
Chapter One

Introduction and Outline of Contents

1.1 INTRODUCTION

The use of various types of wave energy as a probe is an increasingly promising
nondestructive means of detecting objects and of diagnosing the properties of quite
complicated materials.

An analysis of this technique requires a detailed understanding of, first, how
waves evolve in the medium of interest in the absence of any inhomogeneities and,
second, the nature of the scattered or echo waves generated when the original wave
is perturbed by inhomogeneities that might exist in the medium. The overall aim
of the analysis is to calculate the relationships between the unperturbed waveform
and the echo waveform and to indicate how these relationships can be used to char-
acterise inhomogeneities in the medium.

The central problem with which we shall be concerned in this monograph can be
simply stated as follows.

A system consists of a medium containing a transmitter and a receiver. The trans-
mitter emits a signal that is eventually detected at the receiver, possibly after it has
been perturbed, that is, scattered, by some inhomogeneity in the medium. We are
interested in the manner in which the emitted signal evolves through the medium
and the form that it assumes at the receiver. Properties of the scattered or echo sig-
nal are then used to estimate the properties of any inhomogeneity in the medium.

Classifying inhomogeneities in the medium into identifiable classes by means of
their echoes is known as the inverse scattering problem. An associated problem is
that of waveform design, which is concerned with the choice of the signal waveform
that optimises the echo signal from classes of prescribed inhomogeneities. These
problems are of considerable interest and importance in engineering and the applied
sciences. However, in order to be able to investigate them, the problem of knowing
how to predict the echo signal when the emitted signal and the inhomogeneities are
known must be well understood. This is called the direct scattering problem.

When the media involved are either stationary or possess time-independent
characteristics—these are called autonomous problems (APs)—the mathematical
analysis of the associated scattering effects is now quite well developed and a
number of efficient techniques are available for constructing solutions to both the
direct and the inverse problems. However, when the media are either moving or
have time-dependent characteristics—these are known as nonautonomous prob-
lems (NAPs)—the investigations of corresponding scattering phenomena have not
reached such a well-developed stage. Nevertheless, there are many significant prob-
lems of interest in the applied sciences that are NAPs. For instance, this type of



2 CHAPTER 1

problem can often arise when investigating sonar, radar, nondestructive testing and
ultrasonic medical diagnosis methods. Indeed, they occur in any system that is ei-
ther in motion or has components that either can be switched on or off or can be
altered periodically. We shall study some of these systems in later chapters. These
NAPs are intriguing both from a theoretical standpoint and from the point of view
of developing constructive methods of solution; they certainly present a nontrivial
challenge.

In our study here of NAPs we take as a starting point the assumption that all
media involved consist of a continuum of interacting infinitesimal elements. Con-
sequently, a disturbance in some small region of a medium induces an associated
disturbance in neighbouring regions with the result that some sort of disturbance
eventually spreads throughout the medium. We call the progress or evolution of
such disturbances propagation. Typical examples of this phenomenon include, for
instance, waves on water, where the medium is the layer of water close to the sur-
face, the interaction forces are fluid pressure and gravity and the resulting waveform
is periodic. Again, acoustic waves in gases, liquids and solids are supported by an
elastic interaction and exhibit a variety of waveforms which can be, for example,
sinusoidal, periodic, transient pulse or arbitrary. However, in principle any wave-
form can be set in motion in a given system provided suitable initial or source
conditions are imposed.

