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Preliminaries

1.1 Atoms and Fields

As any worker knows, when you come to a job, you have to have the proper tools
to get the job done right. More than that, you must come to the job with the proper
attitude and a high set of standards. The idea is not simply to get the job done but to
achieve an end result of which you can be proud. You must be content with knowing
that you are putting out your best possible effort. Physics is an extraordinarily
difficult “job.” To understand the underlying physical origin of many seemingly
simple processes is sometimes all but impossible. Yet the satisfaction that one gets in
arriving at that understanding can be exhilarating. In this book, we hope to provide a
foundation on which you can build a working knowledge of atom–field interactions,
with specific applications to linear and nonlinear spectroscopy. Among the topics to
be discussed are absorption, emission and scattering of light, the mechanical effects
of light, and quantum properties of the radiation field.

This book is divided roughly into two parts. In the first part, we examine the
interaction of classical electromagnetic fields with quantum-mechanical atoms. The
external fields, such as laser fields, can be monochromatic, quasi-monochromatic,
or pulsed in nature, and can even contain noise, but any quantum noise effects
associated with the fields are neglected. Theories in which the fields are treated
classically and the atoms quantum-mechanically are often referred to as semiclassical
theories. For virtually all problems in laser spectroscopy, the semiclassical approach
is all that is needed. Processes such as the photoelectric effect and Compton
scattering, which are often offered as evidence for photons and the quantum nature
of the radiation field can, in fact, be explained rather simply with the use of classical
external fields. The price one pays in the semiclassical approach is the use of a
time-dependent Hamiltonian for which the energy is no longer a constant of the
motion.

Although the semiclassical approach is sufficient for a wide range of problems,
it is not always possible to consider optical fields as classical in nature. One might
ask when such quantum optics effects begin to play a role. Atoms are remarkable
devices. If you place an atom in an excited state, it radiates a uniquely quantum-type
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field, the one-photon state. One of the authors (PRB) is a former student of
Willis Lamb, who claimed that it should be necessary for people to apply for
a license before they can use the word photon. Lamb was not opposed to the
idea of a quantized field mode, but he felt that the word photon was misused
on a regular basis. We will try to explain the distinction between a one-photon
field and a photon when we begin our discussion of the quantized radiation
field.

The field radiated by an atom in an excited state has a uniquely quantum
character. In fact, any field in which the average value of the number operator
for the field (average number of photons in the field) is less than or on the order
of the number of atoms with which the field interacts must usually be treated
using a quantized field approach. Thus, the second, or quantum optics, part of
this book incorporates a fully quantized approach, one in which both the atoms
and the fields are treated as quantum-mechanical entities. The advantage of using
quantized fields is that one recovers a Hamiltonian that is perfectly Hermitian and
independent of time. The most common quantum optics effects are those associated
with spontaneous emission, scattering of external fields by atoms, quantum noise,
and cavity quantum electrodynamics. There is another class of problems related to
quantized field effects involving van der Waals forces and Casimir effects, but we do
not discuss these in any detail [1].

1.2 Important Parameters

Why did the invention of the laser cause such a revolution in physics? Laser fields
differ from conventional optical sources in their coherence properties and intensity.
In this book, we look at applications that exploit the coherence properties of lasers,
although complementary textbooks could be written in which the emphasis is on
strong field–matter interactions. Moreover, we touch only briefly on the current
advances in atto-second science that have been enabled using nonlinear atom–field
interactions. Even if we deal mainly with the coherence properties of the fields, our
plate is quite full. Historically, the coherence properties of optical fields have been
one of the limiting factors in determining the ultimate resolution one can achieve
in characterizing the transition frequencies of atomic, molecular, and condensed
phase systems. It will prove useful to list some of the relevant frequencies that one
encounters in considering such problems.

