the market and
the FIE outcomes coincide. When ς �= 1, the market equilibrium will converge
to the FIE if (and only if) the expectations E[zt | zt−1 ] − E[zt | θ, ut−1 ] merge as
t grows. This will happen if ﬁrms learn θ. As ς approaches 1 it becomes more
and more diﬃcult to estimate θ (the asymptotic variance of θt − θ grows) but
it is also less and less important to do so to predict the current price (since
E[zt | zt−1 ] = (1 − ς)θt−1 + ςzt−1 ). This is why the asymptotic variance of
xt − xtf is independent of ς.
It is worth remarking that the asymptotic variance of xt − xtf increases with
ση2 and decreases with λ and β. We have that the smaller the slopes of marginal
cost or inverse demand, the larger the response of agents to public information
and the slower the convergence rate. This means that convergence in a market
with uniformly lower marginal costs (λ lower) or of larger size (β lower) will be
slower.
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In summary, we have characterized the speed of learning and convergence
to FIE in the classical Muth rational expectations model. Convergence to the
√
FIE happens fast (at the rate of 1/ t) independently of whether learning the
unknown parameter is slow or fast. We have seen in this model with unin
formed agents that learning the unknown parameter and converging to a fullinformation equilibrium are not equivalent. We will see in section 7.3 that pro
vided there is no positive mass of perfectly informed agents the results obtained
so far will go through. That is, private information will have no asymptotic eﬀect
in the limit although equilibrium behavior will have a real feedback in learning.
When there is a positive mass of perfectly informed agents, private information
will have an asymptotic eﬀect and results may change. In particular, learning
the unknown parameter θ may not be suﬃcient for convergence to the FIE to
obtain.

7.3

Market Dynamics with Asymmetric Information

Townsend (1978) and Feldman (1987) studied convergence to FIE in a classical
linear partial equilibrium model with asymmetric information and i.i.d. shocks
to demand. Their analysis is extended here to persistent shocks.7
We consider the same model as in section 7.2 but with ﬁrms asymmetrically
informed about θ. Firm i, i ∈ [0, 1], is endowed with a private signal about
θ, si = θ + εi , where εi is an error term. We assume that θ, {εi }, and {ηt }
are independently (across agents and across time) normally distributed ran
¯ σ 2 ). The precision
¯ σ 2 ), ηt ∼ N(0, σ 2 ), and εi ∼ N(θ,
dom variables: θ ∼ N(θ,
η
εi
θ
of the signals is given by a (measurable) function Tε : [0, 1] → R+ ∪ {∞}, where
Tε (i) = σε−i 2 (≡ τεi ) is the value of this function for i ∈ [0, 1]. Let µ � 0 be the
mass of agents with perfectly informative signals (that is, signals of inﬁnite
precision).
As in the previous chapters we adopt the “strong law of large numbers” con
vention about the average
of a continuum of independent
random variables. In
1
1
1
particular, we write 0 si di = 0 (θ + εi ) di = θ + 0 εi di = θ (a.s.) when signals
have uniformly bounded variances.8 If there is a positive mass of ﬁrms with sig
nals with precisions uniformly bounded away from zero, θ is revealed by form
ing an average of the signals of agents with precision bounded away from zero
and ignoring the signals of other agents. In this case the shared-information
equilibrium coincides with the full-information equilibrium.9 Firms know all
the parameters of the model, including the parameters of the distributions,
except for θ.
7 See Nyarko (1997) for an analysis of the model and the conditions for convergence to an FIE
to obtain when Bayesian ﬁrms are free to form beliefs about the behavior of others.
8 See section 10.3.1 for a justiﬁcation of the convention.
9 As before, when ς = 0 the FIE can be thought as the FRREE of a static market with inverse
demand p = θ − βx with θ random. This FRREE is implementable in supply functions with the
competitive supplies, X(p, si ) = p/λ for any si .
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The dynamic game is as in section 7.2 but now ﬁrms start with their private
estimates of the uncertain intercept of demand. With this information each
ﬁrm sets an output level, and a market-clearing price obtains. Upon observing
the ﬁrst-period price, ﬁrms set the period 2 output and so on. The equilibrium
of the market is just the (perfect) Bayesian equilibrium (PBE) of the dynamic
game.10 Given that agents are negligible and that the action of a single ﬁrm
does not aﬀect public information (the market price) the equilibrium has a very
simple structure. It just involves a sequence of one-shot Bayes–Nash equilib
ria with evolving information structures according to the reﬁnement of public
information.
Proﬁt maximization leads ﬁrm i in period t to choose the output level xit =
λ−1 E[pt | Iit ], where Iit = {si , p t−1 } is the information set of the ﬁrm. In order
to estimate the market price pt = θ + ut − βxt , a ﬁrm in period t needs to
estimate θ + ut and xt . Under private information a ﬁrm does not know the
average market output xt since it depends on the aggregate private information
received by all the ﬁrms (which in our model with a continuum of ﬁrms is θ).
It is possible to show, by following a standard procedure (detailed in the
appendix to this chapter, see proposition 7.6), that there is a unique linear
equilibrium in the dynamic game (in fact, the equilibrium is unique in the class
of strategies with bounded means and uniformly bounded variances across
ﬁrms; see exercise 7.3 for a closely related result). In equilibrium
pt = zt − βct θt−1 − β(λ + β)−1 ςzt−1 ,
with zt = ât θ + ut , ât = 1 − βat , where at (ct ) is the average responsive
ness of ﬁrms to private (public) information. The equilibrium parameters are
determined in a recursive way.
It is clear that p t is observationally equivalent to zt . Let ∆zt = zt − ςzt−1
and θt = E[θ | ∆zt ], where ∆zt = {∆z1 , . . . , ∆zt }. The random variable ∆zt
represents the new information about θ in the price pt . Its informativeness
depends on the coeﬃcient ∆ât = ât − ςât−1 . We have that ∆zt = ∆ât θ + ηt ,
where, by deﬁnition, z0 = 0 and â0 = 0.
The discrepancy between the FIE output xtf = (λ + β)−1 (θ + ςut−1 ) (see sec
tion 7.2) and the average output with private information xt = at θ + ct θt−1 +
(λ + β)−1 ςzt−1 is easily seen to be equal to the diﬀerence between the public
predictor of θt−1 and θ, weighted by the aggregate responsiveness of agents to
public information:
xt − xtf = ct (θt−1 − θ).
This diﬀerence corresponds
to the diﬀerence between average market expecta
1
tions about the price, 0 E[p
expectations E[pt |
 1t | Iit ] di, and full-information
f
f
f
t−1
It ], It = {θ, u }. Indeed, 0 E[pt | Iit ] di − E[pt | It ] = λ(xt − xtf ).
We now examine whether, and if so how fast, the market equilibrium with
private information converges to the FIE benchmark. We show that if there is
10 See

