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Chapter One
 

The fixed point formula 

1.1 SHIMURA VARIETIES 

The reference for this section is [P2] §3. 
Let S = RC/RGm,R. Identify S(C) = (C ⊗ R C)

× and C× × C× using the 
morphism a ⊗ 1 + b ⊗ i  −→ (a + ib, a − ib), and write µ0 : Gm,C −→ SC 

for the morphism z  −→ (z, 1). 
The definition of (pure) Shimura data that will be used here is that of [P2] (3.1), 

up to condition (3.1.4). So a pure Shimura datum is a triple (G, X , h)  (that will 
often be written simply (G, X )), where G is a connected reductive linear alge
braic group over Q, X is a set with a transitive action of G(R) and h : X −→ 
Hom(S, GR) is a G(R)-equivariant morphism, satisfying conditions (3.1.1), (3.1.2), 
(3.1.3), and (3.1.5) of [P2], but not necessarily condition (3.1.4) (i.e., the group Gad 

may have a simple factor of compact type defined over Q). 
Let (G, X , h)  be a Shimura datum. The field of definition F of the conjugacy 

class of cocharacters hx ◦ µ0 : Gm,C −→ GC, x ∈ X , is called the reflex field of the 
datum. If K is an open compact subgroup of G(Af ), there is an associated Shimura 
variety MK(G, X ), which is a quasi-projective algebraic variety over F satisfying 

MK(G, X )(C) = G(Q) \ (X × G(Af )/K). 

If moreover K is neat (cf. [P1] 0.6), then MK(G, X ) is smooth over F . Let  M(G, X ) 
be the inverse limit of the MK(G, X ), taken over the set of open compact subgroups 
K of  G(Af ). 

Let g, gg ∈ G(Af ), and let K, Kg be open compact subgroups of G(Af ) such that 
Kg ⊂ gKg − 1. Then there is a finite morphism 

Tg : MKg 
(G, X ) −→ MK(G, X ), 

which is given on complex points by 
G(Q) \ (X × G(Af )/Kg ) −→ G(Q) \ (X × G(Af )/K), 

G(Q)(x, hKg )  −→ G(Q)(x, hgK). 

If K is neat, then the morphism Tg is étale. 
Fix K. The Shimura variety MK(G, X ) is not projective over F in general, 

but it has a compactification j : MK(G, X ) −→ MK(G, X ) ∗ , the Satake-Baily
Borel (or Baily-Borel, or minimal Satake, or minimal) compactification, such that 
MK(G, X ) ∗ is a normal projective variety over F and MK(G, X ) is open dense in 
MK(G, X ) ∗ . Note that MK(G, X ) ∗ is not smooth in general (even when K is neat). 
The set of complex points of MK(G, X ) ∗ is 

K ∗ M (G, X ) (C) = G(Q) \ (X ∗ × G(Af )/K), 
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where X ∗ is a topological space having X as an open dense subset and such that the 
G(Q)-action on X extends to a continuous G(Q)-action on X ∗ . As a set,  X ∗ is the 
disjoint union of X and of boundary components XP indexed by the set of admis
sible parabolic subgroups of G (a parabolic subgroup of G is called admissible if it 
is not equal to G and if its image in every simple factor Gg of Gad is equal to Gg or 
to a maximal parabolic subgroup of Gg , cf. [P1] 4.5). If P is an admissible parabolic 
subgroup of G, then P(Q) = StabG(Q)(XP ); the  P(Q)-action on XP extends to a 
transitive P(R)-action, and the unipotent radical of P acts trivially on XP . 

MKg
For every g, K, Kg as above, there is a finite morphism T g : (G, X ) ∗ −→ 

MK(G, X ) ∗ extending the morphism Tg . 
From now on, we will assume that G satisfies the following condition. Let P be 

an admissible parabolic subgroup of G, NP be its unipotent radical, UP the center of 
NP , and MP = P/NP the Levi quotient. Then there exist two connected reductive 
subgroups LP and GP of MP such that 

•	 MP is the direct product of LP and GP ; 
•	 GP contains G1, where G1 is the normal subgroup of MP defined by Pink in 

[P2] (3.6), and the quotient GP /G1Z(GP ) is R-anisotropic; 
•	 LP ⊂ CentMP

(UP ) ⊂ Z(MP )LP ; 
•	 GP (R) acts transitively on XP , and LP (R) acts trivially on XP ; 
•	 for every neat open compact subgroup KM of MP (Af ), KM ∩ LP (Q) = KM ∩ 

CentMP (Q)(XP ). 
Denote by QP the inverse image of GP in P. 

Remark 1.1.1 If G satisfies this condition, then, for every admissible parabolic 
subgroup P of G, the group GP satisfies the same condition. 

Example 1.1.2 Any interior form of the general symplectic group GSp2n or of the 
quasi-split unitary group GU∗ (n) defined in section 2.1 satisfies the condition. 

The boundary of MK(G, X ) ∗ has a natural stratification (this stratification exists 
in general, but its description is a little simpler when G satisfies the above condi
tion). Let P be an admissible parabolic subgroup of G. Pink has defined a morphism 
XP −→ Hom(S, GP,R) ([P2] (3.6.1)) such that (GP , XP ) is a Shimura datum and 
the reflex field of (GP , XP ) is F . Let  g ∈ G(Af ). Let HP = gKg − 1∩ P(Q)QP (Af ), 
HL = gKg − 1 ∩ LP (Q)NP (Af ), KQ = gKg − 1 ∩ QP (Af ), and KN = gKg − 1 ∩ 
NP (Af ). Then (cf. [P2] (3.7)) there is a morphism, finite over its image, 

K ∗ KMKQ/KN (GP , XP ) −→ M (G, X ) − M (G, X ). 

The group HP acts on the right on MKQ/KN (GP , XP ), and this action factors through 
the finite group HP /HLKQ. Denote by iP,g  the locally closed immersion 

∗ MKQ/KN (GP , XP )/HP −→ MK(G, X ) . 

This immersion extends to a finite morphism 

∗ K ∗ iP,g  : MKQ/KN (GP , XP ) /HP −→ M (G, X ) 
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∗(this morphism is not a closed immersion in general). The boundary of MK(G,X ) 
is the union of the images of the morphisms iP,g , for  P an admissible parabolic 
subgroup of G and g ∈ G(Af ). If  Pg is another admissible parabolic subgroup of 
G and gg ∈ G(Af ), then the images of the immersions iP,g  and iP g,gg are equal if 
and only if there exists γ ∈ G(Q) such that Pg = γPγ−1 and P(Q)QP (Af )gK = 
P(Q)QP (Af )γ

−1 ggK; if there is no such γ , then these images are disjoint. If K is 
neat, then KQ/KN is also neat and the action of HP /HLKN on MKQ/KN (GP ,XP ) 
is free (so MKQ/KN (GP ,XP )/HP is smooth). 

The images of the morphisms iP,g , g ∈ G(Af ), are  the  boundary strata of 
MK(G,X ) ∗ associated to P. 

To simplify notation, assume from now on that Gad is simple. Fix a minimal 
parabolic subgroup P0 of G. A parabolic subgroup of G is called standard if it 
contains P0. Let  P1, . . . ,Pn be the maximal standard parabolic subgroups of G, 
with the numbering satisfying r ≤ s if and only if UPr ⊂ UPs (cf. [GHM] (22.3)). 
Write Nr = NPr , Gr = GPr , Lr = LPr , ir,g = iPr ,g , etc.  

Let P be a standard parabolic subgroup of G. Write P = Pn1 ∩ · · · ∩ Pnr , with 
n1 < · · ·  < nr . The Levi quotient MP = P/NP is the direct product of Gnr and of 
a Levi subgroup LP of Lnr . Let  CP be the set of n-uples (X1, . . . , Xr), where 

•	 X1 is a boundary stratum of MK(G,X ) ∗ associated to Pn1 ; •	 for every i ∈ {1, . . . , r  − 1}, Xi+1 is a boundary stratum of Xi associated to 
the maximal parabolic subgroup (Pni+1 ∩ Qni )/Nni of Gni . 

Let C1 be the quotient of G(Af ) × Qn1(Af ) × · · · × Qn (Af ) by the following P	 r−1 gequivalence relation: (g1, . . . , gr) is equivalent to (g1
g , . . . , g ) if and only if, for r

every i ∈ {1, . . . , r}, 
g(Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af )gi . . . g1K = (Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af )gi

g . . . g1K. 

Proposition 1.1.3 (i) The map G(Af ) −→ C1 that sends g to the class of P ∼
(g, 1, . . . , 1) induces a bijection P(Q)Qnr (Af ) \ G(Af )/K −→ CP1 . 

(ii) Define a map ϕg : C1 −→ CP in the following way. Let (g1, . . . , gr) ∈P 
G(Af )× Qn1(Af )× · · · × Qn (Af ). For every i ∈ {1, . . . , r}, write 

r−1

Hi = (gi . . . g1)K(gi . . . g1)
−1 ∩ (Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af ), 

and let Ki be the image of Hi ∩ Qni (Af ) by the obvious morphism Qni (Af ) 
−→ Gni (Af ). Then ϕg sends the class of (g1, . . . , gr) to the n-tuple 
(X1, . . . , Xr), where X1 = Im(in1,g1) = MK1(Gn1 ,Xn1)/H1 and, for every 
i ∈ {1, . . . , r − 1}, Xi+1 is the boundary stratum of Xi = MKi (Gni ,Xni )/Hi 

image of the morphism iP g,g , with Pg = (Pni+1∩Qni )/Nni (a maximal parabolic 
subgroup of Gni ) and g = gi+1Nni (Af ) ∈ Gni (Af ). 

Then this map C1 −→ CP is well defined and bijective. P 

∼
The proposition gives a bijection ϕP : P(Q)Qnr (Af )\G(Af )/K −→ CP . On the  

∗other hand, there is a map from CP to the set of boundary strata of MK(G,X ) asso
∗ciated to Pnr , defined by sending (X1, . . . , Xr) to the image of Xr in MK(G,X ) . 

After identifying CP to P(Q)Qnr (Af ) \ G(Af )/K using  ϕP and the second set to 

http:G(Af).If
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Pnr (Q)Qnr (Af ) \ G(Af )/K using  g −→ Im(inr ,g), this map becomes the obvious 
projection P(Q)Qnr (Af ) \ G(Af )/K −→ Pnr (Q)Qnr (Af ) \ G(Af )/K. 

Proof. 

(i) As Qn ⊂ Qn ⊂  · · ·  ⊂  Qn1 , it is easy to see that, in the definition of CP1 ,
r r−1 g(g1, . . . , gr) is equivalent to (g1

g , . . . , g ) if and only if r

(Pn1 ∩ · · · ∩ Pnr )(Q)Qnr (Af )gr . . . g1K 
g= (Pn1 ∩ · · · ∩ Pnr )(Q)Qnr (Af )gr

g . . . g1K. 

The result now follows from the fact that P = Pn1 ∩ · · · ∩ Pnr . 
(ii) We first check that	 ϕg is well defined. Let i ∈ {1, . . . , r  − 1}. If  Xi = 

MKi (Gni ,Xni )/Hi and Xi+1 is the boundary stratum Im(iP g,g) of Xi , with 
Pg and g as in the proposition, then Xi+1 = MKg

(Gni+1 ,Xni+1)/H
g, where 

−1Hg = gi+1Higi+1 ∩Pni+1(Q)Qni+1(Af ) and Kg is the image of Hg ∩Qni+1(Af ) 
in Gni+1(Af ). As  gi+1 ∈ Qni (Af ), 

Hg = (gi+1 . . . g1)K(gi+1 . . . g1)
−1 ∩ (Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af ) 

∩Pni+1(Q)Qni+1(Af ). 

On the other hand, it is easy to see that 

(Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af ) ∩ Pni+1(Q)Qni+1(Af ) 

= (Pn1 ∩ · · · ∩ Pni+1)(Q)Qni+1(Af ). 