First and foremost are the transition frequencies themselves. We focus mainly
on optical transitions in this text, for which the transition frequencies are of order
ω0/2π � 5 × 1014 Hz. The laser fields needed to probe such transitions must have
comparable frequencies. The first gas and solid-state lasers had a very limited range
of tunability, but the invention of the dye laser allowed for an expanded range
of tunability in the visible part of the spectrum. One might even go so far as to
say that it was the dye laser that really launched the field of laser spectroscopy.
Since that time, the development of tunable semiconductor-based and titanium-
sapphire lasers operating at infrared frequencies, combined with frequency doublers
(nonlinear optical crystals) and frequency dividers (optical parametric amplifiers and
oscillators), has enabled the creation of tunable coherent sources over a wide range
of frequencies from the ultraviolet to the far-infrared.
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Assuming for the moment that such sources are nearly monochromatic (typical
line widths range from kHz to GHz), there are still underlying processes that limit
the resolution one can achieve using laser sources to probe atoms. In other words,
suppose that two transition frequencies in an atom differ by an amount � f . What
is the minimum value of � f for which the transitions can be resolved? The ultimate
limiting factor for any transition is the natural width associated with that transition.
The natural width arises from interactions of atoms with the vacuum radiation
field, leading to spontaneous emission. Typical natural widths for allowed optical
transitions are in the range γ2/2π � 107 − 108 Hz, where γ2 is a spontaneous
emission decay rate. For “forbidden” transitions, such as those envisioned as the
basis for optical frequency standards, natural line widths can be as small as a Hz
or so. The fact that an allowed transition has a natural width equal to 108 Hz does
not imply that the transition frequency can be determined only to this accuracy. By
fitting experimental line shapes to theory, one can hope to reduce this resolution by
a factor of 100 or more.

The natural width is referred to as a homogeneous width since it is the same for all
atoms in a sample and cannot be circumvented. Another example of a homogeneous
width in a vapor is the collision line width that arises as a result of energy shifts of
atomic levels that occur during collisions. If the collision duration (typically of order
5 ps) is much less than all relevant timescales in the problem, except the optical
period, then collisions add a homogeneous width of order 10MHz per Torr of
perturber gas pressure [1Torr = (1/760) atm ≈ 133Pa ≈ 1mmHg]. This width is
often referred to as a pressure broadening width.

Even if there are no collisions in a vapor, linear absorption or emission line shapes
can be broadened by an inhomogeneous line broadening mechanism, as was first
appreciated by Maxwell [2]. In a vapor, the moving atoms are characterized by a
velocity distribution. As viewed in the laboratory frame, any radiation emitted by an
atom is Doppler shifted by an amount (ω0/2π)(v/c) (Hz), where v is the atom’s speed
and c is the speed of light. For a typical vapor at room temperature, the velocity
width is of order 5× 102 m/s, leading to a Doppler width of order 1.0GHz or so. In
a solid, crystal strain and fluctuating fields can give rise to inhomogeneous widths
that can be factors of 10 to 100 times larger than Doppler widths in vapors. As you
will see, it is possible to eliminate inhomogeneous contributions to line widths using
methods of nonlinear laser spectroscopy.

Another contribution to absorption or stimulated emission line widths is so-
called power broadening. The atom–field interaction strength in frequency units is
�0/2π � µ12E/h, where µ12 is a dipole moment matrix element, E is the amplitude
of the applied field that is driving the transition, h = 2π� = 6.63 × 10−34 J · s is
Planck’s constant, and �0 is referred to as the Rabi frequency.1 For a 1-mW laser
focused to a 1-mm2 spot size, �0/2π is of the order of several MHz and grows as
the square root of the intensity. Of course, power broadening can be reduced by
using weaker fields.

For vapors, there is an additional cause of line broadening. Owing to their
motion, atoms may stay in the atom–field interaction region for a finite time τ , which

1 We refer to quantities such as the transition frequency ω0, the optical field frequency ω, the Rabi
frequency �0, and the detuning δ as “frequencies,” even though they are actually angular frequencies,
having units of s−1. To obtain frequencies in Hz, one must divide these quantities by 2π .
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TABLE 1.1
Typical Values for Line Widths and Shifts.

Width or shift Typical value

Natural width 5 to 100MHz
Doppler width 1GHz
Collision broadening 10MHz/Torr
Power broadening 0 to 10MHz
Transit-time broadening 1 to 105 Hz
Light shifts 1 to 106 Hz
Zeeman shifts 14GHz/T
Recoil shift 10 to 100 kHz

gives rise to a broadening in Hz of order 1/(2πτ ). For laser-cooled atoms, such
transit-time broadening is usually negligible (on the order of a Hz or so), but in a
thermal vapor it can be as large as a hundred KHz for laser beam diameters equal
to 1mm.