The above discussion can be conveniently expressed in symbolic form as follows.
Consider first a system that has no inhomogeneities. Let f0(x, s) be a quantity

that characterises the state of the system at some initial time t = s and let u0(x, t)

be a quantity that characterises the state of the system at some later time t > s. We
shall be concerned with systems for which states can be related by means of an
“evolution rule,” denoted by U0(t − s), that determines the evolution in time of the
system from its initial state f0(x, s) to a state u0(x, t) at a later time t > s. This
being the case, we write

u0(x, t)=U0(t − s)f0(x, s),

where it is understood that U0(0)= I = the identity.
In a similar manner, when inhomogeneities are present in the system, we will

assume that we can express the evolution of the system from an initial state f1(x, s)

to a state u1(x, t) at a later time t > s in the form

u1(x, t)=U1(t − s)f1(x, s), U1(0)= I,
whereU1(t − s) denotes an appropriate evolution rule. Thus we see that we are con-
cerned with two classes of problems. When there are no inhomogeneities present in
the system, we shall say that we have a free problem (FP). When inhomogeneities
are present in a system, we shall say that we have a perturbed problem (PP). We
shall express this situation symbolically in the form

uj (x, t)=Uj(t − s)fj (x, s), Uj (0)= I, j = 0, 1,

where when j = 0 we will assume that we have a FP whilst when j = 1 we
have a PP.
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The principal aim of this monograph is to make the preceding discussions more
precise and, in so doing, indicate means of developing sound, constructive methods
of solution from what might be originally thought to be a purely abstract mathe-
matical framework. In this connection we are immediately faced with a number of
fundamental questions.

• What are the mathematical equations that define (model) the systems of
interest?

• What is meant by a solution of the defining equations?
• Under what conditions do the defining equations have unique solutions?
• When solutions of the defining equations exist, can they be expressed in

the form

uj (x, t)=Uj(t − s)fj (x, s), Uj (0)= I, j = 0, 1,

where Uj(t − s), j = 0, 1, is an evolution rule?
• How can Uj(t − s) be determined?
• What are the basic properties of Uj(t − s), j = 0, 1?
• If a given problem is regarded as a PP, then an associated FP can be taken to

be a problem that is more easily solved than the PP. We then ask, Is it possible
to determine an initial state of the system defined by the FP so that the state
of this system at some later time t , denoted u0(x, t), is equal in some sense to
u1(x, t), the state at time t of the system defined by the PP? If we can do this,
then it is readily seen that we will have taken a large step towards creating a
firm basis from which to develop robust, constructive methods for determining
the required quantity u1(x, t) in terms of a more readily obtainable quantity
u0(x, t).

In connection with the possible equality of uj (x, t), j = 0, 1, we first recognise
and make use of the fact that in most experimental procedures, measurements in a
system are made far away from any inhomogeneities that might exist in the system.
Consequently, we will be mainly concerned here with the nature of the solutions
uj (x, t), j = 0, 1, and of their differences in the far field of any nonhomogeneity.
With this in mind we shall see that it will be sufficient for our purposes to ask, What
is the behaviour of uj (x, t), j = 0, 1, as t→ ∞? Once this asymptotic behaviour
is known, we can clarify what we mean by the equality of uj (x, t), j = 0, 1, and
turn to determining the conditions that will actually ensure when, in the far field at
least, uj (x, t), j = 0, 1, can be considered equal.

Although we are particularly interested in addressing these various questions
when dealing with NAPs, we would point out that even for APs a detailed math-
ematical analysis of such questions can be technically very demanding. However,
we would emphasise that this monograph is not a book on such topics as functional
analysis, mathematical scattering theory, linear operator theory and semigroup the-
ory but rather is meant as a guide through these various areas with the intention of
highlighting their uses in practical problems. Examples will be given whenever it is
practical to do so, as it is felt that abstract theories are often best appreciated, at first,
by means of examples. The presentation in this monograph will frequently be quite
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formal, and we rely very much on the often held view expressed by Goldberger
and Watson that “any formal manipulations which are not obviously wrong are as-
sumed to be correct” [44]. Nevertheless, references will always be given in the text
to where more precise and often quite general details can be found. Furthermore,
we emphasise that in this monograph we are not interested in investigating the evo-
lutionary processes mentioned above in full generality but rather shall confine our
attention to those systems involving waves.