Hence Hg = Hi+1, and Xi+1 = MKi+1(Gni+1 ,Xni+1)/Hi+1. It is also clear 
that the n-tuple (X1, . . . , Xr) defined in the proposition does not change if 
(g1, . . . , gr) is replaced by an equivalent r-tuple. 

It is clear that ϕg is surjective. We want to show that it is injective. Let 
c, cg ∈ C1 ; write (X1, . . . , Xr) = ϕg(c) and (X1

g , . . . , Xg ) = ϕg(cg), and P	 r

suppose that (X1, . . . , Xr) = (X1
g , . . . , Xg ). Fix representatives (g1, . . . , gn)r

and (g1
g , . . . , gg ) of c and cg. As before, write, for every i ∈ {1, . . . , n},n

Hi = (gi . . . g1)K(gi . . . g1)
−1 ∩ (Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af ), 

g gHg = (gi
g . . . g1)K(gi

g . . . g1)
−1 ∩ (Pn1 ∩ · · · ∩ Pni )(Q)Qni (Af ).i 

Then the equality X1 =Xg implies that Pn1(Q)Qn1(Af )g1K = 1 
Pn1(Q)Qn1(Af )g1

g K and, for every i ∈ {1, . . . , r  − 1}, the equality Xi+1 = 
Xi

g
+1 implies that 

g(Q)Qni+1(Af )gi+1Hi (gi . . . g1) = (Q)Qni+1(Af )gi
g
+1Hg (gi

g . . . g1).Pni+1	 Pni+1 i

g	 gSo (g1, . . . , gr) and (g1
g , . . . , g ) are equivalent, and c = c . Dr

1.2 LOCAL SYSTEMS AND PINK’S THEOREM 

Fix a number field K . If  G is a linear algebraic group over Q, let RepG be the 
category of algebraic representations of G defined over K . Fix a prime number l 
and a place λ of K over l. 

http:Gni+1(Af).As
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Let M be a connected reductive group over Q, L and G connected reductive 
subgroups of M such that M is the direct product of L and G, and (G, X ) a Shimura 
datum. Extend the G(Af )-action on M(G, X ) to an M(Af )-action by the obvious 
map M(Af ) −→ G(Af ) (so L(Af ) acts trivially). Let KM be a neat open compact 
subgroup of M(Af ). Write H = KM ∩ L(Q)G(Af ), HL = KM ∩ L(Q) (an arith
metic subgroup of L(Q)), and K = KM ∩ G(Af ). The group H acts on the Shimura 
variety MK(G, X ), and the quotient MK(G, X )/H is equal toMH/HL(G, X ) (H/HL 

is a neat open compact subgroup of G(Af )). 

Remark 1.2.1 It is possible to generalize the morphisms Tg of section 1.1: If 
m ∈ L(Q)G(Af ) and Kg is an open compact subgroup of M(Af ) such that M 
Kg ∩ L(Q)G(Af ) ⊂ mHm − 1, then there is a morphism M 

Tm : M(G, X )/Hg −→ M(G, X )/H, 

where Hg = Kg ∩ L(Q)G(Af ) and H = KM ∩ L(Q)G(Af ). This morphism is M 
simply the one induced by the injection Hg −→ H, h −→ mhm− 1 (equivalently, it 
is induced by the endomorphism x −→ xm of M(G, X )). 

There is an additive triangulated functor V −→ FH/HLRr(HL, V  )  from 
the category Db(RepM) to the category of λ-adic complexes on MK(G, X )/H,1 

constructed using the functors µr,ϕ of Pink (cf. [P1] (1.10)) for the profinite étale 
(and Galois of group H/HL) covering M(G, X ) −→ MK(G, X )/H and the prop
erties of the arithmetic subgroups of L(Q). This construction is explained in [M1] 
2.1.4. For every V ∈ Ob Db(RepM) and k ∈ Z, Hk FH/HLRr(HL, V  )  is a lisse 
λ-adic sheaf on MK(G, X )/H, whose fiber is (noncanonically) isomorphic to 

Hi (HL, H
j V ).  

i+ j= k 

Remark 1.2.2 If r is a neat arithmetic subgroup of L(Q) (e.g., r = HL), then it is 
possible to compute Rr(r, V ) in the category Db(RepG), because r is of type FL 
(cf. [BuW], theorem 3.14). 

We will now state a theorem of Pink about the direct image of the complexes 
FH/HLRr(HL, V  )  by the open immersion j : MK(G, X )/H −→ MK(G, X ) ∗ /H. 
Let P be an admissible parabolic subgroup of G and g ∈ G(Af ). Write 

HP = gHg − 1 ∩ L(Q)P(Q)QP (Af ), 

HP,L  = gHg − 1 ∩ L(Q)LP (Q)NP (Af ), 

KN = gHg − 1 ∩ NP (Af ), 

KG = (gHg − 1 ∩ QP (Af ))/(gHg − 1 ∩ NP (Af )), 

and i = iP,g  : MKG(GP , XP )/HP −→ MK(G, X ) ∗ /H. 
Then theorem 4.2.1 of [P2] implies the following result (cf. [M1] 2.2). 

1Here, and in the rest of the book, the notation Rr will be used to denote the right derived functor of 
the functor H0. 
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Theorem 1.2.3 For every V ∈ Ob Db(RepM), there are canonical isomorphisms 
∗ i Rj∗ FH/HLRr(HL, V  )  � FHP /HP,L  Rr(HP,L, V  )  

� FHP /HP,L  Rr(HP,L/KN,Rr(Lie(NP ), V )). 

The last isomorphism uses van Est’s theorem, as stated (and proved) in 
[GHM] 24. 

We will also use local systems on locally symmetric spaces that are not neces
sarily hermitian. We will need the following notation. Let G be a connected reduc
tive group over Q. Fix a maximal compact subgroup K∞ of G(R). Let  AG be the 
maximal (Q-)split torus of the center of G, X = G(R)/K∞ AG(R)

0 and q(G) = 
1dim(X )/2 ∈ 2Z. Write 

MK(G, X )(C) = G(Q) \ (X × G(Af )/K) 

(even though (G, X ) is not a Shimura datum in general, and MK(G, X )(C) is not 
always the set of complex points of an algebraic variety). If K is small enough (e.g., 
neat), this quotient is a real analytic variety. There are morphisms Tg (g ∈ G(Af )) 
defined exactly as in section 1.1. 

Let V ∈ Ob RepG. Let  FKV be the sheaf of local sections of the morphism 

G(Q) \ (V × X × G(Af )/K) −→ G(Q) \ (X × G(Af )/K) 

(where G(Q) acts on V × X × G(Af )/K by  (γ, (v, x, gK)) −→ (γ.v, γ.x, γ gK)). 
As suggested by the notation, there is a connection between this sheaf and the local 
systems defined above: if (G, X ) is a Shimura datum, then FKV ⊗ Kλ is the inverse 
image on MK(G, X )(C) of the λ-adic sheaf FKV on MK(G, X ) (cf. [L1], p. 38 or 
[M1] 2.1.4.1). 

Let r be a neat arithmetic subgroup of G(Q). Then the quotient r \ X is a real 
analytic variety. For every V ∈ Ob RepG, let  FrV be the sheaf of local sections of 
the morphism 

r \ (V × X ) −→ r \ X 

(where r acts on V × X by (γ, (v, x)) −→ (γ.v, γ.x)). 
Let K be a neat open compact subgroup of G(Af ), and let (gi)i∈ I be a system 

of representatives of the double quotient G(Q) \ G(Af )/K. For every i ∈ I , let  
ri = gi Kg − 1 ∩ G(Q). Then the ri are neat arithmetic subgroups of G(Q),i U

MK(G, X )(C) = ri \ X , 
i∈ I 

and, for every V ∈ Ob RepG, 

FKV = Fri V.  
i∈ I 

1.3 INTEGRAL MODELS 

Notation is as in section 1.1. Let (G, X ) be a Shimura datum such that Gad is simple 
and that the maximal parabolic subgroups of G satisfy the condition of section 1.1. 

http:L1],p.38
http:hermitian.We
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The goal here is to show that there exist integral models (i.e., models over a suitable 
localization of OF ) of the varieties and sheaves of sections 1.1 and 1.2 such that 
Pink’s theorem is still true. The exact conditions that we want these models to 
satisfy are given more precisely below (conditions (1)–(7)). 

Fix a minimal parabolic subgroup P0 of G, and let (G1,X1), . . . , (Gn,Xn) be the 
Shimura data associated to the standard maximal parabolic subgroups of G. We will 
also write (G0,X0) = (G,X ). Note that, for every i ∈ {0, . . . , n}, P0 determines 
a minimal parabolic subgroup of Gi . It is clear that, for every i ∈ {0, . . . , n}, the  
Shimura data associated to the standard maximal parabolic subgroups of Gi are the 
(Gj ,Xj ), with i + 1 ≤ j ≤ n. 

Remember that F is the reflex field of (G,X ). It is also the reflex field of all the 
(Gi ,Xi ) ([P1] 12.1 and 11.2(c)). Let Q be the algebraic closure of Q in C; as  F is 
by definition a subfield of C, it is included in Q. For every prime number p, fix an  
algebraic closure Q of Qp and an injection F ⊂ Q .p	 p

Fix a point x0 of X , and let h0 : S −→ GR be the morphism corresponding 
to x0. Let  w be the composition of h0 and of the injection Gm,R ⊂ S. Then w is 
independent of the choice of h0, and it is defined over Q (cf. [P2] 5.4). An algebraic 
representation ρ : G −→ GL(V ) of G is said to be pure of weight m if ρ ◦ w is 
the multiplication by the character λ −→ λm of Gm (note that the sign convention 
here is not the same as in [P2] 5.4). 

Consider the following data: 

•	 for every i ∈ {0, . . . , n}, a set  Ki of neat open compact subgroups of Gi (Af ), 
stable by G(Af )-conjugacy; 

•	 for every i ∈ {0, . . . , n}, a subset Ai of Gi (Af ) such that 1 ∈ Ai ; 
•	 for every i ∈ {0, . . . , n}, a full abelian subcategory Ri of RepGi

, stable by 
taking direct factors. 

These data should satisfy the following conditions. Let i, j ∈ {0, . . . , n} be such 
that j > i  and K ∈ Ki . Let  P be the standard maximal parabolic subgroup of Gi 

associated to (Gj ,Xj ). 
Then 

(a) For every g ∈ Gi (Af ), 

(gKg −1 ∩ QP (Af ))/(gKg −1 ∩ NP (Af )) ∈ Kj , 
and, for every g ∈ Gi (Af ) and every standard parabolic subgroup Pg of Gi 

such that QP ⊂ Pg ⊂ P, 

(gKg −1 ∩ Pg(Q)NP g(Af )QP (Af ))/(gKg −1 ∩ LP g(Q)NP g(Af )) ∈ Kj , 

(gKg −1 ∩ Pg(Af ))/(gKg −1 ∩ LP g(Af )NP g(Af )) ∈ Kj . 

(b) Let g ∈ Ai and Kg ∈ Ki be such that Kg ⊂ gKg −1. Let  h ∈ P(Q)QP (Af ) \ 
G(Af )/K and hg ∈P(Q)QP (Af )\G(Af )/Kg be such that P(Q)QP (Af )hK = 
P(Q)QP (Af )h

ggK. Then there exist p ∈ LP (Q) and q ∈ QP (Af ) such that 
pqhK = hggK and the image of q in Gj (Af ) = QP (Af )/NP (Af ) is in Aj . 
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(c) For every g ∈ Gi (Af ) and V ∈ Ob Ri , 
Rr(rL,Rr(Lie(NP ), V )) ∈ Ob Db(Rj ), 

where 

rL = (gKg −1 ∩ P(Q)QP (Af ))/(gKg −1 ∩ QP (Af )). 