section 10.4.4 for a short introduction to PBE.
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no positive mass of perfectly informed ﬁrms (i.e., µ = 0), then the presence
of private information does not aﬀect the convergence results obtained with
uninformed ﬁrms (proposition 7.1(i) holds and (ii) also holds in a modiﬁed
way). Private information has no asymptotic eﬀect in the limit although equi
librium behavior will have a real feedback in learning. When µ > 0, private
information has an asymptotic eﬀect, although convergence results and rates
of convergence are not aﬀected if the process of the shocks is not too explosive
(|ς| < 1 + λ/βµ).
Proposition 7.2 states the result. We will say that the sequence of random
variables {yt } converges to 0 exponentially if there is a constant κ > 1 such
that κ t yt → 0 (a.s.).11 Obviously, this implies that yt → 0 a.s.
Proposition 7.2 (Jun and Vives 1996). Let |ς| < 1 + λ/βµ, then as t grows:
√
(i) If ς �= 1, θt converges to θ at the rate 1/ t with asymptotic variance
√
((1 − ς)−1 + βµλ−1 )2 ση2 , and xt − xtf → 0 at the rate 1/ t with asymptotic
variance (1 − µ)2 ση∗ /(λ + β)2 .
(ii) If ς = 1, θt − θ converges to a nondegenerate normal distribution with
precision no larger than τθ + τη , and xt − xtf → 0 exponentially.
Proof. See the appendix (section 7.6).
When µ = 0 and ς �= 1 private information does not matter asymptotically.
We then obtain the same results as with uninformed ﬁrms (for µ = 0, the upper
bound on |ς|, 1 + λ/βµ, is inﬁnite). With ς �= 1 prices end up revealing θ and
therefore the weight imperfectly informed ﬁrms put on their private informa
tion about θ, at , vanishes over time.12 Consequently, average output is eventu
ally known by the ﬁrms and need not be estimated. Therefore, asymptotically
(and approximately) to predict pt only θ + ut needs to be estimated, as in the
benchmark case with no private information.
As in section 7.2 the degree of serial correlation ς neither aﬀects the rate nor
the asymptotic variance of convergence to the FIE. Changes in autocorrelation
are asymptotically neutral since they produce two eﬀects that exactly oﬀset
each other. An increase in ς toward 1 makes the price statistic θt less informa
tive about θ but it also makes it (via an equilibrium mechanism) less important
for agents to estimate θ (and consequently ﬁrms put less weight on θt , a lower
ct , when choosing their production).
The asymptotic variance of θt −θ is increasing with µ and with β. It is decreas
ing with λ. The fact that uninformed agents ﬁnd prices less precise as an esti
mator of θ for larger µ may seem surprising. Nevertheless, perfectly informed
ﬁrms by reacting to their information make the price less sensitive to θ (and the
less sensitive to θ, the larger is β and the smaller is λ). The asymptotic variance
of xt − xtf decreases with µ. When µ approaches 1 the asymptotic variance of
the discrepancy between market output and the FIE tends to 0.
11 Note

that this implies that convergence is at least at an exponential rate.
µ = 0 or ς = 1, at → (1 − ς)µ/[λ + (1 − ς)βµ] = 0.

12 Whenever
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When ς = 1 with uninformed ﬁrms prices cannot reveal any information
about θ but xt − xtf = 0 after the second period. With private information,
prices reveal information over time (but less in the aggregate than in the ﬁrst
period with uninformed ﬁrms) and there is some discrepancy between xt and
xtf that vanishes fast. Now, for any µ � 0 the weight a ﬁrm puts on its private
information vanishes over time. When ς = 1 agents put less and less weight on
their private information (and on the price statistic) very fast. The consequence
is that the new information about θ in the current price, ∆zt = ∆ât θ + ηt , looks
like noise (since ∆ât → 0 very fast) and θ cannot be learned. Nevertheless, this
also implies (since ât → 1) that to predict the price in period t very quickly
ﬁrms need only predict θ + ut (that is, θ no longer matters in the estimation
of zt = ât θ + ut , only θ + ut ) and ﬁrms therefore rely on the new information
of the last-period price, zt−1 . Even though θ is not revealed by prices there is
consensus on price expectations given the information of ﬁrms. More precisely,
1
f
0 E[pt | Iit ] di − E[pt | Iit ] → 0 (a.s.) and xt − xt → 0 (a.s.) at an exponential
rate.
We now see that when the process of shocks is suﬃciently explosive, we then
have fast learning and no convergence to the FIE!
Proposition 7.3 (Jun and Vives 1996). If ς > 1 + λ/βµ, then as t → ∞:
(i) θt − θ tends exponentially to 0, and
(ii) xt − xtf tends to a nondegenerate normal random variable with variance
ση2 (λ + β)−2 (1 − µ)2 (ς̂ 2 − 1), where ς̂ = ς(1 + λ/βµ)−1 .
Proof. See the appendix (section 7.6).
When ς > 1 + λ/βµ prices reveal θ very fast (at an exponential rate) but the
uninformed ﬁrms’ reaction to the public information contained in prices (ct )
is so strong and increasing (also growing exponentially) that the discrepancy
with the FIE, ct (θt−1 − θ), does not disappear as t → ∞. Even though public
information reveals θ very fast, price expectations do not converge to the fullinformation level because the sensitivity of prices to public information is also
growing very fast.
The combination of µ > 0 with a suﬃciently explosive {ut } process yields the
nonconvergence outcome. Suppose for simplicity that a mass 1 − µ of agents
is uninformed. We have that ∆ât (and at , ct ) tend exponentially to −∞ and ât
tends exponentially to ∞. This explosive equilibrium is sustained as follows.
The price process depends more and more on θ since ât tends exponentially
to ∞ (and, in consequence, ∆ât tends exponentially to −∞). Informed ﬁrms put
an increasing negative weight on θ (at → −∞) since the prediction of the price
innovation zt depends more and more on θ: E[zt | θ, zt−1 ] = ∆ât θ+ςzt−1 . This
makes it more and more important for uninformed ﬁrms to predict θ in order
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to predict the market price and consequently they put an increasing negative
weight on public information θt : E[zt | zt−1 ] = ∆ât θt−1 + ςzt−1 .13
In summary, agents may not learn θ but converge to the FIE, and agents may
learn θ but not converge to the FIE. That is, learning the unknown parameter θ
is neither a necessary nor a suﬃcient condition for convergence to the FIE.
It must be pointed out that the phenomena mentioned above happen when
usual stability assumptions imposed on the AR process are violated (although,
as we have emphasized, the distinction between learning θ and converging to
the FIE remains under the stability assumptions). Indeed, when |ς| � 1 the
AR(1) process is not even asymptotically stationary and the variance of ut is
unbounded.14
The normality assumption implies in general that prices and quantities, as
well as θ, may take negative values. Nevertheless, choosing appropriately the
mean and variance of θ the probability of such events can be made small pro
vided |ς| < 1. A problem with the variance of {ut } exploding is that the same
happens with the variance of prices and quantities, and therefore prices and
quantities become negative with increasing probability as time grows. Never
theless it is possible to show, at least for the case µ = 0, that the results in this
section hold for an isoelastic-lognormal model in which prices and quantities
are always positive. (See exercise 7.2.)

