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LECTURE 8

Expected Utility

Lotteries

When thinking about decision making, we often distinguish be-
tween actions and consequences. An action is chosen and leads to
a consequence. The rational man has preferences over these conse-
quences and is meant to choose a feasible action that leads to the
most desired consequence. In our discussion of the rational man,
we have so far not distinguished between actions and consequences
since it was unnecessary for modeling situations where each action
deterministically leads to a particular consequence.

In this lecture we will discuss a decision maker in an environment
in which the correspondence between actions and consequences is
not deterministic but stochastic. The choice of an action is viewed
as choosing a “lottery ticket” where the prizes are the consequences.
We will be interested in preferences and choices over the set of
lotteries.

Let Z be a set of consequences (prizes). In this lecture we assume
that Z is a finite set. A lottery is a probability measure on Z, i.e.,
a lottery p is a function that assigns a nonnegative number p(z) to
each prize z, where �z∈Zp(z) = 1. The number p(z) is taken to be the
objective probability of obtaining the prize z given the lottery p.

Denote by [z] the degenerate lottery for which [z](z) = 1. We will
use the notation αx ⊕ (1 − α)y to denote the lottery in which the
prize x is realized with probability α and the prize y with probability
1 − α.

Denote by L(Z) the (infinite) space containing all lotteries with
prizes in Z. Given the set of consequences Z, the space of lotter-
ies L(Z) can be identified with a simplex in Euclidean space: {x ∈
�Z+| �xz = 1}. Recall that �Z+ is the set of functions from Z into �+.
The extreme points of the simplex correspond to the degenerate
lotteries.
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We will talk about preferences over L(Z). An implicit assumption
is that the decision maker does not care about the nature of the
random factors but only about the distribution of consequences. To
appreciate this point, consider a case in which the probability of
rain is 1/2 and Z = {z1, z2}, where z1 = “having an umbrella” and
z2 = “not having an umbrella.” A “lottery” in which you have z1

if it is raining and z2 if it is not is not equivalent to the “lottery”
in which you have z1 if it is not raining and z2 if it is. Thus, we
have to be careful not to apply the model in contexts where the
attitude toward the consequence depends on the event realized in
each possible contingence.

Preferences

Let us start by thinking about examples of “sound” preferences over
a space L(Z). Following are some examples:

• Preference for uniformity: The decision maker prefers the lottery
that is less disperse where dispersion is measured by �k(pk −
1/K)2.

• Extreme preference for certainty: The decision maker prefers p to
q if maxzp(z) is greater than maxzq(z).

• The size of the support : The decision maker evaluates each lot-
tery by the number of prizes that can be realized with positive
probability, that is, by the size of the support of the lottery,
supp(p) = {z|p(z) > 0}. He prefers the one with the smaller sup-
port (p � q if |supp(p)| ≤ |supp(q)|).

In the examples above, the preferences ignored the consequences
and were dependant on the probability vectors alone. In the fol-
lowing examples, the preferences take into account the evaluation
of the prizes as well.

• Increasing the probability of a “good” outcome: The set Z is par-
titioned into two disjoint sets G and B (good and bad), and
the decision maker prefers the lottery that yields “good” prizes
with higher probability.

• The worst case: The decision maker evaluates lotteries by the
worst possible case. He attaches a number v(z) to each prize z
and p � q if min{v(z)| p(z) > 0} ≥ min{v(z)| q(z) > 0}. This cri-
terion is often used in Computer Science, where one algorithm
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is preferred to another if it functions better in the worst case
independently of the likelihood of the worst case occurring.

• Comparing the most likely prize: The decision maker considers
the prize in each lottery which is most likely (breaking ties in
some arbitrary way) and compares two lotteries according to a
basic preference relation over Z.

• Lexicographic preferences: The prizes are ordered z1, . . . , zK and
the lottery p is preferred to q if (p(z1), . . . , p(zK)) ≥L (q(z1), . . . ,
q(zK)).

• Expected utility: A number v(z) is attached to each prize and a
lottery is evaluated according to its expected v, that is, accord-
ing to �zp(z)v(z). Thus,

p � q if U(p) = �z∈Zp(z)v(z) ≥ U(q) = �z∈Zq(z)v(z).

