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Chapter One

Introduction

The goal of this chapter is to introduce the idea behind stochastic computing in the
context of uncertainty quantification (UQ). Without using extensive discussions (of
which there are many), we will use a simple example of a viscous Burgers’ equation
to illustrate the impact of input uncertainty on the behavior of a physical system and
the need to incorporate uncertainty from the beginning of the simulation and not as
an afterthought.

1.1 STOCHASTIC MODELING AND UNCERTAINTY QUANTIFICATION

Scientific computing has become the main tool in many fields for understanding the
physics of complex systems when experimental studies can be lengthy, expensive,
inflexible, and difficulty to repeat. The ultimate goal of numerical simulations is
to predict physical events or the behaviors of engineered systems. To this end, ex-
tensive efforts have been devoted to the development of efficient algorithms whose
numerical errors are under control and understood. This has been the primary goal
of numerical analysis, which remains an active research branch. What has been
considered much less in classical numerical analysis is understanding the impact
of errors, or uncertainty, in data such as parameter values and initial and boundary
conditions.

The goal of UQ is to investigate the impact of such errors in data and subse-
quently to provide more reliable predictions for practical problems. This topic has
received an increasing amount of attention in past years, especially in the context
of complex systems where mathematical models can serve only as simplified and
reduced representations of the true physics. Although many models have been suc-
cessful in revealing quantitative connections between predictions and observations,
their usage is constrained by our ability to assign accurate numerical values to var-
ious parameters in the governing equations. Uncertainty represents such variability
in data and is ubiquitous because of our incomplete knowledge of the underlying
physics and/or inevitable measurement errors. Hence in order to fully understand
simulation results and subsequently to predict the true physics, it is imperative to
incorporate uncertainty from the beginning of the simulations and not as an after-
thought.

1.1.1 Burgers’ Equation: An Illustrative Example

Let us consider a viscous Burgers’ equation,{
ut + uux = νuxx, x ∈ (−1, 1),

u(−1) = 1, u(1) = −1,
(1.1)
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Figure 1.1 Stochastic solutions of Burgers’ equation (1.1) with u(−1, t) = 1+ δ, where δ is
a uniformly distributed random variable in (0, 0.1) and ν = 0.05. The solid line
is the average steady-state solution, with the dotted lines denoting the bounds of
the random solutions. The dashed line is the standard deviation of the solution.
(Details are in [123].)

where u is the solution field and ν > 0 is the viscosity. This is a well-known non-
linear partial differential equation (PDE) for which extensive results exist. The pres-
ence of viscosity smooths out the shock discontinuity that would develop otherwise.
Thus, the solution has a transition layer, which is a region of rapid variation and
extends over a distance of O(ν) as ν ↓ 0. The location of the transition layer z,
defined as the zero of the solution profile u(t, z) = 0, is at zero when the solu-
tion reaches steady state. If a small amount of (positive) uncertainty exists in the
value of the left boundary condition (possibly due to some bias measurement or
estimation errors), i.e., u(−1) = 1 + δ, where 0 < δ � 1, then the location of
the transition can change significantly. For example, if δ is a uniformly distributed
random variable in the range of (0, 0.1), then the average steady-state solution with
ν = 0.05 is the solid line in figure 1.1. It is clear that a small uncertainty of 10
percent can cause significant changes in the final steady-state solution whose aver-
age location is approximately at z ≈ 0.8, resulting in a O(1) difference from the
solution with an idealized boundary condition containing no uncertainty. (Details
of the computations can be found in [123].)

The Burgers’ equation example demonstrates that for some problems, especially
nonlinear ones, a small uncertainty in data may cause nonnegligible changes in the
system output. Such changes cannot be captured by increasing resolution of the
classical numerical algorithms if the uncertainty is not incorporated at the begin-
ning of the computations.
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1.1.2 Overview of Techniques

The importance of understanding uncertainty has been realized by many for a long
time in disciplines such as civil engineering, hydrology, control, etc. Consequently
many methods have been devised to tackle this issue. Because of the “uncertain”
nature of the uncertainty, the most dominant approach is to treat data uncertainty as
random variables or random processes and recast the original deterministic systems
as stochastic systems.

We remark that these types of stochastic systems are different from classical
stochastic differential equations (SDEs) where the random inputs are idealized
processes such as Wiener processes, Poisson processes, etc., and tools such as sto-
chastic calculus have been developed extensively and are still under active research.
(See, for example, [36, 55, 57, 85].)