The broadening limits the resolution that one can achieve in probing atomic
transitions with optical fields. One must also contend with shifts of the optical
transition frequency resulting from atom–field interactions. If the optical fields are
sufficiently strong, they can give rise to light shifts of the transition frequency that
are of order �2

0/(2πδ) (Hz), where δ/2π is the frequency mismatch between the the
atomic transition and the applied field frequencies in Hz (assumed here to be larger
than the natural or Doppler widths). Light shifts range from 1Hz to 1MHz for
typical powers of continuous-wave laser fields.

Magnetic fields also result in a shift and splitting of energy levels, commonly
referred to as a Zeeman splitting. The magnetic interaction strength in frequency
units is of order µB/h � 14GHz/T, where µB = 9.27 × 10−24 JT−1 is the Bohr
magneton. As a consequence, typical level splittings in the Earth’s magnetic field are
on the order of a MHz.

Last, there is a small shift associated with the recoil that an atom undergoes when
it absorbs, emits, or scatters radiation. This recoil shift in Hz is of order (�k)2/(2hM),
where �k is the momentum associated with a photon in the radiation field, and M is
the atomic mass. Typical recoil shifts are in the 10 to 100 kHz range.

These frequency widths and shifts are summarized in table 1.1. The resolution
achievable in a given experiment depends on the manner in which these shifts or
widths affect the overall absorption, emission, or scattering line shapes.

As we go through applications, the approximations that we can use are dictated
by the values of these parameters. If you keep these values stored in your memory,
you will be well on your way to understanding the relative contributions of these
terms and the validity of the approximations that will be employed.

1.3 Maxwell’s Equations

Throughout this text, we are interested in situations where there are no free currents
or free charges in the volume of interest. That is, we often look at situations where
an external field is applied to an ensemble of atoms that induces a polarization in
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the ensemble. We set B = µ0H (neglecting any effects arising from magnetization),
but do not take D = ε0E. Rather, we set D = ε0E + P, where the polarization P
is the electric dipole moment per unit volume. We adopt this approach since the
polarization is calculated using a theory in which the atomic medium is treated
quantum-mechanically.

With no free currents or charges and with B = µ0H, Maxwell’s equations can be
written as

∇· (ε0E + P) = 0, (1.1a)

∇ × E = −∂B
∂t
, (1.1b)

∇ × B = µ0
∂(ε0E + P)

∂t
, (1.1c)

∇ · B = 0. (1.1d)

The quantity

µ0 = 4π × 10−7 T · m/A (1.2)

is the permeability of free space, while

ε0 ≈ 8.85 × 10−7 C2/N · m2 (1.3)

is the permittivity of free space. All field variables are assumed to be functions of
position R and time t.

From equation (1.1), we find

∇ × (∇ × E) = ∇(∇ · E) − ∇2E

= − ∂

∂t
(∇ × B) = −µ0ε0

∂2E
∂t2

− µ0
∂2P
∂t2

(1.4)

or

−∇(∇ · E) + ∇2E − µ0ε0
∂2E
∂t2

= µ0
∂2P
∂t2

. (1.5)

In free space, ∇ · E = 0 and P = 0, leading to the wave equation

∇2E − 1
v20

∂2E
∂t2

= 0, (1.6)

where the wave propagation speed in free space is equal to

v0 = 1√
µ0ε0

. (1.7)

Historically, by comparing the electromagnetic (i.e., that based on the force between
electrical circuits) and the electrostatic units of electrical charge, Wilhelm Weber
had shown by 1855 that the value of 1/(µ0ε0)1/2 was equal to the speed of
light within experimental error. This led Maxwell to conjecture that light is an
electromagnetic phenomenon [3]. One can only imagine the excitement Maxwell
felt at this discovery.
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We return to Maxwell’s equations later in this text, but for now, let us consider
plane-wave solutions of equations (1.5) and (1.1) for which we can take ∇ · E = 0.
We still do not have enough information to solve equation (1.5) since we do
not know the relationship between P(R, t) and E(R, t). In general, one can write
P(R, t) = ε0χ e · E(R, t), where χ e is the electric susceptibility tensor, but this does
not resolve our problem, since χ e is not yet specified. To obtain an expression for
χ e, one must model the medium–field interaction in some manner. Ultimately, we
calculate χ e using a quantum-mechanical theory to describe the atomic medium.