7.4

Slow Learning and Convergence

Consider a variation of the model in section 7.3 with no autocorrelation in
demand (ς = 0) where ﬁrms know the mean demand parameter α,
pt = α + ut − βxt ,
but are uncertain about the intercept θ of their linear marginal cost function.
Firm i has costs15
2
C(xi ) = θxit + 12 λxit
.
As in section 7.3 ﬁrm i is endowed with a private signal si about the unknown
θ and the joint distribution of the random variables, and the values of the
¯ > 0 and λ > 0.
parameters β, α, and λ are common knowledge with α > θ
Consider the following scenario. Suppose that the ﬁrms’ output pollutes or
is toxic but that the level of toxicity or long-term pollution of a unit of output
produced is unknown (the product is a new chemical, for example). Let θ be
13 Now as t grows it does not become easier to predict the next-period price. The price pre
diction error, var[zt − E[zt | zt−1 ]] = (∆ât )2 var[θ − θt−1 ] + ση2 , is bounded away from the full
information irreducible error ση2 . Indeed, as t → ∞, var[zt − E[zt | zt−1 ]] → (1 + ς̂ 2 ) = ση2 .
This means that uninformed ﬁrms can never catch up with informed ﬁrms and predict prices as
accurately as them.
14 var[u ] grows linearly with t for |ς| = 1 and exponentially (at the rate ς 2t ) for |ς| > 1. When
t
|ς| < 1, then ση2 /(1 − ς 2 ) provides an upper bound for var[ut ].
15 The model is inspired by an example provided by McKelvey and Page (1986). This section is
based on Vives (1993).
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the assessed toxicity or pollution damage of a unit of output produced. Firms
have private assessments of θ and are allowed to produce but they will have
to pay the corresponding damages in proportion to total production once the
value of θ is realized. At each period there is an independent (small) probability
1 − δ > 0 that θ is realized (that is, that the tests on the toxicity of the product
are deﬁnitive). In this case the probability of θ not being realized in period t, δt ,
tends to 0 as t → ∞. When θ is realized the ﬁrm has to pay the damage of the
accumulated production. In any period a ﬁrm, given θ, expects a damage cost
per unit of production16 of exactly θ, and the ﬁrm maximizes the (expected)
discounted proﬁts with discount factor δ.
2
In period t ﬁrm i produces xit obtaining a net revenue pt xit − 12 λxit
. If θ is
t
realized after t periods of production, the ﬁrm has to pay θ( k=1 xik ). Proﬁts
of ﬁrm i corresponding to period t are
2
πit = (pt − θ)xit − 12 λxit
,
1
2
is observable in period t. Firm i
although only the net revenue pt xit − 2 λxit
tries to maximize the (expectation of the) discounted sum of period proﬁts
t
k
k=1 δ πik .
The model could also be restated in terms of competition among buyers of
an asset of unknown ex post return θ. Consider, for example, ﬁrms purchas
ing labor of unknown productivity θ because of technological uncertainty, and
facing a random inverse linear labor supply and adjustment costs in the labor
stock. Firm i would buy xit in period t. The monetary return to the ﬁnal labor
t
t
stock k=1 xik would then be θ( k=1 xik ). Buyer i would face a quadratic cost
2
of adjustment of his position in period t, xit , equal to 12 λxit
, λ > 0. Inverse sup
ply in period t would be given by pt = ut + βxt , with xt the average (per capita)
2
quantity demanded in period t. Buyer i would obtain beneﬁt θxit − 21 λxit
(with
1
2
proﬁts πit = (θ − pt )xit − 2 λxit ) from the quantity xit demanded in period
t.17
In the exposition we will keep the convention that agents are sellers. In order
to save on notation set β = 1.
Firm i in period t has to decide how much to produce by estimating the period
price pt on the basis of the information it has available: the private signal si
plus the (public) information contained in past prices p t−1 = {p1 , . . . , pt−1 }.
That is, in period t the information set of ﬁrm i is {si , p t−1 }. The distributional
assumptions are as in section 7.3. It is assumed that there is a positive measure
set of ﬁrms who receive signals of precision bounded away from zero.
It is worth remarking that the present model is one of learning from others.
That is, what agents can learn about θ is given by their joint information. This is
so because prices depend on θ only through the average market action. Indeed,
if agents were to receive perfectly correlated signals, then they would have
the same information and there would be nothing to learn. The assumption

is, (1 − δ + δ(1 − δ) + δ2 (1 − δ) + · · · )θ = (1 − δ)(1 − δ)−1 θ = θ.
section 9.1.2 for a ﬁnancial market example.