1.1.2.1 Monte Carlo– and Sampling-Based Methods

One of the most commonly used methods is Monte Carlo sampling (MCS) or one
of its variants. In MCS, one generates (independent) realizations of random inputs
based on their prescribed probability distribution. For each realization the data are
fixed and the problem becomes deterministic. Upon solving the deterministic re-
alizations of the problem, one collects an ensemble of solutions, i.e., realizations
of the random solutions. From this ensemble, statistical information can be ex-
tracted, e.g., mean and variance. Although MCS is straightforward to apply as it
only requires repetitive executions of deterministic simulations, typically a large
number of executions are needed, for the solution statistics converge relatively
slowly. For example, the mean value typically converges as 1/

√
K , where K is

the number of realizations (see, for example, [30]). The need for a large number of
realizations for accurate results can incur an excessive computational burden, espe-
cially for systems that are already computationally intensive in their deterministic
settings.

Techniques have been developed to accelerate convergence of the brute-force
MCS, e.g., Latin hypercube sampling (cf. [74, 98]) and quasi Monte Carlo sampling
(cf. [32, 79, 80]), to name a few. However, additional restrictions are posed based
on the design of these methods, and their applicability is often limited.

1.1.2.2 Perturbation Methods

The most popular nonsampling methods were perturbation methods, where random
fields are expanded via Taylor series around their mean and truncated at a certain
order. Typically, at most second-order expansion is employed because the result-
ing system of equations becomes extremely complicated beyond the second order.
This approach has been used extensively in various engineering fields [56, 71, 72].
An inherent limitation of perturbation methods is that the magnitude of the uncer-
tainties, at both the inputs and outputs, cannot be too large (typically less than 10
percent), and the methods do not perform well otherwise.
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1.1.2.3 Moment Equations

In this approach one attempts to compute the moments of the random solution
directly. The unknowns are the moments of the solution, and their equations are
derived by taking averages of the original stochastic governing equations. For ex-
ample, the mean field is determined by the mean of the governing equations. The
difficulty lies in the fact that the derivation of a moment almost always, except on
some rare occasions, requires information about higher moments. This brings out
the closure problem, which is often dealt with by utilizing some ad hoc arguments
about the properties of the higher moments.

1.1.2.4 Operator-Based Methods

These kinds of approaches are based on manipulation of the stochastic operators
in the governing equations. They include Neumann expansion, which expresses the
inverse of the stochastic operator in a Neumann series [95, 131], and the weighted
integral method [23, 24]. Similar to perturbation methods, these operator-based
methods are also restricted to small uncertainties. Their applicability is often stron-
gly dependent on the underlying operator and is typically limited to static problems.

1.1.2.5 Generalized Polynomial Chaos

A recently developed method, generalized polynomial chaos (gPC) [120], a gen-
eralization of classical polynomial chaos [45], has become one of the most widely
used methods. With gPC, stochastic solutions are expressed as orthogonal poly-
nomials of the input random parameters, and different types of orthogonal poly-
nomials can be chosen to achieve better convergence. It is essentially a spectral
representation in random space and exhibits fast convergence when the solution
depends smoothly on the random parameters. gPC-based methods will be the focus
of this book.

1.1.3 Burgers’ Equation Revisited

Let us return to the viscous Burgers’ example (1.1), with the same parameter set-
tings that produced figure 1.1. Let us examine the location of the averaged transition
layer and the standard deviation of the solution at this location as obtained by differ-
ent methods. Table 1.1 shows the results by Monte Carlo simulations, and table 1.2
by a perturbation method at different orders. The converged solutions by gPC (up to
three significant digits) are obtained by a fourth-order expansion and are tabulated
for comparison. It can be seen that MCS achieves the same accuracy with O(104)

realizations. On the other hand, the computational cost of the fourth-order gPC is
approximately equivalent to that for five deterministic simulations. The perturba-
tion methods have a low computational cost similar to that of gPC. However, the
accuracy of perturbation methods is much less desirable, as shown in table 1.2. In
fact, by increasing the perturbation orders, no clear convergence can be observed.
This is caused by the relatively large uncertainty at the output, which can be as high
as 40 percent, even though the input uncertainty is small.
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Table 1.1 Mean Location of the Transition Layer (z̄) and Its Standard Deviation (σz) by
Monte Carlo Simulationsa

n = 100 n = 1,000 n = 2,000 n = 5,000 n = 10,000 gPC
z̄ 0.819 0.814 0.815 0.814 0.814 0.814
σz 0.387 0.418 0.417 0.417 0.414 0.414

an is the number of realizations, δ ∼ U(0, 0.1), and ν = 0.05. Also shown are the converged
gPC solutions.