Let � be a finite set of prime numbers such that the groups G0, . . . ,Gn are 
unramified outside �. For every p  ∈ �, fix  Zp-models of these groups such that 
the group of Zp-points is hyperspecial. Let  

A� = Qp. 
p∈� 

Fix l ∈ � and a place λ of K above l, and consider the following conditions 
on �: 

(1) For every i ∈ {0, . . . , n}, Ai ⊂ Gi (A�) and every G(Af )-conjugacy class 
in Ki has a representative of the form K�K� , with K� ⊂ Gi (A�) and K� = 

Gi (Zp). p  ∈� 
(2) For every i ∈ {0, . . . , n} and K ∈ Ki , there exists a smooth quasi-projective 

scheme MK(Gi ,Xi ) over Spec(OF [1/�]) whose generic fiber is 
MK(Gi ,Xi ). 

(3) For every i ∈ {0, . . . , n} and K ∈ Ki , there exists a normal scheme MK(Gi , 
∗Xi ) , projective over Spec(OF [1/�]), containing MK(Gi ,Xi ) as a 

∗dense open subscheme and with generic fiber MK(Gi ,Xi ) . Moreover, the 
morphisms iP,g  (resp., iP,g) of section 1.1 extend to locally closed immer
sions (resp., finite morphisms) between the models over Spec(OF [1/�]), 
and the boundary of MK(Gi ,Xi ) ∗ −MK(Gi ,Xi ) is still the disjoint union 
of the images of the immersions iP,g . 

−1(4) For every i ∈ {0, . . . , n}, g ∈ Ai and K,Kg ∈ Ki such that Kg ⊂ gKg , 
: MKg ∗the morphism T g (Gi ,Xi ) −→ MK(Gi ,Xi ) ∗ extends to a finite 

∗ ∗morphism MKg
(Gi ,Xi ) −→ MK(Gi ,Xi ) , which will still be denoted 

by T g , whose restriction to the strata of MKg
(Gi ,Xi ) ∗ (including the open 

stratum MKg
(Gi ,Xi )) is étale.  

(5) For every i ∈ {0, . . . , n} and K ∈ Ki , there exists a functor FK from Ri to 
the category of lisse λ-adic sheaves on MK(Gi ,Xi ) that, after passing to the 
special fiber, is isomorphic to the functor FK of section 1.2. 

(6) For every i ∈ {0, . . . , n}, K  ∈ Ki , and V ∈ Ob Ri , the isomorphisms of 
Pink’s theorem (1.2.3) extend to isomorphisms between λ-adic complexes 
on the Spec(OF [1/�])-models. 

(7) For every i ∈ {0, . . . , n}, K  ∈ Ki and V ∈ Ob Ri , the sheaf FKV on 
MK(Gi ,Xi ) is mixed ([D2] 1.2.2). If moreover V is pure of weight m, then 
FKV is pure of weight −m. 

The fact that suitable integral models exist for PEL Shimura varieties has been 
proved by Kai-Wen Lan, who constructed the toroidal and minimal compactifica
tions of the integral models. 

http:1.2.2).If
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Proposition 1.3.1 Suppose that the Shimura datum (G,X ) is of the type consid
ered in [K11] §5; more precisely, we suppose fixed data as in [Lan] 1.2. Let be 
a finite set of prime numbers that contains all bad primes (in the sense of [Lan] 
1.4.1.1). For every i ∈ {0, . . . , n}, let  Ai = Gi (A ), let  Ki be the union of the 
Gi (Af )-conjugacy classes of neat open compact subgroups of the form K K with 
K ⊂ p∈ Gi (Zp) and K = p∈ Gi (Zp), and let Ri = RepGi

. 
Then the set satisfies conditions (1)–(7), and moreover the schemes 
MK(Gi ,Xi ) of (2) are the schemes representing the moduli problem of [Lan] 1.4. 

Proof. This is just putting together Lan’s and Pink’s results. Condition (1) is auto
matic. Condition (2) (in the more precise form given in the proposition) is a conse
quence of theorem 1.4.1.12 of [Lan]. Conditions (3) and (4) are implied by theorem 
7.2.4.1 and proposition 7.2.5.1 of [Lan]. The construction of the sheaves in condi
tion (5) is the same as in [P2] 5.1, once the integral models of condition (2) are 
known to exist. In [P2] 4.9, Pink observed that the proof of his theorem extends to 
integral models if toroidal compactifications and a minimal compactification of the 
integral model satisfying the properties of section 3 of [P2] have been constructed. 
This has been done by Lan (see, in addition to the results cited above, theorem 
6.4.1.1 and propositions 6.4.2.3, 6.4.2.9 and 6.4.3.4 of [Lan]), so condition (6) is 
also satisfied. In the PEL case, Gad is automatically of abelian type in the sense of 
[P2] 5.6.2 (cf. [K11] §5). So Gad is of abelian type for all i, and condition (7) is i 
implied by proposition 5.6.2 in [P2]. D 

Remark 1.3.2 Let (G,X ) be one of the Shimura data defined in 2.1, and let K be 
a neat open compact subgroup of G(Af ). Then there exists a finite set S of primes 
such that K = KS G(Zp), with KS ⊂ G(Qv) (and with the Z-structure p∈S v∈S 
on G defined in remark 2.1.1). Let be the union of S and of all prime numbers 
that are ramified in E. Then contains all bad primes, so proposition 1.3.1 above 
applies to . 

Remark 1.3.3 The convention we use here for the action of the Galois group on the 
canonical model is that of Pink ([P2] 5.5), which is different from the convention 
of Deligne (in [D1]) and hence also from the convention of Kottwitz (in [K11]); 
so what Kottwitz calls canonical model of the Shimura variety associated to the 
Shimura datum (G,X , h−1) is here the canonical model of the Shimura variety 
associated to the Shimura datum (G,X , h). 

Let us indicate another way to find integral models when the Shimura datum is 
not necessarily PEL. The problem with this approach is that the set of “bad” 
primes is unknown. 

Proposition 1.3.4 Let Ki and Ai be as above (and satisfying conditions (a) and 
(b)). Suppose that, for every i ∈ {0, . . . , n}, Ki is finite modulo Gi (Af )-conjugacy 
and Ai is finite. If Gad is of abelian type (in the sense of [P2] 5.6.2), then there exists 
a finite set of prime numbers satisfying conditions (1)–(7), with Ri = RepGi for 
every i ∈ {0, . . . , n}. 
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In general, there exists a finite set of prime numbers satisfying conditions (1)– 
(6), with Ri = RepGi 

for every i ∈ {0, . . . , n}. Let Rig , 0 ≤ i ≤ n, be full subcate
gories of RepGi

, stable by taking direct factors and by isomorphism, containing the 
trivial representation, satisfying condition (c) and minimal for all these properties 
(this determines the Rg ). Then there exists g ⊃ finite such that g and the Rg

i i 
satisfy condition (7). 

This proposition will typically be applied to the following situation: g ∈ G(Af ) 
−1and K,Kg are neat open compact subgroups of G(Af ) such that Kg ⊂ K ∩ gKg , 

∗and we want to study the Hecke correspondence (Tg, T1) : MKg
(G,X ) −→ 

∗ (MK(G,X ) )2. In order to reduce this situation modulo p, choose sets Ki such 
that K,Kg ∈ K0 and condition (a) is satisfied, and minimal for these properties, sets 
Ai such that 1, g  ∈ A0 and condition (b) is satisfied, and minimal for these proper
ties; take Ri = RepGi 

if Gad is of abelian type and Ri equal to the Rg defined in i 
the proposition in the other cases; fix such that conditions (1)–(7) are satisfied, 
and reduce modulo p ∈ . 

Proof. First we show that, in the general case, there is a finite set of prime 
numbers satisfying conditions (1)–(6), with Ri = RepGi

. It is obviously possible 
to find satisfying conditions (1)–(4). Proposition 3.6 of [W] implies that we can 
find satisfying conditions (1)–(5). To show that there exists satisfying condi
tions (1)–(6), reason as in the proof of proposition 3.7 of [W], using the generic 
base change theorem of Deligne (cf. SGA 4 1/2 [Th. finitude] théorème 1.9). As in 
the proof of proposition 1.3.1, if Gad is of abelian type, then condition (7) is true 
by proposition 5.6.2 of [P2]. In the general case, let Rg be defined as in the state-i 
ment of the proposition. Condition (7) for these subcategories is a consequence of 
proposition 5.6.1 of [P2] (reason as in the second proof of [P2] 5.6.6). D 

Remark 1.3.5 Note that it is clear from the proof that, after replacing by a bigger 
finite set, we can choose the integral models MK(Gi ,Xi ) to be any integral models 
specified before (as long as they satisfy the conditions of (2)). 

When we later talk about reducing Shimura varieties modulo p, we will always 
implicitly fix as in proposition 1.3.1 (or proposition 1.3.4) and take p ∈ . The  
prime number l will be chosen among elements of (or added to ). 

1.4 WEIGHTED COHOMOLOGY COMPLEXES AND INTERSECTION 

COMPLEX 

Let (G,X ) be a Shimura datum and K be a neat open compact subgroup of G(Af ). 
Assume that G satisfies the conditions of section 1.1 and that Gad is simple. Fix 
a minimal parabolic subgroup P0 of G and maximal standard parabolic subgroups 
P1, . . . ,Pn as before proposition 1.1.3. Fix prime numbers p and l as at the end of 
section 1.3, and a place λ of K above l. In this section, we will write MK(G,X ), 
etc. for the reduction modulo p of the varieties of 1.1. 

Write M0 = MK(G,X ) and d = dim M0, and, for every r ∈ {1, . . . , n}, 
denote by Mr the union of the boundary strata of MK(G,X ) ∗ associated to Pr , 

http:1)�(5).To
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by dr the dimension of Mr and by ir the inclusion of Mr in MK(G,X ) ∗. Then 
(M0, . . . ,Mn) is a stratification of MK(G,X ) ∗ in the sense of [M2] 3.3.1. Hence, 
for every a = (a0, . . . , an) ∈ (Z ∪ {±∞})n+1, the functors w≤a and w>a of [M2] 
3.3.2 are defined (on the category Db (MK(G,X ) ∗ ,Kλ) of mixed λ-adic complexes m

on MK(G,X ) ∗). We will recall the definition of the intersection complex and of 
the weighted cohomology complexes. Remember that j is the open immersion 

∗ MK(G,X ) −→ MK(G,X ) . 

Remark 1.4.1 We will need to use the fact that the sheaves FKV are mixed with 
known weights. So we fix categories R0, . . . ,Rn as in section 1.3, satisfying condi
tions (c) and (7) of 1.3. If Gad is of abelian type, we can simply take R0 = RepG. 

∗Definition 1.4.2 (i) Let V ∈ Ob RepG. The intersection complex on MK(G,X ) 
with coefficients in V is the complex 

KIC V = (j!∗(FKV [d]))[−d]. 
(ii) (cf. [M2] 4.1.3) Let t1, . . . , tn ∈ Z ∪ {±∞}. For every r ∈ {1, . . . , n}, write 

ar = −tr + dr . Define an additive triangulated functor
 
≥t1,...,≥t K ∗
 W n : Db(R0) −→ Db (M (G,X ) ,Kλ)m

in the following way: for every m ∈ Z, if  V ∈ Ob Db(R0) is such that all 
Hi V , i ∈ Z, are pure of weight m, then 

≥t1,...,≥tW nV = w≤(−m+d,−m+a1,...,−m+an)Rj∗FKV.  

The definition of the weighted cohomology complex in (ii) was inspired by the 
work of Goresky, Harder and MacPherson ([GHM]). Proposition 4.1.5 of [M2] 
admits the following obvious generalization. 

Proposition 1.4.3 Let t1, . . . , tn ∈ Z be such that, for every r ∈ {1, . . . , n}, dr − 
d ≤ tr ≤ 1+dr −d . Then, for every V ∈ Ob R0, there is a canonical isomorphism 

K ≥t1,...,≥tIC V W nV.  

We now want to calculate the restriction to boundary strata of the weighted coho
mology complexes. The following theorem is a consequence of propositions 3.3.4 
and 3.4.2 of [M2]. 