The richness of examples calls for the classification of preference
relations over lotteries and the study of properties that these rela-
tions satisfy. The methodology we follow is to formally state general
principles (axioms) that may apply to preferences over the space of
lotteries. Each axiom carries with it a consistency requirement or in-
volves a procedural aspect of decision making. The axiomatization
of a family of preference relations provides justification for focusing
on that specific family.

Von Neumann-Morgenstern Axiomatization

The version of the von Neumann-Morgenstern axiomatization pre-
sented here uses two axioms, the independence and continuity ax-
ioms.

The Independence Axiom

In order to state the first axiom we require an additional concept,
called Compound lotteries (fig. 8.1): Given a K-tuple of lotteries
(pk) and a K-tuple of nonnegative numbers (αk)k=1,...,K that sum up
to 1, define ⊕K

k=1αkpk to be the lottery for which (⊕K
k=1αkpk)(z) =

�K
k=1αkpk(z). Verify that ⊕K

k=1αkpk is indeed a lottery. When only
two lotteries p1 and p2 are involved, we use the notation α1p1 ⊕ (1 −
α1)p2.
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Figure 8.1
The compound lottery ⊕K

k=1αkpk.

We think of ⊕K
k=1αkpk as a compound lottery with the following

two stages:

Stage 1: It is randomly determined which of the lotteries p1, . . . , pK

is realized; αk is the probability that pk is realized.
Stage 2: The prize finally received is randomly drawn from the

lottery determined in stage 1.

When we compare two compound lotteries, αp⊕(1 − α)r and
αq⊕(1 − α)r, we tend to simplify the comparison and form our pref-
erence on the basis of the comparison between p and q. This intu-
ition is translated into the following axiom:

Independence (I):

For any p, q, r ∈ L(Z) and any α ∈ (0, 1),

p � q iff αp ⊕ (1 − α)r � αq ⊕ (1 − α)r.

The following property follows from I :

I∗:

⊕K
k=1αkpk � ⊕K

k=1αkqk when pk = qk for all k but k∗ iff pk∗ � qk∗
.

To see it,

⊕k=1,...,Kαkpk = αk∗pk∗ ⊕ (1 − αk∗)(⊕k �=k∗ [αk/(1 − αk∗)]pk) �
αk∗qk∗ ⊕ (1 − αk∗)(⊕k �=k∗ [αk/(1 − αk∗)]qk) = ⊕K

k=1αkqk iff pk∗ � qk∗
.
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The Continuity Axiom

Once again we will employ a continuity assumption that is basically
the same as the one we employed for the consumer model. Conti-
nuity means that the preferences are not overly sensitive to small
changes in the probabilities.

Continuity (C):

If p � q, then there are neighborhoods B(p) of p and B(q) of q (when
presented as vectors in R|Z|), such that

for all p′ ∈ B(p) and q′ ∈ B(q), p′ � q′.

The continuity assumption implies (verify!) the following prop-
erty that is sometimes presented as an alternative definition of con-
tinuity:

C∗:

If p � q � r, then there exists α ∈ (0, 1) such that

q ∼ [αp ⊕ (1 − α)r].

Let us check whether some of the examples we discussed earlier
satisfy these two axioms.

• Expected utility: Note that the function U(p) is linear:

U(⊕K
k=1αkpk) =

∑
z∈Z

[⊕K
k=1αkpk](z)v(z) =

∑
z∈Z

[
K∑

k=1

αkpk(z)]v(z)

=
K∑

k=1

αk[
∑
z∈Z

pk(z)v(z)] =
K∑

k=1

αkU(pk).

It follows that any such preference relation satisfies I . Since
the function U(p) is continuous in the probability vector, it
also satisfies C.

• Increasing the probability of a “good” consequence: Such a pref-
erence relation satisfies the two axioms since it can be repre-
sented by the expectation of v where v(z) = 1 for z ∈ G and
v(z) = 0 for z ∈ B.
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• Extreme preference for certainty: This preference relation is con-
tinuous (as the function max{p1, . . . , pK} which represents it
is continuous in probabilities). It does not satisfy I since,
for example, although [z1] ∼ [z2], 1/2[z1] ⊕ 1/2[z1] � 1/2[z1] ⊕
1/2[z2].

• Lexicographic preferences: Such a preference relation satisfies I
but not C (an exercise!).