1.2 SOME ILLUSTRATIONS

As we have already mentioned, our main interest in this monograph will centre on
those physical phenomena whose evolution can be described in terms of propagat-
ing waves. In the case of APs a simple example of a propagating wave is provided
by a physical quantity y, which is defined by

y(x, t)= f (x− ct), (x, t)∈ R × R, (1.1)

where c is a real constant. We notice that y has the same value at all those x and
t for which (x− ct) has the same values. Thus (1.1) represents a wave that moves
with constant velocity c along the x-axis without changing shape. If f is assumed
to be sufficiently differentiable, then on differentiating (1.1) twice with respect to x
and t , we obtain {

∂2

∂t2
− c2 ∂

2

∂x2

}
y(x, t)= 0, (x, t)∈ R × R. (1.2)

Similarly, we notice that a physical quantity w defined by

w(x, t)= g(x+ ct), (x, t)∈ R × R, (1.3)

where c is a real constant, represents a wave moving with constant velocity c along
the x-axis without changing shape but moving in the opposite direction to the wave
y(x, t) defined in (1.1). Furthermore, we see that w(x, t) also satisfies an equation
of the form (1.2). Equation (1.2) is referred to as the classical wave equation. The
term “classical” will only be used in order to avoid possible confusion with other
wave equations that we might consider.

Because the wave equation is linear, the compound wave

u(x, t)= y(x, t)+w(x, t)= f (x− ct)+g(x+ ct), (1.4)

where f, g are arbitrary functions, is also a solution of the wave equation (1.2). This
is the celebrated d’Alembert solution of the wave equation. In specific problems
the functions f, g are determined in terms of the imposed initial conditions that
solutions of (1.2) are required to satisfy [71, 105]. Indeed, if u(x, t) is required to
satisfy the initial conditions

u(x, 0)=ϕ(x), ut (x, 0)=ψ(x),
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then (1.4) can be expressed in the form

u(x, t)= 1

2
{ϕ(x− ct)+ϕ(x+ ct)}+ 1

2c

∫ x+ct

x−ct
ψ(s) ds (1.5)

(see chapter 2 and [71, 105]). Consequently, if a system is defined by the wave
equation (1.2), then (1.5) indicates how the initial state of the system, characterised
by the functions ϕ and ψ , evolves into a state defined by u(x, t), t > 0.

As a simple illustration of such an evolutionary process, consider a system con-
sisting of an infinite string in the particular case when ψ ≡ 0. The initial state of this
system is then completely characterised by the function ϕ. For simplicity, assume
that the initial displacement of the string is of finite amplitude and is only nonzero
over a finite length of the string. The function ϕ defines this profile. The result (1.5)
indicates that this initial state of the system evolves into a state consisting of two
propagating waves travelling in opposite directions along the string, each having
the same profile as the initial state but with only half the initial amplitude.

As an illustration of a scattering process, again consider waves on a string. We
assume, as before, that ψ ≡ 0, but now we impose the extra requirement that the
displacement of the string should be zero at x= 0 for all time. Essentially, this
means that we are considering waves on a semi-infinite string. Arguing as before,
we see that the initial state of the system, which again is completely characterised
by the function ϕ, evolves into a state consisting of two propagating waves travel-
ling in opposite directions and having the same profile as the initial state but with
only half the initial amplitude. However, this situation does not persist. After a
certain time, say T , which is dependent on the velocity of the waves, one of the
propagating waves will strike the “barrier” at x= 0. This wave will bounce off the
barrier; that is, it will be reflected or scattered by the barrier. Consequently, from
time T onwards the initial state of the system evolves into a state consisting of
three components. Specifically, it will consist of the two propagating waves men-
tioned earlier and a reflected or scattered wave. Thus the evolved state can become
quite difficult to describe analytically. Quite how difficult matters can become will
be demonstrated in chapter 2. Further complications arise when we have to work
either in more than one dimension or with defining equations that are more difficult
to analyse than the wave equation (1.2). It was largely with these prospects in mind
that scattering theory was developed.