Theorem 1.4.4 Let a = (a0, . . . , an) ∈ (Z ∪ {±∞})n+1. Then, for every L ∈ 
Ob Db (MK(G,X ),Kλ) such that all perverse cohomology sheaves of L are m

pure of weight a0, there is an equality of classes in the Grothendieck group of 
Db (MK(G,X ) ∗ ,Kλ): m

! ![w≤aRj∗L] =  (−1)r [inr !w≤anr inr . . . in1!w≤an1 
i j!L]. n1

1≤n1<···<nr≤n 

Therefore it is enough to calculate the restriction to boundary strata of the com
plexes in !w≤a i ! . . . in1!w≤a i ! j!FKV , 1  ≤ n1 < · · ·  < nr ≤ n. The following 

r nr n n1 n1r 

proposition generalizes proposition 4.2.3 of [M2] and proposition 5.2.3 of [M1]. 

http:and(7)of1.3.If
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Proposition 1.4.5 Let n1, . . . , nr ∈ {1, . . . , n} be such that n1 < · · ·  < nr , 
a1, . . . , ar ∈ Z ∪ {±∞}, V ∈ Ob Db(R0) and g ∈ G(Af ). Write P = Pn1 ∩ 
. . .  ∩Pnr ; remember that, in section 1.1, before proposition 1.1.3, we constructed a 
set CP P(Q)Qnr (Af ) \ G(Af )/K and a map from this set to the set of boundary 
strata of MK(G,X ) ∗ associated to Pn . For every i ∈ {1, . . . , r}, let  wi : Gm −→ 

r

Gni be the cocharacter associated to the Shimura datum (Gni ,Xni ) as in section 
1.3; the image of wi is contained in the center of Gni , and wi can be seen as a 
cocharacter of MP . For every i ∈ {1, . . . , r}, write ti = −ai + d . Let ni 

∗ ∗ ∗ L = i Rin ∗w>a i . . . Rin1∗w>a1 i Rj∗FKV.  nr ,g r r nr n1

Then there is a canonical isomorphism 

L TC∗LC, 
C 

where the direct sum is over the set of C = (X1, . . . , Xr) ∈ CP that are sent 
to the stratum Im(inr ,g), TC is the obvious morphism Xr −→ Im(inr ,g) (a finite 
étale morphism), and LC is an λ-adic complex on Xr such that, if h ∈ G(Af ) is a 
representative of C, there is an isomorphism 

LC FH/HLRr(HL/KN,Rr(Lie(NP ), V )<t1,...,<tr ), 

where H = hKh−1 ∩ P(Q)Qn (Af ), HL =hKh−1∩P(Q)Nn (Af )∩Ln (Q)Nn (Af ),r r r r 

KN = hKh−1 ∩ NP (Q)Nn (Af ) and, for every i ∈ {1, . . . , r}, the subscript “< ti ” 
r 

means that the complex Rr(Lie(NP ), V ) of representations of MP is truncated by 
the weights of wi(Gm) (cf. [M2] 4.1.1). 

Remember that the Levi quotient MP is the direct product of Gnr and a Levi 
subgroup LP of Lnr . Write rL = HL/KN and XL = LP (R)/KL,∞ALP (R)

0, 
where KL,∞ is a maximal compact subgroup of LP (R) and ALP is, as in section 
1.2, the maximal split subtorus of the center of LP ; also remember that q(LP ) = 
dim(XL)/2. Then rL is a neat arithmetic subgroup of LP (Q), and, for every W ∈ 
Ob Db(RepLP ), 

Rr(rL,W) = Rr(rL \XL,FrLW).  
Write 

Rrc(rL,W) = Rrc(rL \XL,FrLW).  
If W ∈ Ob Db(RepMP

), then this complex can be seen as an object of Db(RepGnr 
), 

because it is the dual of Rr(rL,W  ∗ )[dim(XL)] (where W ∗ is the contragredient of 
W ). Define in the same way a complex Rrc(KL,W)  for KL a neat open compact 
subgroup of LP (Af ) and W ∈ Ob Db(RepLP ). 

Corollary 1.4.6 Write 
∗ ! !M = inr ,ginr !w≤ar inr . . . in1!w≤a1 in1

j!FKV.  

Then there is a canonical isomorphism 

M TC∗MC, 
C 
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where the sum is as in the proposition above and, for every C = (X1, . . . , Xr) ∈ CP 

that is sent to the stratum Im(inr ,g), MC is an λ-adic complex on Xr such that, if 
h is a representative of C, then there is an isomorphism (with the notation of the 
proposition) 

MC FH/HLRrc(HL/KN,Rr(Lie(NP ), V )≥t1,...,≥tr )[− dim(AMP /AG)]. 
Proof. Let V ∗ be the contragredient of V . The complex dual to M is 

∗ ∗ ∗ D(M) = inr ,gRinr ∗w≥−ar inr . . . Rin1∗w≥−a1 in1
Rj∗D(FKV )  

∗ ∗ ∗ = i Rinr ∗w≥−ar i . . . Rin1∗w≥−a1 i Rj∗(FKV ∗[2d](d)) nr ,g nr n1

∗ ∗ ∗ ∗ = (i Rinr i . . . Rin1∗w≥2d−a1 i Rj∗FKV )[2d](d). nr ,g ∗w≥2d−ar nr n1

For every i ∈ {1, . . . , r}, let  si = −(2d − ai − 1) + dni = 1 − ti − 2(d − dni ). By  
proposition 1.4.5, 

D(M) TC∗MC
g ,
 

C
 

with 
∗ MC

g FH/HLRr(HL/KN,Rr(Lie(NP ), V )<s1,...,<sr )[2d](d). 
Take MC = D(M g ). It remains to prove the formula for MC .C 

Let m = dim(NP ). By lemma (10.9) of [GHM], 

Rr(Lie(NP ), V )≥t1,...,≥tr
 
∗
 R Hom(Rr(Lie(NP ), V )<s1,...,<sr , H

m(Lie(NP ), Q))[−m], 
and Hm(Lie(NP ), Q) is the character γ −→ det(Ad(γ ), Lie(NP ))

−1 of MP (only 
the case of groups G with anisotropic center is treated in [GHM], but the general 
case is similar). In particular, HL/KN acts trivially on Hm(Lie(NP ), Q), and the 
group wr(Gm) acts by the character λ −→ λ2(d−dnr ) (wr is defined as in proposition 
1.4.5). Hence 

MC FH/HLRrc(HL/KN,Rr(Lie(NP ), V )≥t1,...,≥tr )[a], 
with 

a = 2dnr + m + 2q(LP ) − 2d = 2q(Gnr ) + 2q(LP ) + dim(NP ) − 2q(G) 

= −  dim(AMP /AG). D 

Proof of proposition 1.4.5. Let C = (X1, . . . , Xr) ∈ CP . Let  I1 be the locally 
closed immersion X1 −→ MK(G, X ) and, for every m ∈ {1, . . . , r  − 1}, denote 
by jm the open immersion Xm −→ X ∗ and by Im+1 the locally closed immersion m 
Xm+1 −→ X ∗ (where X ∗ is the Baily-Borel compactification of Xm). Define a m m 
complex LC on Xr by 

∗ ∗ ∗ LC = w>ar Ir Rjr−1∗w>ar−1Ir−1 . . . w>a1I1Rj∗FKV.  

Let us show by induction on r that L is isomorphic to the direct sum of the 
TC∗LC , for  C ∈ CP that is sent to the stratum Y := Im(inr ,g). The statement is 

http:D(Mg).It


chapter01 October 12, 2009

 

�� �� �� 

Copyrighted Material 

14 CHAPTER 1 

obvious if r = 1. Suppose that r ≥ 2 and that the statement is true for r − 1. 
Let Y1, . . . , Ym be the boundary strata of MK(G,X ) ∗ associated to Pnr−1 whose 
adherence contains Y . For every i ∈ {1, . . . , m}, let ui : Yi −→ MK(G,X ) ∗ be the 
inclusion, and let 

∗ ∗ ∗ Li = ui Rinr−1∗w>ar−1 in . . . Rin1∗w>a1 i Rj∗FKV.  
r−1 n1

It is obvious that 
m 

∗ L = i Rui∗w>a Li. nr ,g r 

i=1 

Write Pg = Pn1 ∩ · · · ∩ Pn . Let  i ∈ {1, . . . , m}. By the induction hypothesis, Lir−1

is isomorphic to the direct sum of the TC g∗LC g over the set of C g ∈ CP g that are sent 
to Yi , where LC g is defined in the same way as LC . Fix  C g = (X1, . . . , Xr−1) that is 
sent to Yi ; let us calculate i ∗ Rui∗w>a TC g∗LC g . There is a commutative diagram,nr ,g r 

with squares cartesian up to nilpotent elements: 

I g jr−1 

Y g �� X ∗ �� Xr−1 r−1 

,TCgT T Cg 

Y �� Y i �� Yi 

where Y g is a disjoint union of boundary strata of Xr
∗
−1 associated to the parabolic 

subgroup (Pn ∩Qn )/Nr . Moreover, the vertical arrows are finite maps, and the 
r r−1 n−1

maps T and TC g are étale. By the proper base change isomorphism and the fact that 
the functors w>a commute with taking the direct image by a finite étale morphism, 
there is an isomorphism 

∗ I g∗ 
inr ,gRui∗w>ar TC g∗LC g = T∗w>ar Rjr−1∗LC g . 

The right-hand side is the direct sum of the complexes 
∗ (T ◦ Ir)∗w>a I Rjr−1∗LC g = TC∗LC,r r 

∗ ∗for Ir : Xr −→ Xr−1 in the set of boundary strata of Xr−1 included in Y g and 
C = (X1, . . . , Xr). These calculations clearly imply the statement that we were 
trying to prove. 

It remains to prove the formula for LC given in the proposition. Again, use induc
tion on r . If r = 1, the formula for LC is a direct consequence of Pink’s theorem 
(1.2.3) and of lemma 4.1.2 of [M2]. Supppose that r ≥ 2 and that the result is 
known for r − 1. Let C = (X1, . . . , Xr) ∈ CP , and let h ∈ G(Af ) be a representa
tive of C. Write Pg = Pr1 ∩ · · · ∩ Prn−1 , C

g = (X1, . . . , Xr−1), 

H = hKh−1 ∩ P(Q)Qnr (Af ), 

HL = hKh−1 ∩ P(Q)Nn (Af ) ∩ Ln (Q)Nn (Af ) = H ∩ Ln (Q)Nn (Af ),r r r r r 

KN = hKh−1 ∩ NP (Q)Nnr (Af ), 

Hg = hKh−1 ∩ Pg(Q)Qnr−1(Af ), 
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Hg = hKh−1 ∩ Pg (Af ) = Hg ∩ Lnr− 1 (Af ),L (Q)Nnr− 1(Af ) ∩ Lnr− 1(Q)Nnr− 1 (Q)Nnr− 1

Kg = hKh− 1 ∩ NP g (Q)Nnr− 1(Af ).N 

By the induction hypothesis, there is a canonical isomorphism 

FHg /Hg
LC g LRr(Hg /Kg , Rr(Lie(NP g ), V )<t1,...,<tr− 1).L N 

Applying Pink’s theorem, we get a canonical isomorphism 

LC w>ar FH/HLRr(HL/H
g , Rr(Hg /Kg , Rr(Lie(Nnr− 1), V )<t1,...,<tr− 1)).L L N 

There are canonical isomorphisms 

Rr(HL/H
g , Rr(Hg /Kg

N, − )) Rr(HL/KN , Rr(KN/K
g
N, − ))L L

Rr(HL/KN , Rr(Lie(Nnr /Nnr− 1), − )) 

(the last isomorphism comes from van Est’s theorem, cf. [GKM] §24). On the other 
hand, for every i ∈ {  1, . . . , r  − 1} , the image of the cocharacter wi : Gm −→ Gni 

is contained in the center of Gni ; hence it commutes with Gnr− 1 . This implies that 

Rr(Lie(Nnr /Nnr− 1), Rr(Lie(Nnr− 1), V )<t1,...,tr− 1) 

= Rr(Lie(Nnr ), V )<t1,...,<tr− 1 , 

so that 

LC w>ar FH/HLRr(HL/KN,Rr(Lie(Nnr ), V )<t1,...,<tr− 1). 

