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Abstract—The paper considers the Aizerman problem for 

second-order systems with delays.  It is proved that for retarded 
systems with a single delay the Aizerman conjecture is true. For 
systems with multiple delays, a delay-dependent class of systems 
is found, for which the Aizerman conjecture is true. The proof is 
based on the Popov’s frequency-domain criterion for absolute 
stability. 
 

Index Terms—Aizerman problem, delay systems, absolute 
stability, frequency domain methods. 
 
 

I. INTRODUCTION 
HE Aizerman problem has a very long history. For 

systems without delays, the matter is completely settled: 
The Aizerman conjecture is true for second-order systems 
and, generally, false for systems of order three and higher [1]. 
For systems with delays, the problem is unsolved [2] except 
that Rasvan himself proved that the Aizerman conjecture is 
true for first-order systems with a single delay, independently 
of the delay [3]. 

In this paper we consider the second-order retarded system 
described by the scalar delay-differential equation: 

 
0)()()()()( 11 =−+−+++ ττϕ tbxtxbxtxatx &&&&        (1) 

 
It is assumed that the function )(xϕ , hereafter called the 

nonlinearity, satisfies the sector condition: 
 

µϕ
<<

x
x)(0                                (2) 

 
For the linear terms in (1) we can define a transfer function: 
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In proving the results of this paper we are going to rely 

extensively on the Popov’s frequency-domain stability 
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criterion: The zero solution of (1) is globally asymptotically 
stable (GAS) if there exists a constant β , such that for all 
values ofω , including infinity, the following inequality holds: 

 
( )[ ] 0)(1Re1 >++− ωωβµ iWi                      (4) 

 
In addition to (1), we are also going to consider the linear 

equation: 
 

0)()()()( 11 =−+−+++ ττ tbxtxbaxtxatx &&&&        (5) 
 
The problem under investigation requires comparing the 

values of µ , for which the zero solution of (1) is GAS, with 
the values of a , for which such solution of (5) is GAS. The 
Aizerman conjecture states that these values are the same. The 
question is if this conjecture is true. 

The first step in answering this question is to determine 
stability conditions for (5). This will be carried out in Section 
II. Delay not involving derivatives is ( 01 =b ) is considered in 
Section III. Delay involving the first derivative is investigated 
in Section IV. Finally, in Section V we extend some of the 
results of Section III to systems with multiple delays. 

II. LINEAR SYSTEMS 
For the system described by (5) we define the transfer 

function: 
 

[ ] 1
)()()(

−−+= s
L esQsPsW τ                    (6) 

 
In this equation 
 

asassP ++= 1
2)( ;   bsbsQ += 1)( .            (7) 

 
It is well known that the zero solution of (5) is GAS if and 

only if all the poles of )(sWL  have negative real parts. An 
immediate consequence of the results of Pontryagin [4] is that 
the following inequality constitutes a necessary condition for 
this to be true: 

 
ab < .                                (8) 

 
 If this inequality holds, then the necessary and sufficient 
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condition for the zero solution of (5) to be GAS for any 
nonnegative values of the delay τ  is that the following two 
conditions are met [5]: 

1) The real parts of all the roots of the polynomial )(sP  are 
negative. This is true if and only if both coefficients 1a and a   
are positive. 

2) For any 0>ω , 
 

)()( ωω iPiQ < .                           (9) 
 
These stability conditions can be reduced as follows. Both 

of the following inequalities are the necessary conditions: 
 

ab < ;   11 ab <                           (10) 
 

If (10) are satisfied, then it is necessary and sufficient that 
one of the following inequalities is satisfied: 
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These conditions can be represented graphically in the 

plane of the parameters a  and b  shown in Fig. 1. 
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Fig. 1. Stability Boundaries for the Linear System (5). 

 
The stability region is the open trapezoid bounded by the 

abscissa axis, the horizontal line ( ) 22
1

2
1 bab −= , and the 

diagonal ab = , with the shaded area added to it. The dashed 
line is given by the equation: 
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This provides a complete answer to the delay-independent 

stability problem for the second-order linear systems with a 
single delay. Next task is to compare these stability conditions 
with those for nonlinear systems.  