• The worst case: Such a preference relation does not satisfy C. In
the two-prize case where v(z1) > v(z2), [z1] � 1/2[z1] ⊕ 1/2[z2].
Viewed as points in R2+, we can rewrite this as (1, 0) � (1/2, 1/2).
Any neighborhood of (1, 0) contains lotteries that are not strict-
ly preferred to (1/2, 1/2) and thus C is not satisfied. Such a pref-
erence relation also does not satisfy I ([z1] � [z2] but 1/2[z1] ⊕
1/2[z2] ∼ [z2].)

Utility Representation

By Debreu’s theorem we know that for any relation � defined on
the space of lotteries that satisfies C, there is a utility representation
U : L(Z) → �, continuous in the probabilities, such that p � q iff
U(p) ≥ U(q). We will use the above axioms to isolate a family of
preference relations and to derive a more structured utility function.

Theorem (vNM):

Let � be a preference relation over L(Z) satisfying I and C. There are
numbers (v(z))z∈Z such that

p � q iff U(p) = �z∈Zp(z)v(z) ≥ U(q) = �z∈Zq(z)v(z).

Note the distinction between U(p) (the utility number of the lot-
tery p) and v(z) (called the Bernoulli numbers or the vNM utilities).
The function v is a utility function representing the preferences on
Z and is the building block for the construction of U(p), a utility
function representing the preferences on L(Z). We will also often
say that v is a vNM utility function representing the preferences �
over L(Z).
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For the proof of the theorem, we need the following lemma:

Lemma:

Let � be a preference over L(Z) satisfying Axiom I . Let x, y ∈ Z such
that [x] � [y] and 1 ≥ α > β ≥ 0. Then

αx ⊕ (1 − α)y � βx ⊕ (1 − β)y.

Proof:

If either α = 1 or β = 0, the claim is implied by I . Otherwise, by I ,
αx ⊕ (1−α)y � [y]. Using I again we get: αx ⊕ (1−α)y � (β/α)(αx ⊕
(1 − α)y) ⊕ (1−β/α)[y] = βx ⊕ (1−β)y.

Proof of the theorem:

Let M and m be the best and worst certain lotteries in L(Z).
Consider first the case that M ∼ m. It follows from I∗ that p ∼ m

for any p and thus p ∼ q for all p,q ∈ L(Z). Choosing v(z) = 0 for all
z we have �z∈Z p(z)v(z) = 0 for all p ∈ L(Z). Thus, a constant utility
function represents �.

Now consider that M � m. By C∗ and the lemma, there is a single
number v(z) ∈ [0, 1] such that v(z)M ⊕ (1−v(z))m ∼ [z]. (For exam-
ple, v(M) = 1 and v(m) = 0). By I∗ we obtain that

p ∼ (�z∈Zp(z)v(z))M ⊕ (1 − �z∈Zp(z)v(z))m.

And by the lemma p � q iff �z∈Zp(z)v(z) ≥ �z∈Zq(z)v(z).

The Uniqueness of vNM Utilities

The vNM utilities are unique up to positive affine transformation
(namely, multiplication by a positive number and adding any scalar)
and are not invariant to arbitrary monotonic transformation. Con-
sider a preference relation � defined over L(Z) and define v(z) as in
the proof above. Of course, defining w(z) = αv(z) + β for all z (for
some α > 0 and some β), the utility function W(p) = �z∈Zp(z)w(z)

represents �.
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Furthermore, assume that W(p) = �zp(z)w(z) represents the pref-
erences � as well. We will show that w must be a positive affine
transformation of v. To see this, let α > 0 and β satisfy

w(M) = αv(M) + β and w(m) = αv(m) + β

(the existence of α > 0 and β is guaranteed by v(M) > v(m) and
w(M) > w(m)). For any z ∈ Z we have [z] ∼ v(z)M ⊕ (1−v(z))m, so
it must be that

w(z) = v(z)w(M) + (1−v(z))w(m)

= v(z)[αv(M) + β] + (1−v(z))[αv(m) + β] = αv(z) + β.

The Dutch Book Argument

There are those who consider expected utility maximization to be
a normative principle. One of the arguments made to support this
view is the following Dutch book argument. Assume that L1 � L2

but that αL ⊕ (1 − α)L2 � αL ⊕ (1 − α)L1. We can perform the fol-
lowing trick on the decision maker:

1. Take αL ⊕ (1 − α)L1 (we can describe this as a contingency with
random event E, which we both agree has probability 1 − α).