To finish the proof, it suffices to apply lemma 4.1.2 of [M2] and to notice that the 
image of wr : Gm −→ Gnr commutes with Lnr (Q), hence also with its subgroup 
HL/KN . D 

1.5 COHOMOLOGICAL CORRESPONDENCES 

Notation 1.5.1 Let (T1, T2) : Xg −→ X1 × X2 be a correspondence of sepa
rated schemes of finite type over a finite field, and let c : T1 

∗ L1 −→ T2
! L2 be a 

cohomological correspondence with support in (T1, T2). Denote by < the absolute 
Frobenius morphism of X1. For every j ∈ N, we write <j c for the cohomological 
correspondence with support in (<j ◦ T1, T2) defined as the following composition 
of maps: 

c∗ ∗ ∗ !(<j ◦ T1) L1 = T1 <
j ∗ L1 T1 L1 −→ T2L2. 

First we will define Hecke correspondences on the complexes of 1.2. Fix M, L 
and (G, X ) as in 1.2. Let m1,m2 ∈ L(Q)G(Af ) and Kg

M , K
(2) be neat open M, K

(1) 
M − 1 − 1compact subgroups of M(Af ) such that Hg ⊂ m1H(1)m ∩ m2H(2)m2 , where 1 

K(i) Hg = Kg ∩ L(Q)G(Af ) and H(i) = ∩ L(Q)G(Af ). This gives two finite M M 

−→ M(G, X )/H(i)étale morphisms Tmi : M(G, X )/Hg , i = 1, 2. Write H(i) = 
H(i) ∩ L(Q) and Hg = Hg ∩ L(Q). Let  V ∈ Ob RepM. For  i = 1, 2, write L
 

FH(i)/H(i)
 

Li = L Rr(H(i) 
, V  ).  L 

L 
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By [P2] 1.11.5, there are canonical isomorphisms 
∗ FHg /Hg ∗ Rr(H(i) 

T Li Lθ , V ),  mi i L 

Rr(H(i) −→ H(i)/H(i) where θ ∗ , V )  is the inverse image by the morphism θi : Hg/Hg
L ,i L L 

− 1h −→ m hmi , of the complex of H(i)/H(i) -modules Rr(H(i) 
, V  ). Using the injeci L L 

−→ H(i) − 1tions Hg
L , h −→ m hmi , we get an adjunction morphism θ1

∗ Rr(H(1)
, V  )  L i L 

adj Tr−→ Rr(Hg , V )  and a trace morphism Rr(Hg , V )  −→ θ2
∗ Rr(H(2)

, V  )  (this last L L L 

morphism exists because the index of Hg in H(2) is finite); these morphisms are L L 
Hg /Hg -equivariant. The Hecke correspondence L

∗ ! ∗ cm1,m2 : T L1 −→ T L2 = T L2m1 m2 m2 

is the map 
∗ FHg /Hg ∗ T L1 Lθ1Rr(H

(1)
, V  )  m1 L 

adj Tr ∗ ∗ Lθ−→ FHg /Hg
LRr(Hg , V )  −→ FHg /Hg

2Rr(H
(2)
, V )  T L2.L L m2 

Note that, if L = {  1} , then this correspondence is an isomorphism. 

− 1 − 1Remarks 1.5.2 (1) Assume that Kg ⊂ m1K(1)
m ∩ m2K(2)

m2 , and write M M 1 M 

K(i) Kg = Kg ∩ L(Af ) and K(i) = ∩ L(Af ). Using the methods of [M1] L M L M 
2.1.4 (and the fact that, for every open compact subgroup KL of L(Af ),  
Rr(KL, V  )  = Rr(giKLg − 1 ∩ L(Q), V ), where (gi)i∈ I is a system of i∈ I i 
representatives of L(Q) \ L(Af )/KL), it is possible to construct complexes 

FK(i) 
/K(i) 

M L M= Rr(K(i) 
, V  )  and FKg /KL

g
Rr(Kg , V ). There are a correspon-Mi L L

dence 
Kg /Kg K(1)

/K(1) K(2)
/K(2) 

M M L M L(Tm1 , Tm2) : M L(G, X ) −→ M (G, X ) × M (G, X ), 

and a cohomological correspondence, constructed as above, 

cm1,m2 : T ∗ M1 −→ T ! M2. m1 m2 

(2) There are analogous correspondences, constructed by replacing Rr(H(i) 
, V  )  L 

(H(i) and Rr(Hg , V )  (resp. Rr(K(i) 
, V  )  and Rr(Kg , V )) with Rrc , V )  andL L L L 

(K(i) 
Rrc(Hg , V )  (resp. Rrc , V )  and Rrc(Kg , V )). We will still use the L L L

notation cm1,m2 for these correspondences.
 

Use the notation of section 1.4, and fix g ∈ G(Af ) and a second open compact 
subgroup Kg of G(Af ), such that Kg ⊂ K∩ gKg −1. Fix prime numbers p and l as at 

pthe end of 1.3. In particular, it is assumed that g ∈ G(A ) and that K (resp., Kg ) is  f 
p pof the form KpG(Zp) (resp., Kg pG(Zp)), with Kp ⊂ G(A ) (resp., Kg p ⊂ G(A ))f f 

and G(Zp) a hyperspecial maximal compact subgroup of G(Qp). As in section 
1.4, we will use the notations MK(G, X ), etc, for the reductions modulo p of the 
varieties of section 1.1. 

Let < be the absolute Frobenius morphism of MK(G, X ) ∗ . For every V ∈ 
Ob Db(RepG) and j ∈ Z, let  uj : (<jTg) ∗ FKV −→ T1

! FKV be the cohomo
logical correspondence <jcg,1 on FKV (with support in (<jTg, T1)). 

http:theendof1.3.In
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Let V ∈ Ob Db(R0). By [M2] 5.1.2 and 5.1.3: 

•	 for every t1, . . . , tn ∈ Z ∪ {±∞}, the correspondence uj extends in a unique 
way to a correspondence 

!∗ ≥t1,...,≥t ≥t1,...,≥tuj : (<jT g) W nV −→ T 1W
nV ; 

•	 for every n1, . . . , nr ∈ {1, . . . , n} such that n1 <. . . <nr and every a1, . . . , ar∈ 
Z ∪ {±∞}, the correspondence uj gives in a natural way a cohomologi
cal correspondence on inr !w≤ar i ! . . . in1!w≤a1 i

! j!FKV with support in nr n1

(<jT g, T 1); write in !w≤a i ! . . . in1!w≤a1 i
! j!uj for this correspondence. 

r r n n1r 

Moreover, there is an analog of theorem 1.4.4 for cohomological correspondences 
(cf. [M2] 5.1.5). The goal of this section is to calculate the correspondences 
in !w≤a i ! . . . in1!w≤ i ! j!uj . r r nr a1 n1

Fix n1, . . . , nr ∈ {1, . . . , n} such that n1 < · · · < nr and a1, . . . , ar ∈ Z∪{±∞}, 
and write 

! !L = inr !w≤ar i . . . in1!w≤a1 i j!FKV,nr n1

u = inr !w≤ar i
! . . . in1!w≤a1 i

! j!uj . nr n1

Use the notation of corollary 1.4.6. By this corollary, there is an isomorphism 

L (iCTC)!LC, 
C∈CP 

where, for every C = (X1, . . . , Xr) ∈ CP , iC is the inclusion in MK(G,X ) ∗ of 
the boundary stratum image of Xr (i.e., of the stratum Im(inr ,h), if  h ∈ G(Af ) 
is a representative of C). Hence the correspondence u can be seen as a matrix 
(uC1,C2)C1,C2∈CP , and we want to calculate the entries of this matrix. 

Let C g be the analog of the set CP obtained when K is replaced with Kg. The  P 
morphisms T g , T 1 define maps Tg, T1 : C g −→ CP , and these maps correspond via P 
the bijections CP P(Q)Qn (Af )\G(Af )/K and C g P(Q)Qn (Af )\G(Af )/Kg

r	 P r

of proposition 1.1.3 to the maps induced by h −→ hg and h −→ h. 
(1)	 (2)Let C1 = (X1 , . . . , X

(1)), C2 = (X1 , . . . , X
(2)) ∈ CP , and choose represenr	 r 

tatives h1, h2 ∈ G(Af ) of C1 and C2. Let  C g = (X1
g , . . . , Xg ) ∈ C g be such that r P 

Tg(C
g) = C1 and T1(C

g) = C2. Fix a representative hg ∈ G(Af ) of C g. There exist 
q1, q2 ∈ P(Q)Qnr (Af ) such that q1h

g ∈ h1gK and q2h
g ∈ h2K. Let q1, q2 be the 

images of q1, q2 in Lnr (Q)Gnr (Af ). The following diagrams are commutative: 

iCgTCg	 iCgTCg
Xg

MKg ∗ Xg
MKg ∗ 

r (G,X ) r (G,X ) 

Tq1 T g 

X(1) r 

iC1TC(1) 

MK(G,X ) ∗ 

Tq2 T 1 

X(2) r 

iC2TC(2) 

MK(G,X ) ∗ 

By corollary 1.4.6, there are isomorphisms 

FH(1)/H(1) 

LC1 
L Rrc(H

(1)
/K(1)

, Rr(Lie(Nn ), V )≥t1,...,≥t )[a]L N r r 

http:1.4.6.By
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and 

FH(2)/H(2) 
L Rrc(H

(2)
/K(2)

, Rr(Lie(Nnr ), V )≥ t1,...,≥ tr )[ a] ,LC2 L N 

/AG), H(i) where t1, . . . , tr are defined as in proposition 1.4.5, a = −  dim(AMP = 
− 1 (Af ), H(i) H(i) ∩ Lnr H(i) ∩ Nnr hi Kh ∩ P(Q)Qnr = (Q)Nnr (Af ) and K(i) = (Af ).i L N 

We get a cohomological correspondence 
j ∗ !< cq1,q2 

: (<jTq1
) LC1 −→ T LC2 . q2 

Define a cohomological correspondence 
!∗ uC g : (<jT g) (iC1TC1)! LC1 −→ T 1(iC2TC2)! LC2 

by taking the direct image with compact support of the previous correspondence 
by (iC1TC1 , iC2TC2) (the direct image of a correspondence by a proper morphism is 
defined in [SGA 5] III 3.3; the direct image by a locally closed immersion is defined 
in [M2] 5.1.1 (following [F] 1.3.1), and the direct image with compact support is 
defined by duality). Finally, write 

− 1NC g = [  K(2) : h2Kg h ∩ Nnr (Af )] .N 2 

Proposition 1.5.3 The coefficient uC1,C2 in the above matrix is equal to 

NC g uC g , 
C g 

where the sum is taken over the set of C g ∈ C g such that Tg(C g ) = C1 andP 
T1(C

g ) = C2. 

This proposition generalizes (the dual version of) theorem 5.2.2 of [M2] and can 
be proved in exactly the same way (by induction on r , as in the proof of propo
sition 1.4.5). The proof of theorem 5.2.2 of [M2] uses proposition 2.2.3 of [M2] 
(via the proof of corollary 5.2.4), but this proposition is simply a reformulation of 
proposition 4.8.5 of [P2], and it is true as well for the Shimura varieties considered 
here. 

1.6 THE FIXED POINT FORMULAS OF KOTTWITZ AND 

GORESKY-KOTTWITZ-MACPHERSON 

In this section, we recall two results about the fixed points of Hecke correspon
dences, which will be used in 1.7. 