For the time being, however, let us the assume that the medium is linear,
homogeneous, and isotropic, implying that χ e is a constant times the unit tensor
and independent of the electric field intensity. Moreover, if we neglect dispersion
and assume that χe is independent of frequency over the range of incident field
frequencies, then it is convenient to rewrite χe as

χe = n2 − 1, (1.8)

where n is the index of refraction of the medium. In these limits, equation (1.5)
reduces to

∇2E − n2

c2
∂2E
∂t2

= 0, (1.9)

where c is the speed of light in vacuum. Neglecting dispersion, the fields propagate
in the medium with speed v = c/n, as expected.

For a monochromatic or nearly monochromatic field having angular frequency
centered at ω, the magnetic field (or, more precisely, the magnetic induction) B is
related to the electric field via

B = k × E
ω

, (1.10)

where k is the propagation vector having magnitude k = nω/c. It then follows that
the time average of the Poynting vector, S = E × H = E × B/µ0, is equal to

〈S〉 = |E|2 n
2cµ0

k̂ =1
2
nε0c |E|2 k̂ (1.11)

for optical fields having electric field amplitude |E| and propagation direction
k̂ = k/k.

By using the Poynting vector, one can calculate the electric field amplitude from
the field intensity using

E =
√
2cµ0 |〈S〉| � 27.5

√
S V/m, (1.12)

where S ≡ |〈S〉| is expressed in W/m2, and we have taken n = 1. At the surface
of the sun, S ≈ 6.4 × 107 W/m2, giving a value E ≈ 2.2 × 105 V/m. This is to be
compared with the value E ≈ 5 × 1011 V/m at the Bohr radius of the hydrogen
atom and a value E ≈ 1 × 106 V/m, which is the breakdown voltage of air. For
a He-Ne laser having 1mW of continuous-wave (cw) power focused in 1mm2,
S ≈ 103 W/m2, and for an Ar ion laser having 10W of cw power focused in 1mm2,
S ≈ 107 W/m2. Semiconductor diode lasers produce tunable cw output in the mW
toW range, having central frequencies that can range from the near-ultraviolet to the

Copyrighted Material



October 5, 2010 Time: 12:48pm chapter01.tex

PRELIMINARIES 7

infrared. Ti:sapphire lasers produce several watts of tunable cw radiation centered
in the infrared. Pulsed lasers provide much higher powers (but for short intervals
of time so that the average energy in the pulse rarely exceeds a Joule or so). In
1965, Nd:YAG lasers produced 1mJ in 1µs—if focused to 1mm2, S ≈ 109 W/m2,
which produces an E field on the order of the breakdown voltage of air. Currently,
Ti:sapphire lasers produce pulsed output with average powers as large as a few watts
and pulse lengths as short as a few fs. In 2007, the power output of the Hercules
laser at the University of Michigan was on the order of 100TW = 1014 W, with
power densities greater than 1022 W/cm2.

From the field amplitude E and the dipole moment matrix element µ12 associated
with the atomic transition that is being driven by the field, one can calculate the Rabi
frequency �0 = µ12E/�. Typically, µ12 is of order ea0, where e = 1.60 × 10−19 C
is the magnitude of the charge of the electron, and a0 = 5.29 × 10−11 m is the
Bohr radius. A power of 1W/cm2 corresponds to E ≈ 3 × 103 V/m, which in turn
corresponds to a Rabi frequency on the order of�0 ≈ 108 s−1 or�0/2π ≈ 107 Hz =
10MHz.

1.4 Atom–Field Hamiltonian

In dealing with problems involving the interaction of optical fields with atoms, one
often makes the dipole approximation, based on the fact that the wavelength of
the optical field is much larger than the size of an atom. You may recall that the
leading term in the interaction between a neutral charge distribution and an electric
field that varies slowly on the length scale of the charge distribution is the dipole
coupling, −µ · E, where µ is the dipole moment of the charge distribution, and E is
the electric field evaluated at the center of the charge distribution.