2. Take instead αL ⊕ (1 − α)L2, which you prefer (and you pay me
something. . .).

3. Let us agree to replace L2 with L1 in case E occurs (and you pay
me something now).

4. Note that you hold αL ⊕ (1 − α)L1.
5. Let us start from the beginning. . .

One possibility is to interpret the Dutch book as a “disequilibri-
um” in the decision maker’s mind. Whatever he decides to do, he
finds himself contradicting his own decision. If he has to choose
between the two lotteries and makes up his mind to take αL ⊕ (1 −
α)L1, he recalls that he prefers αL ⊕ (1 − α)L2, and if he is about to
choose αL ⊕ (1 − α)L2, he recalls that he will replace L2 by L1 if E
occurs.

• • •
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A Discussion of the Plausibility of the vNM Theory

Many experiments reveal systematic deviations from vNM assump-
tions. The most famous one is the Allais paradox. One version of it
(see Kahneman and Tversky 2000) is presented here as follows.

Choose between

L1 = 0.25[3, 000] ⊕ 0.75[0] and L2 = 0.2[4, 000] ⊕ 0.8[0]
and now choose between

L3 = 1[3, 000] and L4 = 0.8[4, 000] ⊕ 0.2[0].
Note that L1 = 0.25L3 ⊕ 0.75[0] and L2 = 0.25L4 ⊕ 0.75[0]. Axiom

I requires that the preference between L1 and L2 be respectively the
same as that between L3 and L4. However, a majority of people ex-
press the preferences L1 ≺ L2 and an even larger majority express the
preferences L3 � L4. Among about 140 graduate students at Prince-
ton, Tel Aviv, and NYU (in 2002–4), although they were asked to
respond to the above two choice problems on line one after the
other, 67% chose L2 while 80% chose L3. This means that at least
47% of the students violated property I .

In my opinion, the last example demonstrates (again) the sensi-
tivity of preference to the framing of the alternatives. When the
lotteries L1 and L2 are presented as they are above, most prefer
L2. But, if we present L1 and L2 as the compound lotteries L1 =
0.25L3 ⊕ 0.75[0] and L2 = 0.25L4 ⊕ 0.75[0], most subjects prefer L1

to L2.

Comment:

In the proof of the vNM theorem we have seen that the indepen-
dence axiom implies that if one is indifferent between z and z′, one
is also indifferent between z and any lottery with z and z′ as its
prizes. This is not plausible in cases in which one takes into ac-
count the fairness of the random process that selects the prizes. For
example, consider a parent in a situation where he has one gift and
two children, M and Y (guess why I chose these letters). His options
are to choose a lottery L(p) that will award M the gift with probabil-
ity p and Y with probability 1 − p. The parent does not favor one
child over the other. The vNM approach “predicts” that he will be
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indifferent among all lotteries that determine who receives the gift,
while common sense tells us he will strictly prefer L(1/2).

Bibliographic Notes

Recommended readings: Kreps 1990, 72–81 (115–122); Mas-Colell et
al. 1995, chapter 6, A–B.

Expected utility theory is based on von Neumann and Morgen-
stern (1944). Kreps (1988) has an excellent presentation of the mate-
rial. Machina (1987) remains a recommended survey of alternative
theories. Kahneman and Tversky (1979) is a must reading for psy-
chological criticism of expected utility theory. More recent material
is covered in Kahneman and Tversky (2000).
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Problem 1. (Standard)
Consider the following preference relations that were described in the text:
“The size of the support” and “Comparing the most likely prize.”

a. Check carefully whether they satisfy axioms I and C.
b. These preference relations are not immune to a certain “framing prob-

lem.” Explain.

Problem 2. (Standard. Based on Markowitz 1959.)
One way to construct preferences over lotteries with monetary prizes is by
evaluating each lottery L on the basis of two numbers, Ex(L), the expectation
of L and var(L), L’s variance. Such a procedure may or may not be consistent
with vNM assumptions.

a. Show that u(L) = Ex(L) − (1/4)var(L) induces a preference relation that
is not consistent with the vNM assumptions. (For example, consider
the mixtures of each of the lotteries [1] and 0.5[0] ⊕ 0.5[4] with the
lottery 0.5[0] ⊕ 0.5[2].)

b. Show that u(L) = Ex(L) − (Ex(L))2 − var(L) is consistent with vNM as-
sumptions.