Theorem 1.6.1 ([K11] 19.6) Notation is as in 1.5. Assume that the Shimura datum 
(G, X ) is of the type considered in [K11] §5, and that we are not in case (D) of 
that article (i.e., that G is not an orthogonal group). Fix an algebraic closure F of 
Fp. Let V ∈ Ob RepG. For every j ≥ 1, denote by T (j,  g)  the sum over the set 
of fixed points in MKg 

(G, X )(F) of the correspondence (<j ◦ Tg, T1) of the naive 
local terms (cf. [P3] 1.5) of the cohomological correspondence uj on FKV defined 
in section 1.5. Then 

GT (j,  g)  = c(γ0; γ, δ)Oγ (f p)TOδ(φ ) Tr(γ0, V  ).  j 
(γ0; γ,δ)∈ CG,j 
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Let us explain briefly the notation (see [K9] §§2 and 3 for more detailed expla
nations). 

pThe function f p ∈ C∞(G(A )) is defined by the formula c f 

f p = 
1gKp 

. 
vol(Kgp) 

pFor every γ ∈ G(A ), writef  
Oγ (f p) = f p(x−1γ x)dx, 

p pG(A )γ \G(A )f f 

p	 pwhere G(A )γ is the centralizer of γ in G(A ).f f 

Remember that we fixed an injection F ⊂ Qp; this determines a place ℘ of F 
over p. LetQnr be the maximal unramified extension ofQp in Q , L be the unramp p

ified extension of degree j of F℘ in Q , r = [L : Qp], WL be a uniformizer of Lp

and σ ∈ Gal(Qnr/Qp) be the element lifting the arithmetic Frobenius morphism of p 
Gal(F/Fp). Let  δ ∈ G(L). Define the norm Nδ  of δ by 

Nδ  = δσ  (δ) . . . σ  r−1(δ) ∈ G(L). 

The σ -centralizer of δ in G(L) is by definition 

G(L)δ
σ = {x ∈ G(L)|xδ = δσ (x)}. 

We say that δg ∈ G(L) is σ -conjugate to δ in G(L) if there exists x ∈ G(L) such 
that δg = x −1δσ (x). 

By definition of the reflex field F , the conjugacy class of cocharacters hx ◦ µ0 : 
Gm,C −→ GC, x ∈ X , of section 1.1 is defined over F . Choose an element µ in 
this conjugacy class that factors through a maximal split torus of G over OL (cf. 
[K9] §3 p. 173), and write 

φG −1 ∈ H(G(L), G(OL)).j	 = 1G(OL)µ(W )G(OL)L 

(H(G(L), G(OL)) is the Hecke algebra of functions with compact support on G(L) 
that are bi-invariant by G(OL).) For every δ ∈ G(L) and φ ∈ C∞(G(L)), write c  

−1TOδ(φ) = φ(y δσ(y))dy. 
G(L)σ \G(L)δ 

Let GT be a maximal torus of GG. The conjugacy class of cocharacters hx ◦µ0, x ∈ X , 
corresponds to a Weyl group orbit of characters of GT; denote by µ1 the restric
tion to Z(GG) of any of these characters (this does not depend on the choices). 

It remains to define the set CG,j indexing the sum of the theorem and the coeffi
pcients c(γ0; γ,  δ). Consider the set of triples (γ0; γ,  δ)  ∈ G(Q) × G(A ) × G(L)f 

satisfying the following conditions (we will later write (C) for the list of these 
conditions): 

•	 γ0 is semisimple and elliptic in G(R) (i.e., there exists an elliptic maximal 
torus T of GR such that γ0 ∈ T(R)). 

•	 For every place v = p, ∞ of Q, γv (the local component of γ at v) is  G(Q )
conjugate to γ0. 

v 
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• Nδ  and γ0 are G(Q )-conjugate. p•	 The image of the σ -conjugacy class of δ by the map B(GQp ) −→ 

G)Gal(Qp/Qp G)Gal(Qp/Qp)X ∗ (Z(G )) of [K9] 6.1 is the restriction of − µ1 to Z(G . 

Two triples (γ0; γ,  δ)  and (γ0
g; γ g , δg ) are called equivalent if γ0 and γ0

g are G(Q)
pconjugate, γ and γ g are G(A )-conjugate, and δ and δg are σ -conjugate in G(L).f 

Let (γ0; γ,  δ)  be a triple satisfying conditions (C). Let I0 be the centralizer of γ0 

in G. There is a canonical morphism Z(G I0), and the exact sequence G) −→ Z(G
G1 −→ Z(G I0) −→ Z(I0)/Z(GG) −→ Z(G G) −→ 1 

induces a morphism 

Gal(Q/Q)Gπ0((Z(I0)/Z(G ) −→ H1 G)).G)) (Q, Z(G
Denote by K(I0/Q) the inverse image by this morphism of the subgroup 	  

Ker1(Q, Z(G H1(Q, Z(G	 H1(Qv G))G)) := Ker G)) −→	 , Z(G . 
v place  of  Q 

In [K9] §2, Kottwitz defines an element α(γ0; γ,  δ)  ∈ K(I0/Q)D (where, for every 
group A, AD = Hom(A, C× )); this element depends only on the equivalence class 
of (γ0; γ,  δ). For every place v = p, ∞ of Q, denote by I (v)  the centralizer of γv in 
GQv ; as  γ0 and γv are G(Qv)-conjugate, the group I (v)  is an inner form of I0 over 
Qv . On the other hand, there exists a Qp-group I (p)  such that I (p)(Qp) = G(L)σδ , 
and this group is an inner form of I0 over Qp. There is a similar object for the 
infinite place: in the beginning of [K9] §3, Kottwitz defines an inner form I (∞ ) 
of I0; I (∞ ) is an algebraic group over R, anisotropic modulo AG. Kottwitz shows 
that, if α(γ0; γ,  δ)  = 1, then there exists an inner form I of I0 over Q such that, 
for every place v of Q, IQv and I (v)  are isomorphic (Kottwitz’s statement is more 
precise, cf. [K9] pp. 171–172). 

The set CG,j indexing the sum of the theorem is the set of equivalence classes of 
triples (γ0; γ,  δ)  satisfying conditions (C) and such that α(γ0; γ,  δ)  = 1. For every 
(γ0; γ,  δ)  in CG,j , let  

c(γ0; γ,  δ)  = vol(I (Q) \ I (Af ))| Ker(Ker1(Q, I0) −→ Ker1(Q, G))| . 
pFinally, the Haar measures are normalized as in [K9] §3. Take on G(A ) (resp.,f 

G(Qp), resp., G(L)) the Haar measure such that the volume of Kp (resp., G(Zp), 
presp., G(OL)) is equal to 1. Take on I (A ) (resp., I (Qp)) a Haar measure such that f 

the volume of every open compact subgroup is a rational number, and use inner 
ptwistings to transport these measures to G(A )γ and G(L)σδ .f 

Remark 1.6.2 If Kg = K ∩ gKg −1, we may replace f p with the function 

1KpgKp p ∞ p∈ H(G(A ), Kp) := C (Kp \ G(A )/Kp)f c fvol(Kp) 

(cf. [K11] §16 p. 432). 



chapter01 October 12, 2009

 

� 

21 

Copyrighted Material 

THE FIXED POINT FORMULA 

Remark 1.6.3 There are two differences between the formula given here and 
formula (19.6) of [K11]: 

(1) Kottwitz considers the correspondence (Tg,<j ◦ T1) (and not (<j ◦ Tg, T1)) 
and does not define the naive local term in the same way as Pink (cf. [K11] 
§16 p. 433). But is is easy to see (by comparing the definitions of the 
naive local terms and composing Kottwitz’s correspondence by Tg− 1 ) that the 
number T (j, f )  of [K11] (19.6) is equal to T (j, g− 1). This explains that 

pthe function of C∞ (G(A )) appearing in theorem 1.6.1 is vol(Kg p)− 11gKp ,c f 

instead of the function f�p = vol(Kg p)− 11Kpg− 1 of [K11] §16 p. 432. 
(Kottwitz also takes systematically Kg = K ∩ gKg − 1, but his result general
izes immediately to the case where Kg is of finite index in K ∩ gKg − 1.) 

(2) Below formula (19.6) of [K11], Kottwitz notes that this formula is true for 
the canonical model of a Shimura variety associated to the datum (G,X , h− 1) 
(and not (G,X , h)). The normalization of the global class field isomorphism 
used in [K9], [K11], and here are the same (it is also the normalization of 
[D1] 0.8 and [P2] 5.5). However, the convention for the action of the Galois 
group on the special points of the canonical model that is used here is the 
convention of [P2] 5.5, and it differs (by a sign) from the convention of [D1] 
2.2.4 (because the reciprocity morphism of [P2] 5.5 is the inverse of the 
reciprocity morphism of [D1] 2.2.3). As Kottwitz uses Deligne’s conven
tions, what he calls canonical model of a Shimura variety associated to the 
datum (G,X , h− 1) is what is called here canonical model of a Shimura vari
ety associated to the datum (G,X , h). 

Remark 1.6.4 Actually, Kottwitz proves a stronger result in [K11] §19: For every 
p

γ ∈ G(A ), let  N(γ )  be the number of fixed points x g in MKg 
(G,X )(F) that can f 

be represented by an element �x of M(G,X )(F) such that there exist k ∈ K and 
p 

g ∈ G(Af ) with <j (�x)g = �xk and gk− 1 G(A )-conjugate to γ (this condition f 
depends only on x g , and not on the choice of�x). Then 

GN(γ )  = c(γ0; γ, δ)Oγ (f p)TOδ(φ ),j 
δ 

where the sum is taken over the set of σ -conjugacy classes of δ ∈ G(L) such that 
there exists γ0 ∈ G(Q) such that the triple (γ0; γ,  δ)  is in CG,j (if such a γ0 exists, 
it is unique up to G(Q)-conjugacy, because, for every place v = p,∞ of Q, it is  
conjugate under G(Q ) to the component at v of γ ). Moreover, if x g is a fixed point v

contributing to N(γ ), then the naive local term at x g is Tr(γl, V  )  (where γl is the 
l-adic component of γ ). 

Remark 1.6.5 Some of the Shimura varieties that will be used later are not of the 
type considered in [K11] §5, so we will need another generalization of Kottwitz’s 
result, in a very particular (and easy) case. Let (G,X , h)  be a Shimura datum (in 
the sense of section 1.1) such that G is a torus. Let Y be the image of X by the 
morphism h : X −→ Hom(S,G) (Y is a point because G is commutative, but 
the cardinality of X can be greater than 1 in general; remember that the morphism 
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h is assumed to have finite fibers, but that it is not assumed to be injective). Let 
G(R)+ be the subgroup of G(R) stabilizing a connected component of X (this 
group does not depend on the choice of the connected component) and G(Q)+ = 
G(Q) ∩ G(R)+ . The results of theorem 1.6.1 and of remark 1.6.4 are true for the 
Shimura datum (G, Y) (in this case, they are a consequence of the description of 
the action of the Galois group on the special points of the canonical model, cf. [P2] 
5.5). For the Shimura datum (G, X ), these results are also true if the following 
changes are made: 

•	 multiply the formula giving the trace in theorem 1.6.1 and the formula giving 
the number of fixed points in remark 1.6.4 by | X | ; 

• replace CG,j with the subset of triples (γ0; γ,  δ)  ∈ CG,j such that γ0 ∈ G(Q)+ . 

This fact is also an easy consequence of [P2] 5.5. 

The fixed point formula of Goresky, Kottwitz and MacPherson applies to a 
different situation, that of the end of 1.2. Use the notation introduced there. Let 
V ∈ Ob RepG, g ∈ G(Af ), and let K, Kg be neat open compact subgroups of 
G(Af ) such that Kg ⊂ K ∩ gKg − 1. This gives two finite étale morphisms Tg, 
T1 : MKg 

(G, X )(C) −→ MK(G, X )(C). Define a cohomological correspondence 
∼∗ ! ug : Tg FKV −→ T1FKV 

as at the beginning of section 1.5. The following theorem is a particular case of 
theorem 7.14.B of [GKM] (cf. [GKM] (7.17)). 