Thus, it is not unreasonable to take as the Hamiltonian for an N-electron atom
interacting with an optical field having electric field E(R, t) a Hamiltonian of the
form

Ĥ = P̂2CM
2M

+ Ĥatom + V̂AF , (1.13)

where

Ĥatom =
N∑

j=1

p̂2j
2m

+ V̂C (1.14)

is the atomic Hamiltonian, and

V̂AF = −µ̂ · E(RCM, t) (1.15)

is the atom–field interaction Hamiltonian. In these equations, RCM is the position
and P̂CM the momentum operator associated with the center of mass of an atom
having mass M, p̂ j is the momentum operator of the jth electron in the atom, m is
the electron mass,

µ̂ = −e
N∑

j=1

r j (1.16)
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is the electric dipole moment operator of the atom, r j is the coordinate of the jth
electron relative to the nucleus, V̂C is the Coulomb interaction between the charges
in the atom, and A2 ≡ A · A for any vector A. To a good approximation, RCM

coincides with the position of the nucleus. The Hamiltonian (1.13) provides the
starting point for semiclassical calculations of atom–field interactions in the dipole
approximation. You are urged to study the appendix in this chapter, where further
justification for the choice of this Hamiltonian is given.

1.5 Dirac Notation

It is assumed that anyone reading this text has been exposed to Dirac notation.
Dirac developed a powerful formalism for representing state vectors in quantum
mechanics. Students leaving an introductory course in quantum mechanics often
can use Dirac notation but may not appreciate its significance. It is not our intent
to go into a detailed discussion of Dirac notation. Instead, we would like to remind
you of some of the features that are especially relevant to this text.

It is probably easiest to think of Dirac notation in analogy with a three-
dimensional vector space. Any three-dimensional vector can be written as

A = Axi + Ayj + Azk, (1.17)

where Ax, Ay, Az are the components of the vector in this x, y, z basis. We can
represent the unit vectors as column vectors,

i =



1
0
0



 , j =



0
1
0



 , k =



0
0
1



 , (1.18)

such that the vector A can be written as

A =



Ax
Ay

Az



 . (1.19)

Of course, the basis vectors i, j,k are not unique; any set of three noncollinear
unit vectors would do as well. Let us call one such set u1,u2,u3, such that

A = A1u1 + A2u2 + A3u3. (1.20)

The vector A is absolute in the sense that it is basis-independent. For a given basis,
the components of A change in precisely the correct manner to ensure that A remains
unchanged. We are at liberty to represent the basis vectors as




1
0
0



 ,




0
1
0



 ,




0
0
1



 (1.21)

in any one basis, but once we choose this basis, we must express all other unit vectors
in terms of this specific basis. The example in the problems should make this clear.
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In quantum mechanics, we express a state vector in a specific basis as

|ψ〉 =
N∑

n=1

An|n〉, (1.22)

where the sum is over all possible states of the system. In contrast to the case of three-
dimensional vectors, this expansion rarely has a simple geometrical interpretation.
Rather, the abstract state vector or ket |ψ〉 is expanded in terms of a basis set of
eigenkets. In analogy with the case of vectors, one can take |n〉 as a column matrix
in which there is a 1 in the nth row and a zero everywhere else. We are free to choose
only one set of basis functions with this representation.

In Dirac notation, state vectors are represented by column vectors, and operators
are represented by matrices. Thus, an operator B can be written as

B =
N∑

n,m=1

Bnm |n〉 〈m|, (1.23)

where the bra 〈m| can be represented as a row matrix with a 1 in the mth location
and a zero everywhere else. The basis operator |n〉 〈m| is then an N× Nmatrix with
a 1 in the nmth location and zeros everywhere else. Typically, one writes a matrix
element of B as Bnm = 〈n| B |m〉. This tells you nothing about how to calculate
these matrix elements; moreover, the matrix elements depend on the basis that is
chosen.