We would emphasise at this stage that not all solutions of the wave equation
yield propagating waves. For example, if the wave equation is solved using a sepa-
ration of variables technique, then stationary wave solutions can be obtained. They
are called stationary waves because they have certain features, such as nodes and
antinodes, that retain their positions permanently with respect to time. Such solu-
tions can be related to the bound states appearing in quantum mechanics and to the
trapped wave phenomenon of classical wave theory.

Since the classical wave equation occurs in so many areas of mathematical
physics, we shall adopt it as a prototype for much of our present study. We shall,
of course, discuss other types of wave equations after we have settled the main
features of wave scattering associated with this particular equation.
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If we now understand uj to be a “rule” defined by

uj = uj (., .) : t→ uj (., t)=:uj (t)∈H for all t ∈ R,

then IVPs (1.17) can be written equivalently in the form

{d2
t +Aj }uj (t)= 0, uj (0)=ϕj , ujt (0)=ψj , j = 0, 1,

(1.18)
which is an ordinary differential equation in H. Consequently, with this under-
standing, problems (1.18) have solutions (in H ) that can be written in the form

uj (t)= (cos tA1/2
j )ϕj +A−1/2

j (sin tA1/2
j )ψj , j = 0, 1. (1.19)

Hence the solutions of (1.17) can be written in the form

uj (x, t)= (cos tA1/2
j )ϕj (x)+A−1/2

j (sin tA1/2
j )ψj (x), j = 0, 1

= Re{vj (x, t)}, j = 0, 1,
(1.20)

where

vj (x, t)= exp{−itA1/2
j }hj (x)=:Uj(t)hj (x),

hj (x)=ϕj (x)+ iA−1/2
j ψj (x).

(1.21)

The quantities vj (x, t), j = 0, 1, in (1.21) define the complex-valued solutions
of IVPs (1.17). The quantity Uj(t) is a rule that governs the evolution (in time)
of hj (x), the initial state of the j th system, into vj (x, t), the state of the j th sys-
tem at some other time t. For this reason it will be called, eventually, an evolution
operator.

In order to develop a scattering theory, we must first show that the FP and the
PP actually have solutions in some convenient collections of functions. Once this
has been done, we will need a means of comparing these solutions; that is, we will
need some suitable formula for measuring their distance apart as either t→ ±∞ or
x→ ∞. In general, such a formula is called a norm. A familiar example of this is
the formula for measuring the distance, in R2, between the origin O and a point P
with coordinates (x, y). The length of the line OP , denoted ‖OP‖, is well known
to be

‖OP‖ :=
√
x2 + y2. (1.22)

In (1.22) we are working with numbers. We shall see (chapter 3) that the notion of
a norm can be generalised so that we will be able to measure the separation of two
functions rather than having to deal with the separation of the numerical values of
these functions. With all this in mind we shall write

vj (., t) := vj (t), j = 0, 1, (1.23)

and compare the solutions of the FP and the PP by considering an expression of
the form

‖v1(t)− v0(t)‖ , (1.24)
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where ‖.‖ denotes some suitably chosen norm defined in terms of spatial coordi-
nates. We then find that

‖v1(t)− v0(t)‖= ‖U1(t)h1 −U0(t)h0‖
= ∥∥U ∗

0 (t)U1(t)h1 −h0

∥∥
= ‖W(t)h1 −h0‖ , (1.25)

where the symbol ∗ denotes that U0(t) has a modified form (something like an
inverse) as a result of moving it from one quantity to another.

The time dependence in the above comparison can be removed by taking the
limit as t→ ±∞. We then obtain

lim
t→±∞ ‖v1(t)− v0(t)‖=‖W±h1 −h0‖, (1.26)

where

W± := lim
t→±∞W(t)= lim

t→±∞U
∗
0 (t)U1(t). (1.27)

If it can be shown that the two solutions v1(t) and v0(t) exist and that the various
steps leading to (1.27) can be justified, then it will still remain to be shown that the
limits in (1.27), which define the wave operators W±, actually exist.