Theorem 1.6.6 The trace of the correspondence ug on the cohomology with com
pact support Rrc(MK(G, X )(C), FKV )  is equal to 

dim(AM/AG) − 1 − 1 ∞ιM(− 1) (nG ) (γ ) χ(Mγ )Oγ (fM )| DG (γ )| 1/2Tr(γ, V ), M M
 
M γ
 

where the first sum is taken over the set of G(Q)-conjugacy classes of cuspidal 
Levi subgroups M of G and, for every M, the second sum is taken over the set γ of 
semisimple M(Q)-conjugacy classes that are elliptic in M(R). 

Let us explain the notation. 

∞ 1gK ∞•	 f = ∈ C (G(Af )), and fM 
∞ is the constant term of f ∞ at M (cf.cvol(Kg )
 

[GKM] (7.13.2)).
 
•	 Let M be a Levi subgroup of G. Let  AM be the maximal (Q-)split subtorus of 

the center of M and 
G n = |  NorG(M)(Q)/M(Q)| .M 

M is called cuspidal if the group MR has a maximal (R-)torus T such that 
T/AM,R is anisotropic. 

•	 Let M be a Levi subgroup of G and γ ∈ M(Q). Let  Mγ be the centralizer of 
γ in M, Mγ = (Mγ )0, 

ιM (γ ) = |  Mγ (Q)/Mγ (Q)| 

http:7.14.Bof[GKM](cf.[GKM](7.17
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and 

DG (γ ) = det(1 − Ad(γ ), Lie(G)/Lie(M)).M 

•	 χ(Mγ ) is the Euler characteristic of Mγ , cf. [GKM] (7.10). 

Remark 1.6.7 According to [GKM] 7.14.B, the formula of the theorem should 
use Tr(γ, V ∗ ) (or Tr(γ −1, V )) and not Tr(γ, V ). The difference between the 
formula given here and that of [GKM] comes from the fact that [GKM] uses a 
different convention to define the trace of ug (cf. [GKM] (7.7)); the convention 
used here is that of [SGA 5] III and of [P1]. 

1.7 THE FIXED POINT FORMULA 

Use the notation introduced before proposition 1.5.3 and in section 1.6. Assume that 
the Shimura data (G, X ) and (Gi , Xi ), 1  ≤ i ≤ n − 1, are of the type considered 
[K11] §5, with case (D) excluded. (In particular, Gad is of abelian type, so we can 
take R0 = RepG, i.e., choose any V ∈ Ob Db(RepG).) Assume moreover that 
(Gn, Xn) is of the type considered in [K11] §5 (case (D) excluded) or that Gn is a 
torus. 

We want to calculate the trace of the cohomological correspondence 

∗ ≥t1,...,≥tnV −→ T 
! ≥t1,...,≥tnV .uj : (<jT g) W 1W 

Assume that w(Gm) acts on the Hi V , i ∈ Z, by  t −→ tm, for a certain m ∈ Z 
(where w : Gm −→ G is the cocharacter of 1.3). 

Let 

f ∞,p = vol(Kgp)−11gKp . 

Let P be a standard parabolic subgroup of G. Write P = Pn1 ∩  · · ·  ∩  Pnr , with 
n1 < · · · < nr . Let  

dim(AL/ALP
) LP −1 −1 LPιLTP = mP (−1) (nL ) (γL) χ(LγL)|D (γL)|1/2 

L 
L γL 

∞,p 1/2 Gnrc(γ0; γ,  δ)OγLγ (fLGnr 
)OγL(1L(Zp))δP (Qp)(γ0)T Oδ(φj ) 

(γ0;γ,δ)∈CG
g
nr ,j 

×δ1/2 
(γLγ0) Tr(γLγ0, Rr(Lie(NP ), V )≥tn1 +m,...,≥tnr +m),P (R)

where the first sum is taken over the set of LP (Q)-conjugacy classes of cuspidal 
Levi subgroups L of LP , the second sum is taken over the set of semisimple conju
gacy classes γL ∈ L(Q) that are elliptic in L(R), and 

•	 L(Zp) is a hyperspecial maximal compact subgroup of L(Qp); 
•	 mP = 1 if  nr < n  or if (Gn, Xn) is of the type considered in [K11] §5, and 
mP = |Xnr | if nr = n and Gnr is a torus; 

•	 C g = ,j if nr < n  or if (Gn, Xn) is of the type considered in [K11] §5, Gnr ,j 
CGnr 

and, if Gn is a torus, C g is the subset of CGn,j defined in remark 1.6.5. Gn,j 

http:GKM](7.10
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Write also 
∞,p GTG = c(γ0; γ, δ)Oγ (f )T Oδ(φ ) Tr(γ0, V  ).  j 

(γ0;γ,δ)∈CG,j 

Theorem 1.7.1 If j is positive and big enough, then 

K ∗ ≥t1,...,≥tnV )F)) =Tr(uj , Rr(M (G, X ) , (W TG + TP ,F

P 

where the sum is taken over the set of standard parabolic subgroups of G. Moreover, 
if g = 1 and K = Kg, then this formula is true for every j ∈ N ∗ . 

Proof. For every i ∈ {1, . . . , n}, let  ai = −ti − m + dim(Mi). For every standard 
parabolic subgroup P = Pn1 ∩ · · · ∩ Pnr , with n1 < · · · < nr , let  

! !TP
g = (−1)r Tr(inr !w≤anr inr . . . in1!w≤an1 

in1 
uj ). 

Let 
K ∗ T g = Tr(uj , Rr(M (G, X ) , (j!FKV )F)).G F

Then, by the dual of proposition 5.1.5 of [M2] and the definition of W≥t1,...,≥tnV , 

K ∗ ≥t1,...,≥tnV )F)) =Tr(uj , Rr(M (G, X ) , (W T g + TP
g ,F G 

P 

where the sum is taken over the set of standard parabolic subgroups of G. So we  
want to show that T g = TG and T g = TP . Fix  P = G (and n1, . . . , nr ). It is easy G P 
to see that 

dim(AMP /AG) = r.
 
p
Let h ∈ G(A ). Write f
 

KN,h  = hKh−1 ∩ N(Af ),
 

KP,h  = hKh−1 ∩ P(Af ), 

KM,h = KP,h/KN,h,
 

KL,h = (hKh−1 ∩ LP (Af )NP (Af ))/KN,h,
 

Hh = hKh−1 ∩ P(Q)Qnr (Af ),
 

HL,h = hKh−1 ∩ LP (Q)NP (Af ).
 

Define in the same way groups Kg , etc., by replacing K with Kg. If there N,h

exists q ∈ P(Q)Qnr (Af ) such that qhK = hgK, let q be the image of q in 
MP (Af ), and let uh be the cohomological correspondence on FHh/HL,h Rrc(HL,h, 

jRr(Lie(Nnr ), V )≥tn1 ,...,≥tnr )[a] with support in (<jTq, T1) equal to < cq,1 (we may 
p passume that q ∈ P(A ), hence that q ∈ MP (A )). This correspondence is called f f 

uC g in section 1.5, where C g is the image of h in C g . If there is no such q ∈P 
P(Q)Qnr (Af ), take  uh = 0. Similarly, if there exists q ∈ P(Af ) such that 
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qhK = hgK, let q be the image of q in MP (Af ), and let vh be the cohomolog
ical correspondence on FKM,h /KL,h Rrc(KL,h, Rr(Lie(NP ), V )≥tn1 ,...,≥tnr )[a] with 

j psupport in (<j Tq, T1) equal to < cq,1 (we may assume that q ∈ P(A )). If there is f 
no such q ∈ P(Af ), take  vh = 0. Finally, let Nh = [KN,h  : Kg ].N,h

pLet h ∈ G(A ) be such that there exists q ∈ P(Af ) with qhK = hgK. By f 
proposition 1.7.2 below, 

Tr(vh) = Tr(uhg), 
hg 

pwhere the sum is taken over a system of representatives hg ∈ G(A ) of the double f 
classes in P(Q)Qnr (Af ) \ G(Af )/Kg that are sent to the class of h in P(Af ) \ 
G(Af )/K

g (apply proposition 1.7.2 with M = MP , KM = KM,h, m equal to the 
image of q in MP (Af )). On the other hand, by proposition 1.5.3, 

T g = (−1)r Nh Tr(uh),P 
h 

pwhere the sum is taken over a system of representatives h ∈ G(A ) of the double f 
classes in P(Q)Qnr (Af ) \ G(Af )/Kg. Hence 

T g = (−1)r Nh Tr(vh),P 
h 

pwhere the sum is taken over a system of representatives h ∈ G(A ) of the double f 
classes in P(Af ) \ G(Af )/Kg. 

p pLet h ∈ G(A ). Assume that there exists q ∈ P(A ) such that qhK = hgK.f f 
p pLet q be the image of q in MP (A ). Write q = qLqH , with qL ∈ LP (A ) andf f 

p 
qH ∈ Gnr (A ). Let  f 

f ∞,p = vol(Kg /Kg )G,h M,h L,h
−11qH (KM,h /KL,h). 

−1Notice that Kg ⊂ KL,h ∩ qLKL,hq . Let  uqL be the endomorphism of Rrc(KL,h,L,h L 
Rr(Lie(NP ), V )≥tn1 ,...,≥tnr ) induced by the cohomological correspondence 
cqL,1. 

To calculate the trace of vh, we will use Deligne’s conjecture, which has been 
proved by Pink (cf. [P3]) assuming some hypotheses (that are satisfied here), and 
in general by Fujiwara ([F]) and Varshavsky ([V]). This conjecture (which should 
now be called a theorem) says that, if j is big enough, then the fixed points of the 
correspondence between schemes underlying vh are all isolated, and that the trace 
of vh is the sum over these fixed points of the naive local terms. By theorem 1.6.1 
and remarks 1.6.4 and 1.6.5, if j is big enough, then 

∞,pTr(vh)=(−1)rmP c(γ0; γ, δ)Oγ (f )T Oδ(φ Gnr )G,h j 
(γ0;γ,δ)∈CG

g
nr ,j 

Tr(uqLγ0, Rrc(KL,h, Rr(Lie(NP ), V )≥tn1 ,...,≥tnr )). 

Let 

f ∞ = vol(Kg ) .LP ,h L,h
−11qL KL,h 

http:terms.By
http:MP(Af)).On
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Then 
∞ ∞,p

f = 1LP (Zp)fLP ,h LP ,h
,
 

∞,p p
with f ∈ C∞(LP (A )). By theorem 1.6.6, for every γ0 ∈ Gnr (Q),LP ,h c f 

Tr(uqLγ0, Rrc(KL,h, Rr(Lie(NP ), V )≥tn1 ,...,≥tnr )) 
dim(AL/ALP

) LP −1= (−1) (n )L 
L 

−1 LP 1/2 ∞ιL(γL) χ(LγL)|DL (γL)| OγL((fLP ,h
)L) 

γL 

× Tr(γLγ0, Rr(Lie(NP ), V )≥tn1 ,...,≥tnr ), 

where the first sum is taken over the set of conjugacy classes of cuspidal Levi 
subgroups L of LP and the second sum is taken over the set of semisimple conju
gacy classes γL of L(Q) that are elliptic in L(R). To show that T g = TP , it is  P 
enough to show that, for every Levi subgroup L of LP , for every γL ∈ L(Q) and 
every (γ0; γ,  δ)  ∈ CGnr ,j , 

∞ ∞,p ∞,p 1/2 1/2
NhOγL((f )L)Oγ (f ) = OγLγ (f )δ (γLγ0)OγL(1L(Zp))δ (γ0),LP ,h G,h LGnr P(Qp) P (R)


h
 

p
where the sum is taken over a system of representatives h ∈ G(A ) of the double f 

classes in P(Af ) \ G(Af )/Kg (with f ∞ = 0 and f ∞,p = 0 if there is no q ∈LP ,h G,h 
P(Af ) such that qhK = hgK). 