III. DELAY NOT INVOLVING DERIVATIVES 
In case of a single delay not involving derivatives, the 

inequalities (11) simplify to: 
 

22
1ab < ;        
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If the first of these inequalities holds, then ba >  is a 
necessary and sufficient condition for stability of the zero 
solution of (5). Therefore, the nonlinearity )(xϕ  must lie in 

the sector ( )+∞,b , and it makes sense to define a function 

)(xf by 
 

xbxxf −= )()( ϕ .                            (14) 
 
The new nonlinearity f(x) satisfies the sector condition (2) 

with 01 =−µ and the transfer function of the linear terms 
becomes: 
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Expansion of (4) shows that it holds for all 0>µ  if 
 

0cossin)1( 2
1 ≥+−−+ ωτωτβωωβ bbab     (16) 

 
Using a well known trigonometric identity, this inequality 

can be rewritten in the form: 
 

( ) ( ) 0sin)1( 222
1 ≥+++−+ φωτβωωβ bbab     (17) 

 
It is easy to show that as long as the first of the inequalities 

(13) holds, (17) holds for all values ofω if the constant β is 
chosen as follows. 

If 0<b , we choose β to satisfy 
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On the other hand, if 0>b , we choose β to satisfy 
 

( ) 22
1

2
1 bab −=  

 



SUBMITTED TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL 
 

3

2

2
1

0

1
2

2
11 22

b

ba
b
a

b

ba
b
a −

+<<
−

− β .         (19) 

 
This shows that the Aizerman conjecture is true in this case. 
Of course, if b=0, we have a system without delays, and the 

Aizerman conjecture is known to be true. 
Let us turn our attention to the case when  
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Instead of (14) we now have: 
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Similarly, (15) is replaced with: 
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Expansion of (4) shows that it holds for all 0>µ if 
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Following the same procedure as in the previous case, it can 

be shown that this inequality holds for all values of ω  if β is 
chosen to satisfy both of the following inequalities: 
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Therefore, in this case the Aizerman conjecture is true as 

well. This proves that it is true for all systems with a single 
delay not involving derivatives. 

IV. DELAY INVOLVING THE FIRST DERIVATIVE 
For systems with a single delay involving first derivative, 

the situation is somewhat more complicated. If the first of the 
inequalities (11) holds, then the inequalities (12) are necessary 
and sufficient conditions for stability of the zero solution of 
(5). Once again, we can define the function f(x) by (14). The 
transfer function of the linear terms becomes: 
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Expansion of (4) shows that it holds for all 0>µ  if 
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It can be shown by the same process as in the previous 

Section that as long as the inequalities (10) and the first of the 
inequalities (11) hold, (27) holds for all values of ω as long as 
the constant β is chosen as follows. 

If 0<b , we choose β to satisfy 
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On the other hand, if 0>b , we choose β to satisfy 
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If 0=b , we replace (27) with 
 

0cossin)1( 2
11

2
1 ≥++− ωτβωωτωωβ bba .        (30) 

 
Following the same procedure as before we find that (30) 

holds for all values of ω if we choose β to satisfy 
 

 01 1
2
1 <−+ βab .                              (31) 

 
This proves the Aizerman conjecture for the case of a single 

delay involving the first derivative if the first of the 
inequalities (11) holds. 

If the second of the inequalities (11) holds, then we define 
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Instead of (27) we have 
 

0cos)(sin)(
)1(
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It is easy to see that bB ≥ . Therefore, if (27) holds, then 

(33) holds as well. 
Therefore, the Aizerman conjecture is true for all systems 



SUBMITTED TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL 
 

4

with a single delay involving the first derivative.  

V. MULTIPLE DELAYS 
Let us extend some of our results to systems with multiple 

delays. We are only going to consider the case of delays not 
involving derivatives: 
 

0)()()()(
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We are not going to investigate in depth the stability of the 

corresponding linear system except to note that the necessary 
condition (8) now becomes [5]: 
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Therefore, instead of (14) we have: 
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Instead of (16) we now obtain: 
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We can take advantage of the easily verified estimate 

2sin αχαχχ ≤ , valid for 0>α , and state that (37) holds for 
all values of ω  if there exists 0>β such that the following 
inequality holds for all values of ω : 
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This can be assured by choosing 0>β  to satisfy: 
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Clearly, this can be done if and only if the following 

inequality is true: 
 

∑
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1
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Thus, in this case we have identified a delay-dependent 
class of systems, for which the Aizerman conjecture is true. 

VI. CONCLUSION 
The results obtained can be summarized as follows. For 

retarded systems with a single delay, the Aizerman problem is 
solved completely – the conjecture is proved to be true. For 
systems with multiple delays, the frequency-domain inequality 
yields a delay-dependent stability criterion.  

The problem is still open for neutral systems. Another open 
question is the possibility of improving the result in Section V 
since the estimate used in the derivation is rather coarse. 
Indeed, if 1=m , the resulting stability criterion is much 
weaker than the one obtained in Section III. 
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