Problem 3. (More difficult. Based on Yaari 1987.)
In this problem you will encounter the functional of Quiggin and Yaari,
one of the proposed alternatives to expected utility theory. Consider a
world with the prizes z0,z1,…,zK . A decision maker attaches a number
v(zk) to each zk such that v(z0) = 0 < v(z1) < v(z2) < . . . < v(zK) and eval-
uates each lottery L by the number U(L) = �K

k=1f (GL(zk))[v(zk) − v(zk−1)],
where f : [0, 1] → [0, 1] is a continuous increasing function and GL(zk) =
�j≥kL(zj). (L(z) is the probability that the lottery L yields z and GL is the
“anti-distribution” of L.)

a. Verify that for f (x) = x, U(L) is the standard expected v-utility of L.
b. Show that the induced preference relation satisfies the continuity ax-

iom but may not satisfy the independence axiom.
c. What are the difficulties with a functional form of the type �zf (p(z))

u(z)?
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Problem 4. (Moderate)
A decision maker has a preference relation � over the space of lotteries L(Z)

having a set of prizes Z. On Sunday he learns that on Monday he will be
told whether he has to choose between L1 and L2 (probability 1 > α > 0) or
between L3 and L4 (probability 1 − α). He will make his choice at that time.

Let us compare between two possible approaches the decision maker may
take.

Approach 1: He delays his decision to Monday (“why bother with the
decision now when I can make up my mind tomorrow. . . .”).

Approach 2: He makes a contingent decision on Sunday regarding what
he will do on Monday, that is, he instructs himself what to do if he faces
the choice between L1 and L2 and what to do if he faces the choice between
L3 and L4 (“On Monday morning I will be so busy. . . .”).

a. Formulate approach 2 as a choice between lotteries.
b. Show that if the preferences of the decision maker satisfy the indepen-

dence axiom, his choice under approach 2 will always be the same as
under approach 1.

Problem 5. (Difficult. Bayesian updating.)
A decision maker has to choose an action from among a set A. The set of
consequences is Z. For every action a ∈ A the consequence z∗ is realized with
probability α, and any z ∈ Z − {z∗} is realized with probability (1 − α)q(a, z).

a. Assume that once he has made his choice he is told that z∗ will not
occur and is given a chance to change his decision. Show that if the
decision maker obeys the Bayesian updating rule and follows vNM
axioms, he will not change his decision.

b. Show that this is not necessarily the case if he does not obey the
Bayesian rule or is using a nonexpected utility preference relation.

Problem 6. (Standard)
Assume there is a finite number of income levels and that the distribution
over income levels is defined as the proportion of individuals at each level.
In other words, we can think of a distribution as a lottery over income levels,
with the probability of outcomes representing the proportions at each level.
We often use the phrase “one distribution is more egalitarian than another.”

a. Why is the von Neumann–Morgenstern independence axiom inap-
propriate for characterizing this type of relation?

b. Suggest a property that is appropriate, in your opinion, as an axiom
for this type of relation. Give two examples of preference relations
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that satisfy your property and express the desired relation in a logical
fashion.

Problem 7. (Difficult. Based on Miyamoto, Wakker, Bleichrodt, and Peters
1998.)
A decision maker faces a trade-off between longevity and quality of life. His
preference relation ranks lotteries on the set of all certain outcomes of the
form (q, t), defined as “a life of quality q and length t” (where q and t are
nonnegative numbers). Assume that the preference relation satisfies von
Neumann–Morgenstern assumptions and that it also satisfies

• Indifference between “high” and “low” quality of life when longevity
is 0.

• Expected longevity and quality of life are desirable.

a. Formalize the two assumptions.
b. Show that the preference relation derived from maximizing the expec-

tation of the function v(q)t , where v is a strictly increasing function
and v(q) > 0 for all q, satisfies the assumptions.

c. Show that all preference relations satisfying the above assumptions
can be represented by an expected utility function of the form v(q)t ,
where v is a positive and increasing function.

Problem 8. (Food for thought)
Consider a decision maker who systematically calculates that 2 + 3 = 6.
Construct a “money pump” argument against him. Discuss the argument.