In general, we know only that any Hermitian operator has an associated set of
eigenkets, such that the operator is diagonal in the basis of these eigenkets. For
example, the states |E〉 are eigenkets of the energy operator Ĥ; the fact that Ĥ
is diagonal in the |E〉 basis does not provide any prescription for calculating the
diagonal elements (eigenvalues). In essence, one must often revert to the Schrödinger
equation in coordinate space to obtain the eigenvalues, although it is sometimes
possible to use operator techniques (as in the case of a harmonic oscillator) to deduce
the energy spectrum.

1.6 Where Do We Go from Here?

Now that we have reviewed some of the concepts that are needed in the following
chapters, it might prove useful to formulate a strategy for optimizing the benefits
that you can derive from this text. There are many excellent texts on quantum
mechanics, laser spectroscopy, lasers, nonlinear optics, and quantum optics on the
market. Several of these are listed in the bibliography at the end of this chapter.
Some of the material that we present overlaps with that in other texts, so you may
prefer one treatment to another. You are urged to consult other texts to complement
the material presented herein. In fact, there are many topics that we barely touch
on at all, such as collective effects, laser theory, optical bistability, and quantum
information.

The problems form an integral part of this text. Some of the problems are far
from trivial and require considerable effort, but the more problems you are able to
solve, the better will be your understanding. Hopefully, the text will provide a useful
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reference to which you can return as needed. Some of the calculations that would
disrupt the development are included as appendices in the chapters.

The first few chapters are devoted to a study of a classical electromagnetic field
interacting with a “two-level” atom. These chapters are really the heart of the
material. They provide the fundamental underlying formalism and must be mastered
if the various applications are to be appreciated. Let’s get started!

1.7 Appendix: Atom–Field Hamiltonian

The atom–field Hamiltonian can be written using different degrees of sophistication.
In Coulomb gauge, one can choose the “minimal-coupling” Hamiltonian for a
neutral atom containing N electrons interacting with an external, classical optical
field as

Ĥ = 1
2M

[P̂ − NeA(R, t)]2 + 1
2m

N∑

j=1

[P̂ j + eA(R j , t)]2 + V̂C , (1.24)

where A(R, t) is the vector potential of the external field, P̂ is the momentum
operator of the nucleus having mass M and coordinate R, P̂ j is the momentum
operator of the jth electron having mass m and coordinate R j , e is the magnitude of
the electron charge, and

V̂C = − 1
4πε0

N∑

j=1

Ne2∣∣R j−R
∣∣ + 1

8πε0

N∑

i, j=1;i �= j

e2

Ri j
(1.25)

is the Coulomb potential energy of the charges in the atom (Ri j = Ri − R j ). You
are probably familiar with Hamiltonians of the form (1.24) from your quantum
mechanics course. The external electric field is transverse and is related to the vector
potential via E⊥(R, t) = −∂A(R, t)/∂t. The magnetic field is given by B(R, t) =
∇ × A(R, t).

The Hamiltonian (1.24) leads to the correct force law for the time rate of
change of the average momentum of the charges. To show this, we recall that the
expectation value of any quantum-mechanical operator Ô evolves as

d〈Ô〉/dt = 1
i�

〈[Ô, Ĥ]〉, (1.26)

where [Ô, Ĥ] is the commutator of Ô and Ĥ. As such, one finds

d〈R̂〉/dt = 1
i�

〈[R̂, Ĥ]〉 = 〈P̂〉 − NeA(R, t)
M

≡ 〈v̂〉, (1.27a)

d〈R̂ j 〉/dt = 1
i�

〈[R̂ j , Ĥ]〉 = 〈P̂ j 〉 + eA(R j , t)
m

≡ 〈v̂ j 〉, (1.27b)

d〈P̂〉/dt = 1
i�

〈[P̂, Ĥ]〉 = − 1
2M

〈∇R[P̂ − NeA(R, t)]2〉 − 〈∇RV̂C〉
= Ne〈(v̂ · ∇R)A(R, t)〉 + Ne〈v̂〉 × B(R, t) − 〈∇RV̂C〉, (1.27c)
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where v̂ =[P̂ − NeA(R, t)]/M is the operator associated with the nuclear velocity,
v̂ j = [P̂ j + eA(R j , t)]/m is the operator associated with the velocity of electron
j , and the vector identity ∇(F · F) = 2[(F · ∇)F + F×(∇ × F)] has been used in
equation (1.27c). It then follows that