16 That
17 See
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of (conditionally) independent signals, plus the fact that a positive measure of
agents receive signals of precision bounded away from zero, together with our
convention on the “strong law of large numbers” for i.i.d. processes, ensures
that if agents were to share information they would obtain θ, and agents can
therefore, at least potentially, learn θ.
The perfect Bayesian equilibria of the dynamic game will be investigated.
As in section 7.3 the equilibria will necessarily involve a sequence of Bayesian
equilibria of the one-shot game. Otherwise, there would be a (positive measure)
subset of agents that at some stage could, individually, improve their expected
payoﬀs by reacting optimally to the average market action.
As in section 7.3 after t periods of trading with linear strategies the infor
mation contained in the price sequence {pt } will be summarized by a public
belief statistic θt = E[θ | zt ], where zt = {z1 , . . . , zt } and zt = at θ + ut , with at
the average responsiveness of ﬁrms to their private signals. As before the ran
dom variable zt represents the new information about θ in the price pt . Proﬁt
maximization leads ﬁrm i in period t to choose the output level
xit = λ−1 E[pt − θ | si , θt−1 ].
It can be shown that there is a unique linear equilibrium (again unique in
the class of strategies with bounded means and uniformly bounded variances
across ﬁrms). Proposition 7.7 in the appendix provides the characterization of
the equilibrium.
The strategy of a ﬁrm is a linear function of si and θt−1 and in equilibrium
pt = zt + ct θt−1 + αλ(λ + 1)−1 ,
where as before ct is the average responsiveness of ﬁrms to public information.
The parameters are determined in a recursive way.
t
The informativeness of prices τt = τθ + τu k=1 a2k always increases and
tends to ∞ and the price statistic θt eventually becomes fully revealing. Indeed,
the only possibility for τt to be bounded above is for at to converge to zero
(and fast) but this is self-contradictory: if τt does not tend to ∞, at will not tend
to zero since agents will keep putting some weight on their private informa
tion. Consequently, the average responsiveness to private information at will
(weakly) decrease with t. In fact, the average weight given to private information
1
in E[θ | si , θt−1 ], ξt−1 = 0 (τεi /(τεi + τt−1 )) di, converges to the proportion of
perfectly informed agents µ, and the average weight given to public information
−1
converges to 1 − µ. Since at = ξt−1 (λ + ξt−1 )−1 we have that at −→
.
t µ(λ + µ)
υ
If the informativeness of the price statistic θt , τt , is of the order t , deﬁne
the asymptotic precision as Aτ∞ = limt→∞ t −υ τt .
If there is a positive mass of perfectly informed agents µ > 0, then at will
be bounded away from zero, at → a∞ > 0, because these agents put constant
weight on their private perfect information since they have nothing to learn
from prices. The order of magnitude of τt depends on the information content
of current prices (the new information) for t large. This is given by the random
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variable zt = at θ + ut and asymptotically zt looks like a∞ θ + ut . This means
that the information content of zt is asymptotically constant and the order of
magnitude of τt is t, as in the standard linear regression model or i.i.d. noisy
observations of θ. For t large τt can be approximated by a linear function of
t with slope equal to Aτ∞ = τu (µ/(λ + µ))2 , τt ≈ τθ + Aτ∞ t. The asymptotic
precision of τt (the “slope” of convergence) is larger the larger is the propor
tion of perfectly informed agents µ and smaller the larger is the slope of the
adjustment cost λ.
If there is no positive mass of perfectly informed agents, µ = 0, then at → 0 as
the number of trading periods increases and prices become more informative,
and asymptotically the new information is pure noise: zt looks like ut for t
large. This will not preclude convergence but it will slow it down. This is so
since agents then put less and less weight on their private signal and more and
more on the price statistic, which becomes more informative and eventually
fully revealing. The consequence is that τt will tend to ∞ more slowly. Indeed,
agents, by reacting on average less to their private information, will incorporate
less of it in the current price, slowing down the convergence of the price statistic
to θ. This self-correcting property of learning from others has been explored in
section 6.3, where a heuristic explanation of the slow learning result was given.
When the average precision of private information in the market τε is ﬁnite,
the order of τt is t −1/3 . For t large τt is approximated by a strictly concave
function of t: τt ≈ Aτ∞ t 1/3 , where Aτ∞ = (3τu (τε /λ)2 )1/3 . The results follow
from the fact that at τt converges to τε /λ as t → ∞. The asymptotic precision
Aτ∞ is increasing with τu and with τε , and decreasing with the slope of the
adjustment cost λ. In all cases an increase in the adjustment cost λ decreases
the asymptotic precision Aτ∞ . An increase in λ has a direct eﬀect of restricting
the response of agents to information, for a given price precision, and a coun
tervailing indirect eﬀect of decreasing the price precision, inducing agents to
put more weight on their signals. The direct eﬀect dominates eventually and
the asymptotic price precision diminishes.
The following lemma summarizes the results thus far.
Lemma 7.1. In equilibrium, as t → ∞:
(i) τt → ∞, at → µ(λ + µ)−1 and ct → λ(1 − µ)(λ + µ)−1 (λ + 1)−1 .
(ii) The informativeness of the price statistic θt , τt , is of order t υ , and at is
1
of order t −κ , where 2κ + υ = 1, υ ∈ [ 3 , 1], κ � 0. Furthermore:
1
1
(iia) If τε ≡ 0 τεi di < ∞, then υ = 3 and Aτ∞ = (3τu (τε /λ)2 )1/3 .
(iib) Otherwise, if µ > 0, then υ = 1 and Aτ∞ = τu (µ/(λ + µ))2 ; if µ = 0,
1
then 1 > υ > 3 > κ > 0.
Proof. See the appendix (section 7.6).
This result generalizes the slow learning result of the prediction model of
section 6.3 to a market context. More precisely, the model is closely related to
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the model of learning from others with long-lived agents of section 6.3.3. The
diﬀerence is that here there is a payoﬀ externality and that we allow for agents
to receive signals of diﬀerent precisions. The payoﬀ externality does not change
the slow learning result and the diﬀerences in the precisions of the signals of
the agents do not change the result as long as the average precision τε is ﬁnite.
If it is inﬁnite but µ = 0, then the precision of public information τt still grows
more slowly than the benchmark rate of t but faster than t 1/3 . If there is a
positive mass of informed agents (µ > 0), then learning is at the benchmark
rate. (Exercise 7.4 states the results for the general prediction model.)
If agents were to know θ (i.e., µ = 1), the equilibrium action would be
x f = (α − θ)/(1 + λ) in any period. This corresponds to an FRREE of a static
market with inverse demand p = α − x. Note, however, that this FRREE is not
implementable in supply functions (see section 3.2).
Once the order of magnitude and asymptotic value of the precision of the
price statistic θt is known its asymptotic distribution follows immediately. The
following propositions establish the asymptotic results for learning θ and con
vergence to FIE. Learning follows from τt tending to ∞ with t. Convergence
to equilibrium then follows from lemma 7.1(i) and the fact that xt − x f =
ct (θt−1 − θ). The speed of learning and the rates of convergence follow from
lemma 7.1(iii) immediately.
Proposition 7.4 (learning (Vives 1993)). As t → ∞:
(i) The public belief θt converges (almost surely and in mean square) to θ.
√
(ii) If τε is ﬁnite, t 1/3 (θt − θ) −l→ N(0, (3τu (λ/τε )2 )−1/3 );
√
if µ > 0, t(θt − θ) −l→ N(0, (µ/(λ + µ))−2 τu−1 ); and
√
if µ = 0 and τε is inﬁnite, t υ (θt − θ) −l→ N(0, (Aτ∞ )−1 ),
1
for some υ ∈ ( 3 , 1) and appropriate positive constant Aτ∞ .
Proposition 7.5 (convergence to FIE (Vives 1993)). As t → ∞:
(i) xt − x f converges (almost surely and in mean square) to zero.
√
(ii) If τε is ﬁnite, t 1/3 (xt − x f ) −l→ N(0, (1 + λ)−2 (3τu (τε /λ)2 )−1/3 );
√
if µ > 0, t(xt − x f ) −l→ N(0, (λ/(λ + 1))2 τu−1 ); and
√
if µ = 0 and τε is inﬁnite, t υ (xt − x f ) −l→ N(0, (1 + λ)−2 (Aτ∞ )−1 ),
1
for some υ ∈ ( 3 , 1) and appropriate positive constant Aτ∞ .
Agents eventually learn the unknown parameter θ since the price statistic
θt is a (strongly) consistent estimator of θ. Nevertheless the speed of learning
depends crucially on the distribution of private information in the market. If a
positive mass of agents is perfectly informed, then convergence is at the stan
√
dard rate√1/ t. Otherwise, convergence is at a lower rate, reaching the lower
bound 1/ t 1/3 when the average precision of private information is ﬁnite.
The asymptotic variance (AV) of the departure from the FIE is larger the larger
the asymptotic variance of τt and the response of agents to public information.
If τε is ﬁnite, an increase in λ may increase or decrease AV according to whether
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λ is small or large. An increase in λ increases (Aτ∞ )−1 but decreases c∞ and the
overall eﬀect depends on the size of λ. If µ is positive, then AV always increases
in λ, and if all agents are perfectly informed, obviously, AV equals zero.