When all the above has been achieved, we see that if the initial data for the FP
and PP are related according to

h0 =W±h1, (1.28)

then the limit in (1.26) is zero, thus indicating that the PP is asymptotically free
as t→ ±∞. That is, solutions of the PP with initial data (state) h1 are asymptoti-
cally equal in time to solutions of a FP with initial data (state) h0, which is given
by (1.28).

Consequently, if solutions of the two systems are known to exist, then, keeping
(1.28) in mind, we would expect there to exist elements h± such that

v1(t)∼U0(t)h± as t→ ±∞, (1.29)

where ∼ denotes asymptotic equality and the ± are used to indicate the possibly
different limits as t→ ±∞. We would emphasise that it is not automatic that both
the limits implied by (1.29) should exist. Indeed, a solution such as v1 could be
asymptotically free as t→ +∞ but not as t→ −∞.

If we use (1.29) in conjunction with the definition vj =Ujhj , j = 0, 1, then
we have

U∗
0 (t)U1(t)h1 =:W(t)h1 ∼h± (1.30)

and we can conclude that

W± :h1 →h±. (1.31)
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The two initial conditions h± for the FP are related. This is illustrated by noticing
that the above discussion implies

h+ =W+h1 =W+W ∗
−h− =: Sh−, (1.32)

where S is called the scattering operator (SO) for the problem.
Thus we see that the existence of the wave operators W± is equivalent to the

asymptotic condition

lim
t→±∞ ‖v1(t)− v0(t)‖=‖W±h1 −h0‖ = 0. (1.33)

Consequently, the construction of W± will be one of our primary goals.
For the approach outlined above to be of any practical use, we have to deal with

two basic tasks.

Task 1: Provide a means of interpreting, in a constructive manner, such terms as
(cos tA1/2

j ) and exp{−itA1/2
j }, j = 0, 1.

Task 2: Determine the far-field forms of the solutions vj (x, t), j = 0, 1, as these
are the quantities to be compared.

In addressing these two tasks we shall look first at the FP (j = 0). Our intention
will be to use as much as possible of our treatment of the FP as a pattern for analysis
of the associated PP (j = 1).

With regard to task 1 recall that when working in a finite-dimensional space
setting, that is, when we are concerned with matrix equations rather than with dif-
ferential equations, the corresponding situation is resolved in terms of eigenvector
expansions (also called spectral decompositions). We shall see (chapter 4) that in
an infinite-dimensional setting the matter can be resolved by means of the cele-
brated spectral theorem. However, there is an inherent difficulty associated with
this particular approach. It centres on the practical, constructive determination of
an appropriate collection of projection operators, the spectral family, associated
with A0. The situation can be eased considerably by noticing that the FP we are
considering at the moment is posed in all of Rn. This means that, for the wave
equation at least, we can make use of the Plancherel theory of Fourier transforms
[144]. This theory indicates that for any f ∈H ≡H(Rn), the following integrals
exist and are convergent.

(Ff )(p)= ∧
f (p)=

∫
Rn

w0(x, p)f (x) dx, (1.34)

f (x)= (F ∗ ∧
f )(x)=

∫
Rn

w0(x, p)
∧
f (p) dp, (1.35)

((�A0)f )(x)=
∫

Rn

w0(x, p)�(|p|2) ∧
f (p) dp, (1.36)

where � is a function that is “sufficiently nice” for our purposes and w0(x, p) is
the usual Fourier kernel

w0(x, p)= 1

(2π)n/2
exp(ix.p), x, p ∈ Rn. (1.37)
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We notice that w0(x, p) satisfies the Helmholtz equation

(A0 +|p|2)w0(x, p)= 0, x, p ∈ Rn. (1.38)

Recalling the results obtained when dealing with matrix equations, it might be
thought that w0 is an eigenfunction of A0 =−� with associated eigenvalue |p|2
and as such could provide the basis for a spectral decomposition of A0. However,
we shall find that for most cases of interest here, w0 does not belong to H , the
underlying collection of functions. Consequently, w0 will have to be regarded as
being in some sense a generalised eigenfunction of A0. (See chapter 4 for details
and also the remarks in Chapter 11.)