Table 1.2 Mean Location of the Transition Layer (z̄) and Its Standard Deviation (σz) Ob-
tained by Perturbation Methodsa

k = 1 k = 2 k = 3 k = 4 gPC
z̄ 0.823 0.824 0.824 0.824 0.814
σz 0.349 0.349 0.328 0.328 0.414

ak is the order of the perturbation expansion, δ ∼ U(0, 0.1), and ν = 0.05. Also shown are
the converged gPC solutions.

This example demonstrates the accuracy and efficiency of the gPC method. It
should be remarked that although gPC shows a significant advantage here, the con-
clusion cannot be trivially generalized to other problems, as the strength and the
weakness of gPC, or any method for that matter, are problem-dependent.

1.2 SCOPE AND AUDIENCE

As a graduate-level text, this book focuses exclusively on the fundamental aspects
of gPC-based numerical methods, with a detailed exposition of their formulations,
basic properties, and connections to classical numerical methods. No research top-
ics are discussed in this book. Although this leaves out many exciting new develop-
ments in stochastic computing, it helps to keep the book self-contained, compact,
and more accessible to students who want to learn the basics. The material is also
chosen and organized in such a way that the book can be finished in a one-semester
course. Also, the book is not intended to contain a thorough and exhaustive liter-
ature review. References are limited to those that are more accessible to graduate
students.

In chapter 2, we briefly review the basic concepts of probability theory. This is
followed by a brief review of approximation theory in chapter 3. The material in
these two chapters is kept at almost an absolute minimum, with only the very ba-
sic concepts included. The goal of these two chapters is to prepare students for the
more advanced material in the following chapters. An interesting question is how
much time the instructor should dedicate to these two chapters. Students taking
the course usually have some background knowledge of either numerical analy-
sis (which gives them some preparation in approximation theory) or probability
theory (or statistics), but rarely do students have both. And a comprehensive cov-
erage of both topics can easily consume a large portion of class time and leave no
time for other material. From the author’s personal teaching experience, it is better
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to go through probability theory rather fast, covering only the basic concepts and
leaving other concepts as reading assignments. This is reflected in the writing of
this book, as chapter 2 is quite concise. The approximation theory in chapter 3 de-
serves more time, as it is closely related to many concepts of gPC in the ensuing
chapters.

In chapter 4, the procedure for formulating stochastic systems is presented, and
an important step, parameterization of random inputs, is discussed in detail. A for-
mal and systematic exposition of gPC is given in chapter 5, where some of the
important properties of gPC expansion are presented. Two major numerical ap-
proaches, stochastic Galerkin and stochastic collocation, are covered in chapters 6
and 7, respectively. The algorithms are discussed in detail, along with some exam-
ples for better understanding. Again, only the basics of the algorithms are covered.
More advanced aspects of the techniques, such as adaptive methods, are left as
research topics.

The last chapter, chapter 8, is a slight deviation from the theme of the book be-
cause the content here is closer to research topics. The topics here, problems in
random domain, inverse parameter estimation, and “correcting” simulation results
using data, are important topics and have been studied extensively. The purpose of
this chapter is to demonstrate the applicability of gPC methods to these problems
and present unique and effiicient algorithms constructed by using gPC. Neverthe-
less, this chapter is not required when teaching the course, and readers are advised
to read it based on their own interests.

1.3 A SHORT REVIEW OF THE LITERATURE

Though the focus of this book is on the fundamentals of gPC-based numerical
methods, it is worthwhile to present a concise review of the notable literature in
this field. The goal is to give readers a general sense of what the active research
directions are. Since the field is undergoing rapid development, by no means does
this section serve as a comprehensive review. Only the notable and earlier work in
each subfield will be mentioned. Readers, after learning the basics, should devote
themselves to a more in-depth literature search.

The term polynomial chaos was coined by Nobert Wiener in 1938 in his work
studying the decomposition of Gaussian stochastic processes [115]. This was long
before the phenomenon of chaos in dynamical systems was known. In Wiener’s
work, Hermite polynomials serve as an orthogonal basis, and the validity of the
approach was proved in [12]. Beyond the use of Hermite polynomials, the work
on polynomial chaos referred in this book bears no other resemblance to Wiener’s
work. In the stochastic computations considered here, the problems we face in-
volve some practical systems (usually described by partial differential equations)
with random inputs. The random inputs are usually characterized by a set of ran-
dom parameters. As a result, many of the elegant mathematical tools in classical
stochastic analysis, e.g., stochastic calculus, are not directly applicable. And we
need to design new algorithms that are suitable for such practical systems.
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The original PC work was started by R. Ghanem and coworkers. Inspired by the
theory of Wiener-Hermite polynomial chaos, Ghanem employed Hermite polyno-
mials as an orthogonal basis to represent random processes and applied the tech-
nique to many practical engineering problems with success (cf. [41, 42, 43, 97]).
An overview can be found in [45].