7.5

Summary

This chapter has introduced rational learning dynamics in versions of the static
Cournot market of chapter 1 with an unknown payoﬀ relevant parameter θ.
Each period ﬁrms face a demand with a period-speciﬁc shock, receive a private
signal about θ in period 0, and learn from past prices. The aim has been to
see how and when repeated interaction makes the economy settle in a fullinformation equilibrium (interpretable as a fully revealing rational expectations
equilibrium) and what determines the rate of convergence to this outcome. The
most important results are:
• When the unknown parameter aﬀects directly the public statistic (θ is a
parameter of the demand function):
◦ If period-speciﬁc shocks are stationary, then learning θ and conver
√
gence to the FIE happen at the same rate 1/ t, where t is the number
of periods.
◦ If period-speciﬁc shocks are nonstationary, then learning θ is neither
necessary nor suﬃcient for convergence to the FIE:
When shocks follow a random walk, θ is never fully learned but
convergence to the FIE obtains very fast (exponentially).
When the process of shocks is suﬃciently explosive learning is
very fast but there is no convergence.
• When the unknown parameter aﬀects indirectly the public statistic (θ is a
parameter of the cost function), the model is one of learning from others—
since ﬁrms, by observing prices, at most can hope to learn the pooled
information of all agents in the market—and shocks are i.i.d.:
◦ If there is no positive mass of agents perfectly informed,
√ learning θ
and converging to the FIE is slow, typically of order 1/ t 1/3 .
Thus we see that when agents learn in equilibrium, learning and convergence to
an FIE obtains under standard assumptions (i.e., stationary shocks) as the num
ber of market interactions increases. However, learning and convergence may
be very slow when learning is from others. The reason is that Bayesian learning
from others has a self-correcting property that does not preclude convergence
but slows it down in the presence of noisy observation. The slow learning result
generalizes the results obtained in the prediction model of section 6.3 to a gen
eral distribution of precisions of private signals and a market environment with
payoﬀ externalities.

7.6. Appendix
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Appendix
Proofs

Section 7.3
Derivation of the linear equilibrium. Posit the following form for the candidate
equilibrium price function: pt = zt +L(p t−1 ), with L a linear function. It follows
that in a linear equilibrium p t is observationally equivalent to zt . Firm i in
period t is interested in predicting the current price pt with the information
Iit = {si , p t−1 }. In equilibrium pt = zt − βct θt−1 − β(λ + β)−1 ςzt−1 , with zt =
ât θ + ut , ât = 1 − βat , where at (ct ) is the average responsiveness of ﬁrms to
private (public) information. The best predictor of the current price is E[pt |
Iit ]. This is equivalent to predicting zt with the information {si , zt−1 }: E[zt |
si , zt−1 ]. Firm i is Bayesian and will compute E[zt | si , zt−1 ] with its knowledge
of the structure of the model and the (equilibrium) knowledge of the coeﬃcients
ât . In general, to predict zt (compute E[zt | Iit ]) it will be necessary to predict
θ (compute E[θ | Iit ]).
Recall the deﬁnitions: ∆zt = zt − ςzt−1 and ∆ât = ât − ςât−1 . Then ∆zt =
∆ât θ + ηt (where, by deﬁnition, z0 = 0 and â0 = 0) and θt = E[θ | ∆zt ]. Also let
θ0 ≡ θ̄ and τ0 ≡ τθ . Bayesian prediction of zt = ∆zt + ςzt−1 with information
{si , zt−1 } follows from normal theory:
E[zt | si , zt−1 ] = ∆ât E[θ | si , ∆zt−1 ] + ςzt−1 ,
E[θ | si , ∆zt−1 ] = ξit−1 si + (1 − ξit−1 )θt−1 ,
t