We emphasise that the integrals in (1.34)–(1.36) are improper integrals and as
such must be interpreted by means of a limiting process intimately connected with
the specific problem being considered. This aspect will be discussed in detail in
chapter 6.

With these several remarks in mind we see that the Plancherel theory, which has
been developed quite independently of any scattering phenomena, indicates that
(1.34)–(1.36) provide the required spectral decomposition of A0 and as such will
be referred to as a generalised eigenfunction expansion theorem for A0.

The above generalised eigenfunction expansion theorem provides the means
for interpreting the various terms in (1.20) and (1.21). Indeed, a straightforward
application of (1.36) yields the required solutions in the following forms.

u0(x, t)=
∫

Rn

w0(x, p)

{
∧
ϕ0 (p) cos t |p| + ∧

ψ0 (p)
sin t |p|

|p|
}
dp (1.39)

and

v0(x, t)=
∫

Rn

w0(x, p) exp(−it |p|) ∧
h0 (p) dp

= 1

(2π)n/2

∫
Rn

exp{i(x.p− t |p|)} ∧
h0 (p) dp. (1.40)

The results (1.39) and (1.40) complete task 1 for the case j = 0.
As far as task 2 is concerned, we shall use (1.40) to calculate the asymptotic

behaviour of the complex waveform v0. To this end and for convenience at this
stage, we shall assume

supp
∧
h0 (p)={p : 0<a≤ |p| ≤ b}.

Here “supp” denotes “support.” The support of a function is defined as the closure
of the set where it is nonvanishing (see chapter 3). In this case (1.40) will read

v0(x, t)= 1

(2π)n/2

∫
a≤|p|≤b

exp{i(x.p− t |p|)} ∧
h0 (p) dp

=
∫
a≤|p|≤b

w0(x, p) exp(−it |p|) ∧
h0 (p) dp. (1.41)
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If we now introduce spherical polar coordinates for p in (1.41) according to

p= ρω, ρ� 0, dp= ρn−1 dρ dω, ω∈ Sn−1 := {x ∈ Rn : |x| = 1},
(1.42)

then (1.41) becomes

v0(x, t)= 1

(2π)n/2

∫ b

a

∫
Sn−1

exp{iρ(x.ω− t)} ∧
h0 (ρω)ρ

n−1 dω dρ (1.43)

= 1

(2π)n/2

∫ b

a

exp(−iρt)V0(x, ρ)ρ
n−1 dρ, (1.44)

where

V0(x, ρ) :=
∫
Sn−1

exp{iρ(x.ω)} ∧
h0 (ρω) dω (1.45)

and x= |x| η with η∈ Sn−1. Furthermore, it is easily verified that V0(x, ρ) is a
solution of the Helmholtz equation (�+ρ2)V0(x, ρ)= 0 for all x ∈ Rn. Our aim
now is to display the asymptotic behaviour of v0 as t→ ∞. This we do by first
calculating the asymptotic behaviour of V0(x, ρ) as |x| → ∞ and then using this
knowledge to determine the required behaviour of v0(x, t) as t→ ∞. To give some
indication of how this can be done, we begin by noticing that the integral in (1.45)
suggests use of the method of stationary phase. A precise version of this method has
been developed for integrals of the form (1.45) by Littman [76] and by Matsumura
[78]. Their results for our present case lead to the following representations.

v0(x, t)= |x|(1−n)/2G
(
x

|x| , |x|− t
)

+|x|(1−n)/2G1

(
x

|x| , |x|+ t
)

+ q1(x, t),

(1.46)
where G(η, r) and G1(η, r) are functions of η∈ Sn−1 and r ∈ R. Here

G(η, r)= 1

(2π)1/2

∫ b

a

exp(iρr)
∧
h0 (ρη)(−iρ)(n−1)/2 dρ. (1.47)

The precise forms of G1 and q1 are not really of immediate interest to us in this
introductory chapter since in many specific cases of interest it can be proved that
they tend to zero as t→ ∞; consequently, we shall set them to zero here.