The use of Hermite polynomials, albeit mathematically sound, presents diffi-
culties in some applications, particularly in terms of convergence and probability
approximations for non-Gaussian problems [20, 86]. Consequently, generalized
polynomial chaos was proposed in [120] to alleviate the difficulty. In gPC, different
kinds of orthogonal polynomials are chosen as a basis depending on the probability
distribution of the random inputs. Optimal convergence can be achieved by choos-
ing the proper basis. In a series of papers, the strength of gPC is demonstrated for
a variety of PDEs [119, 121].

The work on gPC was further generalized by not requiring the basis polynomials
to be globally smooth. In fact, in principle any set of complete bases can be a
viable choice. Such generalization includes the piecewise polynomial basis [8, 92],
the wavelet basis [62, 63], and multielement gPC [110, 111].

Upon choosing a proper basis, a numerical technique is needed to solve the prob-
lem. The early work was mostly based on the Galerkin method, which minimizes
the error of a finite-order gPC expansion by Galerkin projection. This is the stochas-
tic Galerkin (SG) approach and has been applied since the early work on PC and
proved to be effective. The Galerkin procedure usually results in a set of coupled
deterministic equations and requires additional effort to solve. Also, the derivation
of the resulting equations can be challenging when the governing stochastic equa-
tions take complicated forms.

Another numerical approach is the stochastic collocation (SC) method, where
one repetitively excecutes an established deterministic code on a prescribed node
in the random space defined by the random inputs. Upon completing the simula-
tions, one conducts postprocessing to obtain the desired solution properties from
the solution ensemble. The idea, primarily based on an old technique, the “deter-
ministic sampling method,” can be found in early works such as [78, 103]. These
works mostly employed tensor products of one-dimensional nodes (e.g., Gauss
quadrature). Although tensor product construction makes mathematical analysis
more accessible (cf. [7]) the total number of nodes grows exponentially fast as
the number of random parameters grows—the curse of dimensionality. Since each
node requires a full-scale underlying deterministic simulation, the tensor product
approach is practical only for low random dimensions, e.g., when the number of
random parameters is less than 5.

More recently, there has been a surge of interest in the high-order stochastic
collocation approach following [118]. A distinct feature of the work in [118] is
the use of sparse grids from multivariate interpolation analysis. A sparse grid is
a subset of the full tensor grid and can retain many of the accuracy properties of
the tensor grid. It can significantly reduce the number of nodes in higher random
dimensions while keeping high-order accuracy. Hence the sparse grid collocation
method becomes a viable choice in practical simulations. Much more work has
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since followed, with most focusing on further reduction in the number of nodes
(cf. [3, 75, 81, 104].

While most sparse grid collocation methods utilize interpolation theory, another
practical collocation method is the pseudospectral approach, termed by [116]. This
approach employs a discrete version of the gPC orthogonal projection operator and
relies heavily on integration theory. One should keep in mind that in multidimen-
sional spaces, especially for high dimensions, both interpolation and integration are
challenging tasks.

The major challenge in stochastic computations is high dimensionality, i.e., how
to deal with a large number of random variables. One approach to alleviate the
computational cost is to use adaptivity. Current work includes adaptive choice of
the polynomial basis [33, 107], adaptive element selection in multielement gPC
[31, 110], and adaptive sparse grid collocation [35, 75, 104].

Applications of these numerical methods take a wide range, a manifestation of
the relevance of stochastic simulation and uncertainty quantification. Here
we mention some of the more representative (and published) work. It includes
Burgers’ equation [53, 123], fluid dynamics [58, 61, 64, 70, 121], flow-structure
interactions [125], hyperbolic problems [17, 48, 68], material deformation [1, 2],
natural convection [35], Bayesian analysis for inverse problems [76, 77, 112],
multibody dynamics [89, 90], biological problems [37, 128], acoustic and electro-
magnetic scattering [15, 16, 126], multiscale computations [5, 94, 117, 124, 129],
model construction and reduction [26, 40, 44], random domains with rough bound-
aries [14, 69, 102, 130], etc.
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