M
d〈v̂〉
dt

= d〈P̂〉
dt

− Ne
∂A(R, t)
∂t

= d〈P̂〉
dt

− Ne
[
∂A(R, t)
∂t

+ 〈(v̂ · ∇R)A(R, t)〉
]

= Ne[E⊥(R, t) + 〈v̂〉 × B(R, t)] − 〈∇RV̂C〉. (1.28)

Similarly, one can find that the force on the jth electron is

m
d〈v̂ j 〉
dt

= −e[E⊥(R j , t) + 〈v̂ j 〉×B(R j , t)] − 〈∇R j V̂C〉. (1.29)

Equations (1.28) and (1.29) constitute the Lorentz force law. This provides some
justification for use of the Hamiltonian (1.24).

In most cases to be considered in this text, the wavelength of the optical field
is much larger than the size of the atom. In this limit, one can make the dipole
approximation and set A(R j , t) ≈ A(R, t) such that the Hamiltonian (1.24) becomes

Ĥ = 1
2M

[P̂ − NeA(R, t)]2 + 1
2m

N∑

j=1

[P̂ j + eA(R, t)]2 + V̂C, (1.30)

along with the corresponding Schrödinger equation

i�
∂ψ(r j ,R, t)

∂t
= Ĥψ(r j ,R, t), (1.31)

where r j = R j−R is the relative coordinate of electron j . The Coulomb potential is
a function of all the r j ’s and ri j ’s, where ri j = |ri − r j |.

If we are dealing with a more than one electron atom, there is no way in which
the problem can be separated into motion of the center of mass and motion of each
electron relative to the center of mass. Since such a separation is possible only for
a two-body system, we consider that case first and then generalize the results to an
N-electron system. For a one-electron atom,

Ĥ = 1
2M

[P̂ − eA(R, t)]2 + 1
2m

[P̂1 + eA(R, t)]2 + V̂C(r1)

= P̂2

2M
+ P̂21

2m
+ eA(R, t) ·

(
P̂1
m

− P̂
M

)

+ e2|A(R, t)|2
2

(
1
m

+ 1
M

)
+ V̂C(r1). (1.32)

Defining conjugate coordinates and momenta for the center-of-mass motion via

RCM = MR +mR1

(m+ M)
, P̂CM = P̂ + P̂1, (1.33)
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and that for the relative coordinates via

r = r1 = R1 − R, p̂ = MP̂1 −mP̂
(m+ M)

, (1.34)

one finds that the Hamiltonian (1.32) is transformed into

Ĥ = P̂2CM
2 (m+ M)

+ 1
2

(
1
m

+ 1
M

)
[p̂ + eA(R, t)]2 + V̂C(r )

≈ P̂2CM
2M

+ 1
2m

[p̂ + eA(RCM, t)]
2 + V̂C(r ). (1.35)

This result suggests that, for an N-electron atom interacting with an external field,
we take as our Hamiltonian

Ĥ = P̂2CM
2M

+ 1
2m

N∑

j=1

[
p̂ j + eA(RCM, t)

]2 + V̂C, (1.36)

where the p̂ j are momenta conjugate to the relative coordinates r j , and the Coulomb
potential is

V̂C = − 1
4πε0

N∑

j=1

Ne2

r j
+ 1

8πε0

N∑

i, j=1;i �= j

e2

ri j
. (1.37)

This Hamiltonian can be put in a somewhat simpler form if we carry out a unitary
transformation of the wave function given by

(r j ,RCM, t) = Û(t)ψ(r j ,RCM, t), (1.38)

where the unitary operator Û(t) is defined by

Û(t) = exp
[
− i
�
µ̂ · A(RCM, t)

]
, (1.39)

with

µ̂ = −e
N∑

j=1

r j (1.40)

the electric dipole moment operator for the atom. The dependence of Û on the time
has been noted explicitly.

Under this transformation,

i�
∂(r j ,RCM, t)

∂t
= Û(t)ĤÛ†(t)(r j ,RCM, t) + i�

∂Û(t)
∂t

Û†(t)(r j ,RCM, t) (1.41)

and using the fact that

eABe−A = B+ [A, B] + 1
2!