The relation (1.47) has the flavour of a Fourier transform. Indeed, in terms of the
usual one-dimensional Fourier transform, denoted here by F1, we have the follow-
ing defining relations.

∧
G(1) (η, ρ)= (F1G)(η, ρ)= lim

M→∞
1

(2π)1/2

∫
|r|≤M

exp(−iρr)G(η, r) dr, (1.48)

G(η, r)= (F ∗
1

∧
G(1))(η, r)= lim

M→∞
1

(2π)1/2

∫
|ρ|≤M

exp(iρr)
∧
G(1) (η, ρ) dρ,

(1.49)
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where the limits are taken in the L2(S
n−1 × R) sense. Furthermore, the Fourier-

Plancherel theory [144, 154] indicates that

‖G‖ =
∥∥∥∥ ∧
G(1)

∥∥∥∥ for all G∈L2(S
n−1 × R),

where ‖.‖ is the “’size” rule, or norm, in L2(S
n−1 × R). We also notice that for any

h∈L2(Rn), and in particular for h0 above, the Fourier transforms (1.34)–(1.36) in
conjunction with the Parseval equality, using ‖.‖ to denote the size rule in L2(Rn),
indicate

‖h0‖2 =
∥∥∥∥∧
h0

∥∥∥∥
2

=
∫

Rn

∣∣∣∣∧h0 (p)

∣∣∣∣
2

dp=
∫ ∞

0

∫
Sn−1

∣∣∣∣∧h0 (ρη)

∣∣∣∣
2

ρn−1 dρ dη

=
∫ ∞

0

∫
Sn−1

∣∣∣∣(−iρ)(n−1)/2
∧
h0 (ρη)

∣∣∣∣
2

dρ dη

=
∫ ∞

0

∫
Sn−1

∣∣∣∣ ∧
G(1) (η, ρ)

∣∣∣∣
2

, (1.50)

where

∧
G(1) (η, ρ) :=

{
(−iρ)(n−1)/2

∧
h0 (ρη), ρ� 0,

0, ρ < 0.
(1.51)

To see that this notation makes sense, we rewrite the definition (1.47) in a slightly
different form as follows.

G(η, r)= 1

(2π)1/2

∫ b

a

exp(iρr)
∧
h0 (ρη)(−iρ)(n−1)/2 dρ

= 1

(2π)1/2

∫
R
χab(ρ) exp(iρr)

∧
h0 (ρη)(−iρ)(n−1)/2 dρ, (1.52)

where χab(ρ) is the characteristic function of the interval [a, b].
We now use (1.49) to obtain

G(η, r)=F ∗
1 {χab(.)

∧
h0 ((.)η)(−i)(.))(n−1)/2}(r, η). (1.53)

Hence

(F1G)(η, ρ) = ∧
G(1) (η, ρ) = χab(ρ)

∧
h0 (ρη)(−iρ)(n−1)/2, (1.54)

and we conclude that the Fourier transform of G(η, r) is

χab(ρ)
∧
h0 (ρη)(−iρ)(n−1)/2.

Bearing in mind (1.54), we see that the right-hand side of (1.51) is a Fourier
transform in the sense of (1.48) and as such defines a unique functionG∈L2(S

n−1×
R), hence the notation. These several remarks suggest the following.
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Definition 1.1 (i) The functionG defined by (1.51) and (1.49) is the wave profile
associated with each h0 ∈L2(Rn).

(ii) Corresponding to the wave function v0 defined by

v0(x, t)= exp{−itA1/2
0 }h0(x), h0 ∈L2(Rn),

there is an asymptotic wave function v∞
0 defined by

v∞
0 (x, t) := |x|(1−n)/2G

(
x

|x| , |x|− t
)
, (1.55)

where x ∈ Rn \ {0}, t ∈ R, and G is the wave profile for h0.

The manner in which we arrived at definition 1.1 indicates that it will only have
practical significance if we can actually prove a result of the following form.