where ξit = τεi /(τεi + τt ) and τt = τθ + τη k=1 (∆âk )2 . The estimator of θ is a
convex combination of private and public information with weights according
to their relative precisions. In order to predict zt the estimation of θ matters
provided ∆ât does not equal 0. The coeﬃcient ∆ât = 0 (for t � 2) when ς = 1
and ât = ât−1 . That is, in order to predict zt the estimation of θ does not matter
when the AR process follows a random walk and the sensitivity of the price to
θ is stationary.
Because the triple (si , θt−1 , zt−1 ) is suﬃcient in the estimation of zt , we may
restrict our attention to strategies of the type Xit (si , θt−1 , zt−1 ). As usual we
use notation in such a way that a parameter with subscript “i” represents the
individual
coeﬃcient of the corresponding aggregate coeﬃcient, for example,
1
a
di
=
at . The following proposition provides a characterization of linear
it
0
equilibria.
Proposition 7.6 (Jun and Vives 1996). There is a unique equilibrium in which
the price in period t is a linear function of θ, ut , θt−1 , and zt−1 :
pt = ât θ + ut − βct θt−1 − β(λ + β)−1 ςzt−1 ,
with ât = 1 − βat , ct = (λ + β)−1 ∆ât (1 − ξt−1 ), and the coeﬃcients at are
recursively deﬁned at = (λ + βξt−1 )−1 ξt−1 (1 − ς(1 − βat−1 )), with a1 = (λ +
βξ0 )−1 ξ0 .
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Corollary 7.1. Firms’ strategies are given by
Xit (si , θt−1 , zt−1 ) = ait si + cit θt−1 + (λ + β)−1 ςzt−1 ,
with ait = λ−1 ∆ât ξit−1 and cit = λ−1 ∆ât [(1 − ξit−1 ) − β(λ + β)−1 (1 − ξt−1 )].
Outline of the proof. Consider period t. Posit a linear price function as in the
proposition. Proﬁt maximization leads each ﬁrm to choose the output level
according to xit = λ−1 E[pt | Iit ], where Iit = {si , p t−1 }, or, equivalently,
Iit = {si , θt−1 , zt−1 }. Aggregate output can then be obtained by integrating
the individual outputs. We now have a price function and aggregate output
expressed in terms of the parameters that we want to determine. By substi
tuting these expressions into both sides of the inverse demand and identifying
coeﬃcients, we can solve (uniquely) for these parameters. Individual and aggre
gate outputs follow. Firms are maximizing proﬁt and the market clears at the
expected price level. The linear structure preserves normality of distributions.
Proofs of propositions 7.2 and 7.3. Convergence of the market equilibrium xt
to the FIE xtf depends on the asymptotic behavior of the parameter ct and the
price statistic θt . The information contained in θt is determined by the sequence
t
{∆ât }. The precision incorporated in θt is given by τt = τθ + τη k=1 (∆ak )2 .
The asymptotic behavior of ct also depends on the properties of {∆ât } since
ct = (λ + β)−1 ∆ât (1 − ξt−1 ). We characterize the asymptotic behavior of equi
librium parameters in lemma 7.2, and learning about θ and convergence to the
FIE in propositions 7.2 and 7.3.
Lemma 7.2. As t → ∞:
(i) If ς �= 1, then τt → ∞.
(ii) If |ς| < 1 + λ/βµ, then ∆ât → ∆â∞ and ct → (λ + β)−1 ∆â∞ , with ∆â∞ =
(1 − ς)λ/[λ + (1 − ς)βµ].
(iii) If ς �= 1 and |ς| < 1 + λ/βµ, then t −1 τt → (∆â∞ )2 τη .
Proof. (Sketch.) (i) The precision τt is monotone increasing. If it converges to a
ﬁnite number, then ∆ât must converge to 0. From the deﬁnition of ât , we can
obtain that ât = 1−βλ−1 ∆ât ξt−1 . Hence, ât → 1, but this implies ∆ât → 1−ς �=
0, which is a contradiction.
(ii) An unbounded public precision means that agents who do not have perfect
information asymptotically disregard private information, and therefore the
aggregate weight given to private information tends to the proportion µ of
perfectly informed agents (ξt → µ). This implies that for t large the dynamic
system for at is approximately at = (1 − ς(1 − βat−1 ))(λ + βµ)−1 µ. The system
is stable, with at tending to (1 − ς)µ/[λ + (1 − ς)βµ] as t → ∞, if |ς| < 1 + λ/βµ.
The limits for ∆ât , ct , and ât (ât → λ/[λ + (1 − ς)βµ]) then follow from at =
λ−1 ξt−1 ∆ât , ât = 1 − βat , and ct = (λ + β)−1 (1 − ξt−1 )∆ât . If ς = 1 and τt → ∞,
the same argument applies. Otherwise, ∆ât must converge to 0 and the result
also follows.
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(iii) follows from (i) and (ii) since τt = τθ + τη
therefore, t −1 τt → (∆â∞ )2 τη .

t
2
k=1 (∆âk ) ,

∆ât → ∆â∞ , and,

Proof of proposition 7.2 (see p. 259). (i) First, the result for θt follows as in the
proof of proposition 7.1(i) by noting that now ∆zt = ∆ât θ + ηt , ∆ât → ∆â∞ =
(1 − ς)λ/[λ + (1 − ς)βµ]. We have that var[θt − θ] = τt−1 and the result follows
because t −1 τt → Aτ∞ = (∆â∞ )2 τη . Second, we have that xt −xtf = ct (θt−1 −θ) =
(λ+β)−1 ∆ât (1−ξt−1 )(θt−1 −θ). If ς �= 1, then ∆ât → ∆â∞ , τt → ∞, and ξt → µ.
Hence, convergence obtains from (i). Now, var[xt − xtf ] = (λ + β)−2 (∆ât )2 ((1 −
ξt−1 )2 var[θt−1 − θ]). Furthermore, from (i) t var[θt−1 − θ] → ((∆â∞ )2 τη )−1 and
therefore t((∆ât )2 var[θt−1 − θ]) → ση2 . The result follows since ξt → µ.
(ii) (Sketch.) When ς = 1 the precision of the public statistic is bounded. Indeed,
it is easily seen that ât < 1 increases with t (and therefore ∆ât = ât − ât−1 � 0).
It then follows that
 t
2  t
2
t
(∆âk )2 �
|∆âk | =
∆âk = (ât )2 � 1,
k=1

k=1
t

k=1

and therefore τt = τθ + τη k=1 ∆âk � τθ + τη . We conclude that τt → ∞, since
τt is increasing, with τθ � τ∞ � τθ +τη . The increment ∆ât is of the same order
as at , which converges to zero exponentially. It then follows that xt − xtf =
(λ+β)−1 ∆ât (1−ξt−1 )(θt−1 −θ) also converges to zero exponentially with t.
Proof of proposition 7.3 (see p. 260). (Sketch.) (i) As in the proof of the lemma it
is clear that τt → ∞ and that the aggregate weight given to private information
tends to the proportion µ of perfectly informed agents (ξt → µ) as t → ∞.
Again this implies that for t large the dynamic system for at is approximately
at = (1−ς(1−βat−1 ))(λ+βµ)−1 µ but this system is unstable with at tending to
−∞ exponentially with t if ς > 1+λ/βµ. From the expressions at = λ−1 ξt−1 ∆ât ,
ât = 1 − βat , and ct = (λ + β)−1 (1 − ξt−1 )∆ât we have that {|ât |} and {|∆ât |},
{|ct |} also tend to ∞ exponentially (ât to ∞, ∆ât and ct to −∞). Given that
t
ˆk )2 , it is possible to show that
τt = τθ + τη k=1 (∆a
lim(∆ât )−2 τt = ς̂ 2 (ς̂ 2 − 1)−1 τη .