[A, [A, B]] + · · · (1.42)
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and

i�
∂Û(t)
∂t

Û†(t) = µ̂ · ∂A(RCM, t)
∂t

Û(t)Û†(t) = −µ̂ · E⊥(RCM, t), (1.43)

one finds

i�
∂(r j ,RCM, t)

∂t
=


 P̂
2
CM

2M
+

N∑

j=1

p̂2j
2m

+ V̂C − µ̂ · E⊥(RCM, t)



(r j ,RCM, t),

(1.44)
neglecting terms that are vCM/c smaller than the interaction term that arise from the
commutator [− i

�
µ̂ · A(RCM, t), P̂2CM/2M].

As a consequence, the effective Hamiltonian for this system can be written as

Ĥ = P̂2CM
2M

+ Ĥatom + V̂AF , (1.45)

where

Ĥatom =
N∑

j=1

p̂2j
2m

+ V̂C (1.46)

is the atomic Hamiltonian, and

V̂AF = −µ̂ · E⊥(RCM, t) (1.47)

is the atom–field interaction Hamiltonian. Note that the Hamiltonians (1.36) and
(1.45) lead to the same values for expectation values of operators, even if the wave
function transformation given by equation (1.38) can be quite complicated.

Problems

1. Go online or to other sources to determine the fine and hyperfine separations
in the 3S and 3P levels (as well as the 3S1/2-3P1/2,3/2 separations) in 23Na and
the fine and hyperfine separations in the 5S and 5P levels (as well as the 5S1/2-
5P1/2,3/2 separations) in 85Rb.

2. Estimate the Doppler width and collision width on the 3S-3P transition
in 23Na. To estimate the Doppler width, assume a temperature of 300K.
To estimate the collision width per Torr of perturber gas, assume that the
perturbers undergoing collisions with the sodium atoms are much more

massive than sodium and that the collision cross section is 10Å
2
. Compare

your answer with data on broadening of the sodium resonance line by rare gas
perturbers.

3. Estimate the recoil frequency in Na and Rb.
4. Look up the transition matrix elements for 85Rb to estimate the Rabi frequency

for a laser field having 10mW of power focused to a spot size of 50µm2.
5. Consider the two-dimensional vector A = i + 2j. Take as your basis states

u1=
(
1
0

)
, u2=

(
0
1

)
,
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where

u1,2 = i ± j√
2
.

Express the unit vectors i and j in this basis, and find the coordinates. Show
explicitly that A1u1 + A2u2 = Axi + Ayj.

6. Derive equation (1.27c).
7. Prove that

dA(R, t)
dt

= ∂A(R, t)
∂t

+ (v · ∇)A(R, t)

for a vector function A(R, t), with v = Ṙ.
8. Derive equation (1.44) from equation (1.41).
9. Show that the analogue of the wave equation (1.5) for the displacement vector

D(R, t) is

∇2D − µ0ε0
∂2D
∂t2

= −∇×(∇ × P).

10. For an infinite square well potential, show that an arbitrary initial wave
packet will return to its initial state at integral multiples of a revival time
τ = (4ma2)/π�, where m is the mass of the particle in the well, and a is the
width of the well.

11. The radiative reaction rate γ2 for a classical oscillator having charge e, mass
m, and frequency ω is given by

γ2 = 1
4πε0

2
3
e2ω2

c3
.

Show that

γ2

ω
= αF S

�ω

mc2
, αF S = 1

4πε0

e2

�c
≈ 1

137
,

and estimate this ratio for an electron oscillator having a frequency corre-
sponding to an optical frequency.

References

[1] For an introduction to this topic, see, for example, P. W. Milonni and M.-L. Shih,
Casimir Forces, Contemporary Physics 33, 313–322 (1992); K. A. Milton, The Casimir
Effect (World Scientific, Singapore, 2001). A bibliography can be found at the following
website: http://www.cfa.harvard.edu/~babb/casimir-bib.html.

[2] J. C. Maxwell, Note on a natural limit to the sharpness of spectral lines, Nature VIII,
474–475 (1873).

[3] J. C. Maxwell, A Treatise on Electricity and Magnetism, vol. 2 (Dover, New York,
1954), chap. XX, article 781.

Copyrighted Material