Theorem 1.2 For every h0 ∈L2(Rn)

lim
t→∞

∥∥v0(, .t)− v∞
0 (., t)

∥∥ = 0.

A proof of such a theorem requires that the solutions involved have certain decay
properties. We develop this aspect in later chapters.

Once we reach this stage, we have completed tasks 1 and 2 for the FP. We would
now like to have a similar pattern of results for the PP.

When the free system is perturbed either by the presence of an obstacle (tar-
get scattering) or by additional terms being attached to L0 (potential scattering),
the FP solution v0(x, t) will be perturbed to yield v1(x, t), the solution of the PP.
Furthermore, we can expect that the generalised eigenfunction expansion given by
(1.34)–(1.36) will also become perturbed. Essentially, this means that in order that
we might have a generalised eigenfunction expansion theorem appropriate for the
PP and which has the same form as (1.34)–(1.36), we can expect to have to use a
kernel w(x, p), which is some perturbation of the kernel w0(x, p) used for the FP.

Now, w0(x, p) satisfies the Helmholtz equation (1.38). Furthermore, a separa-
tion of variables technique indicates that it is a steady-state solution of the wave
equation and represents a plane wave propagating in the direction p with a time
dependence of the form exp{−it |p|}. Consequently, in order to obtain a gener-
alised eigenfunction expansion theorem for the mapping A1 that characterises the
PP as a perturbation of that obtained for the mapping A0 that characterises the FP,
we can expect to have to use a perturbed (distorted) kernel w(x, p) satisfying

{A1 +|p|2}w(x, p)= 0, (1.56)

where we assume

w(x, p)=w0(x, p)+w′(x, p). (1.57)

This will then emphasise that the total wave field associated with the PP will be
characterised by the plane wave w(x, p), which consists of a free or incident wave,
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characterised byw0(x, p), and a scattered wave, characterised byw′(x, p). For this
reason we say that w(x, p) is a distorted plane wave [54].

We will find that there are two families of generalised eigenfunction expansions
arising from the use of the distorted plane wave w(x, p). For one family the dis-
torted plane wave consists of an incident free wave and a scattered wave that is
outgoing. For the other family the scattered wave is incoming.

The outgoing and incoming distorted plane waves will be denoted by w+(x, p)
and w−(x, p), respectively. Hence we write

w(x, p)≡w±(x, p)=w0(x, p)+w′
±(x, p). (1.58)

The precise meaning of “outgoing” and “incoming” will be given in chapter 6 and
in later chapters as required. For the time being just think of them as waves that
either approach or recede from a barrier.

The actual construction of w′±(x, p) is achieved via a study of the Helmholtz
equation [62]. We remark that this will rely on a detailed investigation of σ(A1), the
spectrum of A1, and on Rλ(A1)= (A1 −λI)−1, the resolvent of A1. This lies in the
province of stationary (steady-state) scattering theory and will be dealt with later.

Once more is known about the distorted plane wave kernels w±(x, p), in many
cases of practical interest it is possible to prove generalised eigenfunction expan-
sion theorems of the following form.

(F±f )(p) :=
∧
f ± (p)=

∫
Rn

w±(x, p)f (x) dx, (1.59)

f (x)= (F ∗
±

∧
f ±)(x)=

∫
Rn

w±(x, p)
∧
f ± (p) dp, (1.60)

(�(A)f )(x)=
∫

Rn

w±(x, p)�(|p|2) ∧
f ± (p) dp, (1.61)

where, as before, we emphasise that the integrals in (1.59)–(1.61) are improper
integrals and must be interpreted by means of a limiting process intimately con-
nected with the particular problem being studied.

The above theorems, when proved, will then provide outgoing and incoming
spectral representations of the complex-valued solutions

v1(x, t)= exp{−itA1/2
1 }h1(x). (1.62)

Specifically, we will have the following.

Outgoing representation:

v1(x, t)=
∫

Rn

w+(x, p) exp{−it |p|} ∧
h+ (p) dp. (1.63)
