t→∞

(ii) This follows because τt grows exponentially with t.
(iii) This follows from the expression of xt −xtf = ct (θt−1 −θ), ct = (λ+β)−1 (1−
ξt−1 )∆ât , limt→∞ (∆ât )−2 τt−1 = (ς̂ 2 − 1)−1 τη .
Section 7.4
Proposition 7.7 (Vives 1993). In the model of section 7.4, there is a unique equi
librium (in the class of strategies with bounded means and uniformly—across
agents—bounded variances). The equilibrium is linear and the price function is
given by
pt = at θ + ut + ct θt−1 + λα(1 + λ)−1 ,
where at = ξt−1 (λ + ξt−1 )−1 and ct = (λ + ξt−1 )−1 (λ + 1)−1 λ(1 − ξt−1 ).
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Strategies are given by
Xit (si , θt−1 ) = α(1 + λ)−1 − ait si − cit θt−1 ,
where ait = ξit−1 (λ + ξt−1 )−1 , cit = (λ + ξt−1 )−1 (λ + 1)−1 ((λ + 1)(1 − ξt−1 ) −
1
(1 − ξt−1 )), with ξit−1 = τεi /(τεi + τt−1 ) and ξt−1 = 0 ξit−1 di.
Proof. Existence and characterization of a linear equilibrium are similar to the
proof of proposition 7.6. Uniqueness follows from exercise 7.3. See the proofs
of propositions 4.1 and 4.2 in Vives (1993).
Proof of lemma 7.1 (see p. 264). The proof of (i) follows from proposition 7.7
and the fact that ξt → µ as t → ∞ (see the proof of lemma 5.1 in Vives 1993).
−1
(ii) Let at be of order t −κ and τt be of order t υ . Since at −→
and
t µ(λ + µ)
−1
∞,
necessarily
κ
�
0
and
υ
>
0.
If
µ
>
0,
then
a
=
µ(λ
+
µ)
>
0
and
τt −→
∞
t
2
therefore κ = 0 and υ = 1. It then follows that t −1 τt −→
t τθ + τu (µ/(λ + µ)) . If
µ = 0, the result follows from the two claims below.

Claim 1. at τt converges to τε /λ (τε can be inﬁnite) as t → ∞.
t

Proof. Let At ≡ k=0 a2k . Then τt = τθ + τu At . We show the equivalent result
that at τt−1 or at At−1 converges to τε /λ. From at = ξt−1 (λ + ξt−1 )−1 we have
that at At−1 = ((At−1 )−1 + λ(At−1 ξt−1 )−1 )−1 . Now,
1
1
At−1 ξit−1 di =
τεi ((τθ + τεi )(At−1 )−1 + τu )−1 di.
At−1 ξt−1 =
0

0

Observing that At−1 ξit−1 is a monotone increasing sequence of nonnegative
measurable functions of i converging almost everywhere to τεi /τu , it is possi
ble to conclude (Lebesgue Monotone Convergence Theorem (see Royden 1968,
1
1
p. 227)) that 0 At−1 ξit−1 di converges to τu−1 0 τεi di and the result follows
(note that At−1 → ∞ with t).
Claim 2. If τε is ﬁnite, then t −1/3 At → 31/3 (τε /λτu )2/3 as t → ∞. If τε is inﬁnite
1
(and µ = 0), then 1 > υ > 3 > κ > 0.
Proof. If µ = 0, then at −→
t 0. If τε is ﬁnite, the result follows from claim 1
−1
At −→
and lemma 7.3. If τε is inﬁnite, then at At −→
t ∞ with t. Further, t
t 0
2
−1/3
−1
At −→
∞
(using
the
fact
that
A
�
ta
,
(a
A
)
�
(since at → 0) and t
t
t
t
t
t
(t −1/3 At )−3/2 , from which the result follows since at At −→
∞
).
It
then
follows
t
1
from lemma 7.3 (with υ > κ > 0) that 2κ + υ = 1 and 1 > υ > 3 . Note that in all
1
cases 2κ + υ = 1 and 1 � υ � 3 .
Lemma 7.3. Assume that at At −→
k > 0, then t −1/3 At −→
3(k/3)2/3 and
t
t
1/3
1/3
(k/3) .
t at −→
t
Proof. See the heuristic argument in section 6.3.1 and the proof of lemma A.1 in
Vives (1993). An alternative proof is provided in the appendix to chapter 6.
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t

k, where k > 0, and that at is of the
Lemma 7.4. Assume that t −υ k=1 a2k −→
t
t
1
order t −κ , where υ � κ > 0. Then κ < 2 and k=1 a2k is of the order of t 1−2κ /
1
(1 − 2κ). It follows that υ + 2κ = 1 and 1 > υ � 3 .
Proof. See the proof of lemma A.2 in Vives (1993).

7.7 Exercises
7.1 (information acquisition and fully revealing equilibria). Consider the Cour
not game in the continuum economy with increasing marginal costs of sec
tion 1.6 and add another market period. At a ﬁrst stage each ﬁrm has the
opportunity to purchase the precision of its signal (like in section 1.6). Firms
compete in quantities contingent on the received signals at a ﬁrst market
period, observe the market price, and compete again in a second market period.
Show that each ﬁrm purchasing “precision” ξ ∗ at the ﬁrst stage, producing
Xi (si ) = a(si − µ) + bµ at the ﬁrst market period (second stage), where
a = ξ ∗ /(λ + βξ ∗ ) (with ξ ∗ , a, and b as in the two-stage game), inferring θ from
the market price, and producing x = bθ at the second market period (third
stage) is an equilibrium path for the three-stage game. Bearing in mind the
Grossman–Stiglitz paradox (see section 4.2.2), what do you conclude about the
incentives to purchase information in the presence of fully revealing equilibria?
Solution. Suppose that ﬁrms have already chosen their precision of the informa
¯ +
tion, ξi , i ∈ [0, 1]. Firm i at stage two will follow the strategy Xi (si ) = ai (si −θ)