Fix a parabolic subgroup R of LP with Levi subgroup L, and let Pg = RGnr NP 

(a parabolic subgroup of G with Levi subgroup LGnr ). Fix a system of represen
ptatives (hi)i∈I in G(A ) of P(Af ) \ G(Af )/Kg. For every i ∈ I , fix a system of  f 

prepresentatives (mij )j∈ in LP (A ) of R(Af ) \ LP (Af )/Kg . Then (mij hi)i,j isJi f L,hi 

a system of representatives of Pg(Af ) \ G(Af )/Kg. By lemma 1.7.4 below, 
∞,p 1/2

OγLγ (f ) = δ p (γLγ )  r(mijhi)OγLγ (fP g ),LGnr P g(A ) ,mij hi 
f 

i,j 

where 

r(mij hi) = [(mij hi)K(mij hi)−1 ∩ NP g(Af ) : (mij hi)Kg(mij hi)−1 ∩ NP g(Af )] 
and fP g,mij hi is equal to the product of 

( r−1
vol ((mij hi)K

g(mij hi)−1 ∩ Pg(Af ))/((mij hi)K
g(mij hi)−1 ∩ NP g(Af ))

p pand of the characteristic function of the image in (LGnr )(A ) = MP g(A ) off f 
p

(mij hi)gK(mij hi)−1 ∩ Pg(A ). Note that f 

gr(mij hi) = Nhi r (mij ), 

where 
g −1 −1 r (mij ) = [mij KL,hi m ∩ NR(Af ) : mij Kg m ∩ NR(Af )],ij L,hi ij 

that 

p p p 
f f f 

δP g(A )(γLγ )  = δR(A )(γL)δP (A )(γLγ ),  
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and that 
∞,p

fP g,mij hi = fR,mij fG,hi , 

where fR,mij is the product of 
( )−1−1 −1vol (mij K

g m ∩ R(Af ))/(mij K
g m ∩ NR(Af ))L,hi ij L,hi ij 

p pand of the characteristic function of the image in L(A ) = MR(A ) off f 

(mij hi)gK(mij hi)−1 ∩ R(Af )NP (Af ). By applying lemma 1.7.4 again, we find, 
for every i ∈ I , � 

r g(mij )OγL (fR,mij ) = δ−1/2 
R(A

p 
f )
(γL)OγL ((f ∞,p 

LP ,hi 
)L). 

j ∈Ji 
Finally, � ∞ ∞,p

NhiOγL((f )L)Oγ (f )LP ,hi G,hi 

i∈I 
∞,p ∞,p= OγL((1LP (Zp))L) NhiOγL((f )L)Oγ (f )LP ,hi G,hi 

i∈I 
∞,p 1/2 g= OγL((1LP (Zp))L) NhiOγ (f )δ (γL) r (mij )OγL(fR,mij )pG,hi R(A )f 

i∈I j ∈Ji 
= OγL((1LP (Zp))L)δ

1/2 
(γL) r(mijhi)OγLγ (fP g,mij hi )R(A

p
)f 

i∈I j∈Ji 
1/2 −1/2 ∞,p= OγL((1LP (Zp))L)δR(Ap )(γL)δ p

)
(γLγ )OγLγ (f )

P g(A LGnrf f 

−1/2 ∞,p= OγL((1LP (Zp))L)δ (γLγ )OγLγ (f ).p
P (A ) LGnrf 

To finish the proof, it suffices to notice that (1LP (Zp))L = 1L(Zp), that δ−1/2 
p (γLγ )  = 

P(A )f 
−1/2
δ
P (A )

(γLγ0), that, as γLγ0 ∈ MP (Q), the product formula gives p
 
f
 

−1/2 1/2 1/2
δ p (γLγ0) = δ (γLγ0)δ (γLγ0)P (A ) P (Qp) P (R)

f 

and that 

δP (Qp)(γLγ0) = δP (Qp)(γL)δP (Qp)(γ0) = δP (Qp)(γ0) 

if OγL(1L(Zp)) = 0 (because this implies that γL is conjugate in L(Qp) to an 
element of L(Zp)). 

If j is big enough, we can calculate T g using theorem 1.6.1 and Deligne’s conjec-G 
ture. It is obvious T g = TG.G 

If g = 1 and K = Kg, then uj is simply the cohomological correspondence 
induced by <j . In this case, we can calculate the trace of uj , for every j ∈ N ∗ , 
using Grothendieck’s trace formula (cf. [SGA 4 1/2] Rapport 3.2). D 

Proposition 1.7.2 Let M, L and (G, X ) be as in section 1.2. Let m ∈ M(Af ), 
and let Kg

M , KM be neat open compact subgroups of M(Af ) such that Kg ⊂M 
KM ∩ mKMm −1. Let KL = KM ∩ L(Af ) and K = KM/KL. Consider a system of 
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representatives (mi)i∈ I of the set of double classes c ∈ L(Q)G(Af ) \ M(Af )/Kg
M 

such that cmKM = cKM . For every i ∈ I , fix  li ∈ L(Q) and gi ∈ G(Af ) such that 
ligimi ∈ mimKM . Assume that the Shimura varieties and the morphisms that we 
get from the above data have good reduction modulo p as in section 1.3 (in parti

p pcular, KM and Kg are hyperspecial at p, and m, mi ∈ M(A ), gi ∈ G(A )). Let M	 f f 
Fq be the field of definition of these varieties and F be an algebraic closure of Fq . − 1For every i ∈ I , let  Hi = miKMmi ∩ L(Q)G(Af ), Hi,L = Hi ∩ L(Q) and 
Ki = Hi/Hi,L. Fix  V ∈ Ob RepG. Let 

L = FKRr(KL, V  ),  

Li = FKi Rr(Hi,L, V  ),  

M = FKRrc(KL, V  ),  

Mi = FKRrc(Hi,L, V  ).  

Then, for every σ ∈ Gal(F/Fq), 

K(1)	 Tr(σcligi ,1, Rr(M
Ki (G, X )F, Li,F)) = Tr(σcm,1, Rr(M (G, X )F, LF)). 

i∈ I 
K(2)	 Tr(σcligi ,1, Rrc(M

Ki (G, X )F,Mi,F))= Tr(σcm,1, Rrc(M (G, X )F,MF)). 
i∈ I 

Proof. Write m = lg, with l ∈ L(Af ) and g ∈ G(Af ). We may assume that mi ∈ 
L(Af ), hence gi = g, for every i ∈ I . Let K0 = Hi ∩ G(Af ) = mKMm − 1∩ G(Af ). 

Point (1) implies point (2) by duality. 
Let us prove (1). Let cm be the endomorphism of Rr(KM, V )  equal to 

Tr
Rr(KM, V )  −→ Rr(Kg , V )  −→ Rr(KM, V  ),  M 

where the first map is induced by the injection Kg −→ KM , k −→ m − 1km, and M 
the second map is the trace morphism associated to the injection Kg ⊂ KM . Define M 
in the same way, for every i ∈ I , an endomorphism cligi of Rr(Hi , V  ). Then 

Rr(KM, V )  Rr(Hi , V )  
i∈ I 

and cm = i∈ I cligi , so it is enough to show that this decomposition is Gal(F/Fq)
equivariant. Let σ ∈ Gal(F/Fq). Then σ induces an endomorphism of Rr(K0, V )= 
Rr(MK0 

(G, X )F, FK0 
VF), that will still be denoted by σ , and, by the lemma below, 

the endomorphism of Rr(KM, V )  (resp., Rr(Hi , V )) induced by σ is 

Rr(KM/(KM ∩ L(Af )), σ) 

(resp., Rr(Hi/(Hi ∩ L(Q)), σ)). 

This finishes the proof.	 D 

http:G(Af).We
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Lemma 1.7.3 Let M, L and (G, X ) be as in the proposition above. Let KM be a 
neat open compact subgroup of M(Af ). Let KL = KM ∩ M(Af ), KG = KM ∩ 
G(Af ), H = KM ∩L(Q)G(Af ), HL = KM ∩L(Q), K = KM/KL and Kg = H/HL. 
Let V ∈ Ob RepM and σ ∈ Gal(F/Fq). The element σ induces an 
endomorphism of Rr(KG, V  )  = Rr(MKG(G, X)F, FKGVF) (resp., Rr(KM, V  )  = 
Rr(MK(G, X )F, FKRr(KL, V  )F), resp., Rr(H, V )  = Rr(MKg

(G, X )F, 
FKg

Rr(HL, V  )F)), that will be denoted by ϕ0 (resp. ϕ, resp. ϕg). Then 

ϕ = Rr(KM/KG, ϕ0) 

and 

ϕg = Rr(H/KG, ϕ0). 

Proof. The two equalities are proved in the same way. Let us prove the first one. Let 
Y = MKG(G, X ), X = MK(G, X ), let  f : Y −→ X be the (finite étale) morphism 
T1 and L = FKRr(KL, V  ). Then, f ∗ L = FKGRr(KL, V  )  by [P1] (1.11.5), and 
L is canonically a direct factor of f∗f ∗ L because f is finite étale, so it is enough 
to show that the endomorphism of 

∗ Rr(YF, f  L) = Rr(KG,Rr(KL, V  ))  = Rr(KL,Rr(KG, V  ))  

induced by σ is equal to Rr(KL, ϕ0). The complex M = FKGV on Y is a complex 
of KL-sheaves in the sense of [P2] (1.2), and Rr(KL,M)  = f ∗ L by [P2] (1.9.3). 
To conclude, apply [P2] (1.6.4). D 

The following lemma of [GKM] is used in the proof of theorem 1.7.1. Let G be 
a connected reductive group over Q, M a Levi subgroup of G and P a parabolic 
subgroup of G with Levi subgroup M. Let  N be the unipotent radical of P. If  f ∈ 
C∞(G(Af )), the constant term fM ∈ C∞(M(Af )) of f at M is defined in [GKM] c c 
(7.13) (the function fM depends on the choice of P, but its orbital integrals do not 
depend on that choice). For every g ∈ M(Af ), let  

δP (Af )(g) = | det(Ad(g), Lie(N) ⊗ Af )| .Af 

Let g ∈ G(Af ) and let Kg, K be open compact subgroups of G(Af ) such that 
Kg ⊂ gKg −1. For every h ∈ G(Af ), let KM(h) be the image in M(Af ) of hgKh−1∩ 
P(Af ), 

∞fP,h  = vol((hKgh−1 ∩ P(Af ))/(hKgh−1 ∩ N(Af )))
−11KM (h) ∈ Cc (M(Af )), 

and 

r(h)  = [hKh−1 ∩ N(Af ) : hKgh−1 ∩ N(Af )]. 
(Note that, if there is no element q ∈ P(Af ) such that qhK = hgK, then KM(h) is 
empty, hence fP,h  = 0.) Let 

f = vol(Kg)−11gK 

and 

fP = r(h)fP,h, 
h 

where the sum is taken over a system of representatives of the double quotient 
P(Af ) \ G(Af )/Kg. 
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1/2Lemma 1.7.4 ([GKM] 7.13.A) The functions fM and δ fP have the same P(Af )

orbital integrals. 

− 1/2In [GKM], the g is on the right of the K (and not on the left), and δ appears in P(Af ) 
1/2the formula instead of δ , but it is easy to see that their proof adapts to the case P(Af )

considered here. There are obvious variants of this lemma obtained by replacing 
p

Af with A or Qp, where p is a prime number. f 

Remark 1.7.5 The above lemma implies in particular that the function γ −→ � 
Oγ (fM) on M(Af ) has its support contained in a set of the form mXm− 1,m∈ M(Af ) 
where X is a compact subset of M(Af ), because the support of γ −→ Oγ (fM) is 
contained in the union of the conjugates of KM(h), for  h in a system of representa
tives of the finite set P(Af ) \ G(Af )/Kg . Moreover, if g = 1, then we may assume 
that X is a finite union of compact subgroups of M(Af ), that are neat if K is neat 
(because the KM(h) are subgroups of M(Af ) in that case). 