¯ as in the two-stage game (where ai = ξi /(λ+βξ) and ξ = 1 ξi di) since in the
bθ
0
continuum economy the ﬁrm cannot aﬀect the market price through its quan
˜
tity choice. The market price conditional on θ will then be p = θ −βX(θ),
where
1
¯
˜
˜
X(θ)
is the average output, X(θ)
= a(θ −θ)+bθ̄
with a = 0 ai di = ξ/(λ+βξ).
Therefore, p = θ(1 − βa) − β(b − a)θ̄ and provided that 1 − βa �= 0, θ can be
obtained by observing the market price: θ = (p + β(b − a)µ)/(1 − βa) (note
that aβ < 1 except if λ = 0). When θ is revealed a full-information competitive
equilibrium obtains at the last stage, x = bθ and p = λbθ. At the last stage a
fully revealing rational expectations equilibrium prevails but nevertheless ﬁrms
have an incentive to purchase information since this aﬀects expected proﬁts at
the second stage before the market price is observed (see Dubey et al. (1982) for
an elaboration of this idea in a strategic market game context where they show
that Nash equilibria of the continuum economy are fully revealing generically).
∗

7.2 (isoelastic-lognormal model). Similarly to section 1.2.4.2, consider a market
with constant elasticity inverse demand and costs. In period t inverse demand
−β
is given by pt = eθ+ut xt , β > 0, where the information structure is exactly
as in section 7.3 with the simplifying assumption that the signals received by
agents si = θ + εi have equal (ﬁnite) precision (τεi = σε−2 for all i). Firms have
1+λ
, λ > 0. Find
constant elasticity cost functions given by C(xit ) = (1 + λ)−1 xit
an equilibrium in log-linear strategies (it looks similar to the linear model, but
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in log form, with the addition of a constant term which depends on the various
variances). Show that the FIE output is given by
−1 (θ+ςu
2
t−1 +ση /2)

xtf = e(λ+β)

and that convergence to the FIE is analogous to the result in the linear-normal
model replacing xt − xtf by log(xt /xtf ). (The departure from the FIE depends as
before on the term ct (θt−1 − θ) but there is an additional variance term.)
Solution (from Jun and Vives 1995). The procedure is similar to the one out
lined for the proofs of propositions 7.2 and 7.6 (with θ̄ = 0) using our conven
tion about the average of a continuum of random variables (which implies that
1 ε
1
εi
i
0 e di = 0 E[e ] di) and the properties of lognormal distributions (namely
2
that if εi ∼ N(0, σε2 ), then E[eεi ] = eσε /2 ). The result is that
log(Xt (si , θt−1 , zt−1 )) = at si + ct θt−1 + (λ + β)−1 ςzt−1 + kt
and
log(pt ) = ât θ + ut − βct θt−1 − β(λ + β)−1 ςzt−1 − β(kt + 21 a2t σε2 ),
where all parameters are as in proposition 7.6 and
kt = (λ + β)−1 [ 12 ση2 + λ2 (at /ξt−1 )2 /2τt−1 − 12 βa2t σε2 ].
With full information a ﬁrm at time t knows {θ, ut−1 }. From the FOC of proﬁt
maximization we get
xtf = (E[pt | θ, ut−1 ])1/λ = exp{λ−1 (θ + ςut−1 + 12 ση2 )}(xtf )−β/λ .
The expression for xtf follows. We then have that ln(xt /xtf ) = ct (θt−1 − θ) +
[λ2 ξt−−21 τt−−11 − φσε2 ]a2t /2(α + β) and the asymptotic results follow with a little
bit of work. As t → ∞:
(i) xt /xtf → 1 (a.s. and in mean square), and
√
(ii) if ς ≠ 1, then t log(xt /xtf ) −l→ N(0, ση2 /(α + β)2 ).
∗

7.3 (uniqueness of dynamic equilibrium). Prove the uniqueness part of prop
osition 7.7.
Solution. The uniqueness argument proceeds by showing that at any stage only
linear equilibria are possible. Consider a generic stage, drop the period sub
script, and denote by θ̂ the public statistic. Assume that the information avail
ˆ where the triple (θ, si , θ)
ˆ is jointly normally distribut
able to agent i is {si , θ},
ed. Then using FOCs show that for any candidate equilibrium average output
ˆ , E[(X(θ, θ)
ˆ − (α(1 + λ)−1 − aθ − c θ))
ˆ 2 ] = 0, where α(1 + λ)−1 − aθ − c θ
ˆ
X(θ, θ)
−1
ˆ
is the linear equilibrium. This implies that X(θ, θ) = α(1 + λ) − aθ − cθ̂ (a.s.)
ˆ = α(1 + λ)−1 − ai si − ci θ
ˆ (a.s.). Check ﬁnally
and therefore necessarily Xi (si , θ)
ˆ is jointly normally distributed. (See the
by induction that at any stage (θ, si , θ)
proof of proposition 4.2 in Vives (1993) for the details.)
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7.4 (slow learning in the generalized prediction model). Consider the prediction
model of section 6.3.1 with no correlation in signals of agents but where the
distribution of precisions of private signals for every generation is given by a
(measurable) function Tε : [0, 1] → R+ ∪ {∞}, where Tε (i) = σε−i 2 (≡ τεi ) is the
value of this function for i ∈ [0, 1]. Denote by µ � 0 the mass of agents with
perfectly informative signals. Revise proposition 6.1 and show that as t → ∞:
(i) at → µ and τt → ∞.
(ii) θt → θ almost surely and in mean square;
1
(iii) τt is of order t υ and at is of order t −κ , where 2κ + υ = 1, υ ∈ [ 3 , 1],

1
1
κ � 0. Let Aτ∞ = limt→∞ t −υ τt . If τε ≡ 0 τεi di < ∞, then υ = 3 and Aτ∞ =
(3τu )1/3 (τε )2/3 . Otherwise, if µ > 0, then υ = 1 and Aτ∞ = τu µ 2 ; if µ = 0,
then 1 > υ > 13 > κ > 0.
√
(iv) If τε < ∞, t 1/3 (θt − θ) −l→ N(0, (3τu τε2 )−1/3 );
√
if µ > 0, t(θt − θ) −l→ N(0, (τu µ 2 )−1 ); and
√
if µ = 0 and τε is inﬁnite, t υ (θt − θ) −l→ N(0, (Aτ∞ )−1 ) for some
υ ∈ ( 13 , 1) and appropriate positive constant Aτ∞ .

Solution. Adapt the arguments in section 7.3 and the appendix.
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